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Abstract 



We present a number of findings concerning groupoid dynamical systems and groupoid 
crossed products. The primary result is an identification of the spectrum of the 
groupoid crossed product when the groupoid has continuously varying abelian sta- 
bilizers and a well behaved orbit space. In this case, the spectrum of the crossed 
product is homeomorphic, via an induction map, to a quotient of the spectrum of the 
crossed product by the stabilizer group bundle. The main theorem is also generalized 
in the groupoid algebra case to an identification of the primitive ideal space. This 
generalization replaces the assumption that the orbit space is well behaved with an 
amenability hypothesis. We then use induction to show that the primitive ideal space 
of the groupoid algebra is homeomorphic to a quotient of the dual of the stabilizer 
group bundle. In both cases the identification is topological. We then apply these 
theorems in a number of examples, and examine when a groupoid algebra has Haus- 
dorff spectrum. As a separate result, we also develop a theory of principal groupoid 
group bundles and locally unitary groupoid actions. We prove that such actions are 
characterized, up to exterior equivalence, by a cohomology class which arises from a 
principal bundle. Furthermore, we also demonstrate how to construct a locally uni- 
tary action from a given principal bundle. This last result uses a duality theorem for 
abelian group bundles which is also included as part of this thesis. 
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Preface 



This thesis contains a number of results concerning groupoid crossed products and 
groupoid C*-algebras which have been developed through the author's graduate stud- 
ies at Dartmouth College. Groupoid crossed products inherit the generality of group- 
oids. In particular, they simultaneously generalize group crossed products, transfor- 
mation group algebras, and groupoid algebras. 
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Figure 1: Groupoid crossed products are very general objects. 

Before we describe the structure of the thesis we should give some idea of what 
the prerequisites are for understanding its contents. The reader who is familiar with 
groupoids and groupoid crossed products will encounter no difficulties. Because the 
field is so new, the author has taken some trouble to keep the presentation as self- 
contained as possible. Someone with a basic knowledge of C*-algebras and functional 
analysis could expect to understand much of this thesis, particularly the first two 
chapters, but may eventually run into trouble. A reasonable set of required reading 
is the following list of references: 

• An Invitation to C*-algebras, William Arveson, Chapter 1, [Arv76] 

• Morita Equivalence and Continuous- Trace C* -algebras, Iain Racburn and Dana 
P. WiUiams, Chapters 1, 2, 3, Sections 4.1, 4.2, and Appendix A, [RW98] 
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• Crossed Products of C*-algebras, Dana P. Williams, Chapters 1, 2 and Ap- 
pendix C. [Wil07] 

These references come highly recommended by the author and are each worth reading. 
In particular, we will be citing these books frequently. Some other works that we will 
cite frequently are: 

• A Groupoid Approach to C* -algebras, Jean Renault, [RenSO] 

• Coordinates In Operator Algebras, Paul Muhly, [Muh] 

• Continuous- Trace Groupoid C* -algebras III, Paul Muhly, Jean Renault, and 
Dana Williams. [PSMW96]. 

• Renault's Equivalence Theorem for Groupoid Crossed Products, Paul Muhly and 
Dana P. WiUiams, [MW08] 

• The Ideal Structure of Groupoid Crossed Product C* -algebras, Jean Renault, 
[Ren91] 

Those readers interested in chasing down citations will find that much of the groupoid 
theory in this work is inspired by the first three references listed above and much of 
the crossed product theory is inspired by the last two. What's more, readers are 
encouraged to look up references. There has been some effort made to cite results as 
they appear in their original context, or if that is not possible, to include a remark 
which explains how to extract the given statement from the statement in the reference. 

As for the structure of this thesis, because groupoid crossed products rely heav- 
ily on groupoid theory, and because groupoid theory is a relatively new field in and 
of itself, we begin with an introduction to groupoid basics in Chapter 1. This in- 
cludes definitions and elementary properties of groupoids in Section 1.1 and actions 
of groupoids on topological spaces in Section 1.2. Also included in this chapter are 
more advanced results concerning groupoid equivalence in Section 1.2.1 and groupoid 
amenability in Section 1.3. Next, in Chapter 2 we explore the structure of groupoid 
group bundles. In Section 2.1 we develop the notion of a principal ^-bundle and show 
that they are characterized, up to isomorphism, by an associated cohomology class. 
In Section 2.2 we demonstrate a generalization of Pontryagin duality for abelian, 
continuously varying group bundles. In Section 2.3 we describe a counterexample 
which, in addition to being interesting in its own right, shows that the work done in 
Section 2.2 is necessary. In Chapter 3 we introduce the basics of groupoid dynamical 
systems and groupoid crossed products. We start by giving a brief overview of uppcr- 
semicontinuous bundle theory in Section 3.1 and then define a groupoid dynamical 
system in Section 3.2. In Section 3.3 we develop the theory of covariant representa- 
tions of groupoid dynamical systems. We then use these covariant representations in 
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Section 3.4 to define the groupoid crossed product. In this section we also introduce 
Renault's Disintegration Theorem, which will be an important tool. In Chapter 4 
we describe a number of special cases of groupoid crossed products, and show that 
groupoid crossed products generalize groupoid algebras and group crossed products 
as in Figure 1. Not only does this connect the theory to existing mathematics, but 
these constructions will prove essential in later chapters. A modest result, that is 
nonetheless interesting, is a generalization of the Stone-von Neumann theorem to 
groupoids, presented in Section 4.4.1. Next, in Chapter 5 we present some useful 
and interesting properties of groupoid crossed products. In Sections 5.1 and 5.2 we 
mainly deal with technical results. In particular, since it is the first really high level 
portion of the text. Section 5.1 contains restatements of quite a few theorems which 
are too complicated to prove here. On the other hand, this section also presents 
results concerning transitive groupoid crossed products which, while basic, are new. 
In Section 5.3 and 5.4 we define the notion of unitary and locally unitary actions. In 
particular, we show that for unitary actions the crossed product reduces to a tensor 
product. For locally unitary actions the results are more interesting. We show that 
these actions are characterized, up to exterior equivalence, by a principal bundle. We 
also show that any principal bundle can be used to construct a locally unitary action. 
Moving on. Chapter 6 contains the primary results of the thesis. Section 6.1 describes 
a technique for inducing representations from a closed subgroupoid up to the whole 
crossed product. We will eventually this induction technique to identify the spectrum 
of certain crossed product algebras. In Section 6.2 we show, as long as the orbit space 
of the groupoid is Tq, that every irreducible representation of the crossed product 
is equivalent to the induction of an irreducible representation of a fibre. Then in 
Section 6.3 we show, whenever the stabilizers are abelian and continuously varying 
and the orbit space is To, that this induction map factors to a homeomorphism of 
a quotient of the spectrum of A xi S onto the spectrum of A x C In Chapter 7 we 
apply these results to various examples and special cases. In particular. Section 7.1 
contains a strengthening of the results of Section 6.3 in the groupoid C*-algebra case. 
Section 7.2 describes how these results can be applied to transformation groupoids. 
Moreover, examples are given and the theory is connected back to similar results for 
transformation group algebras. The last portion of the thesis is Section 7.3, which 
contains an analysis of when groupoid C*-algebras have Hausdorff spectrum. While 
no conclusive answer is given, this section has some intriguing constructions as well 
as several nice counterexamples. 

We have outlined the logical structure of the thesis in the following diagram. In 
particular, those readers interested only in induction and the fine structure result may 
skip the branch containing Chapter 2 while whose readers only interested in locally 
unitary actions can ignore Chapters 6 and 7. 
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Figure 2: The logical structure of the thesis. 
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Chapter 1 
Groupoids 



In this chapter we present an overview of basic groupoid theory. In Section 1.1 we 
define what a groupoid is and outhne some of the elementary facts and notation. We 
also discuss the notion of a stabilizer groupoid and an orbit groupoid. The stabilizer 
groupoid will play an important role through out. Section 1.2 contains the basic 
constructions concerning groupoid actions. It is notable that we will separate the 
condition that the structure map be open from the usual definition of a groupoid 
action, see Remark 1.61. The remainder of the section is basically review. We define 
groupoid equivalence and give a construction of the imprimitivity groupoid and then 
in Section 1.3 we give the briefest description of groupoid amenability. 

1.1 Groupoid Basics 

Groupoids are essentially groups with a partially defined multiplication. While it may 
not seem like much, this has a tremendous impact on their structure. This section 
will introduce some of the basic properties of groupoids, but we must start with their 
definition. The following draws heavily from [Muh]. 

Definition 1.1. Suppose G is a set and G^"^^ <Z G x G. Then G is a groupoid if there 
arc maps (7, r]) 777 from G*-^-* into G and 7 1-^ 7"^ from G into G such that: 

(a) (associativity) If (7,"^) and {r],^) are in G^'^^ then so are {'yrj,^) and (7,7;^), and 
we have (7?7){ = 'yivO- 

(b) (involution) For all 7 e G we have (7"^)"^ = 7- 

(c) (cancellation) For all 7 G G we have (7~\7) G G^^^ and if (7,77) G G^^^ then 

— V similarly {'yr])r]~^ — 7. 

The set G^^^ is called the set of composable pairs, when (7, 77) e G^^^ we say 7 and 77 
are composable, and 7"^ is called the inverse of 7. 
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Some of the formulas in Definition 1.1 are reminiscent of the usual group axioms. 
However, unlike the group case, the partially defined multiplication implies that many 
different elements of G act like units. 

Definition 1.2. Suppose G is a groupoid. Then the set of elements of G such that 
7 = = 7^ is denoted G'-^-' and is called the unit space. The map r : G ^ G^^^ 
such that r(7) = 77"^ is called the range map and the map s : G ^ G^^^ such 
that 5(7) = 7~^7 is called the source map. Given u e G^^^ we will use the notation 
Gu := s-^{u) and := r-\u). 

Remark 1.3. Suppose G is a groupoid with A and B subsets of G. We will use the 
notation 

AB ^ A ■ B -.^ {'■fT] : -f e A,r] e B, (7, rj) e G^^^}, A"^ := {7"^ : 7 e A}. 

It's important to realize that AB may be badly behaved. For instance, AB may not 
contain either A or B, and is actually empty ii A x B (1 G^^^ = 0. 

Of course, given any new class of objects, there is also a new class of homomor- 
phisms. 

Definition 1.4. Suppose G and H are groupoids. A map (p : G ^ H is a. groupoid ho- 
momorphism if and only if whenever (7, 77) e G^^^ then (0(7), 0(?7)) £ -f^^^^ and in this 
case 0(777) = 0(7)0(77). If is also bijective then its called a groupoid isomorphism. 

The next proposition outlines some of the basic properties of the range map, source 
map, and the elements of G'^^\ 

Proposition 1.5. Suppose G is a groupoid. 

(a) Given ^,r] E G we have (7,77) e G^^^ if and only if s{'y) — r{r}). 

(b) // (7,77) G G*^^^ then r{'jr]) = r(-y) and sijrf) = s{ri). 

(c) If J & G then r(7) — s(7~^) and 5(7) = r(7~^). 

(d) //(7,r/) e G(2) then iv~\l-^) e G^^) and (777)-^ = V~^l~^- 

(e) If J G G then r(7),s(7) e G^"^. Furthermore, r and s are retractions onto 
C?(o)_i 

(f) If^eG then (r(7),7), (7,^(7)) e G^^), r(7)7 = 7, and 75(7) = 7. 

^ Given a set X and a subset A of X a, map / : X — > A is a retraction if / restricted to A is the 
identity. 
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Proof. Part (a): Suppose (7,77) G G^'^\ We know from the cancellation condition of 
Definition 1.1 that (7^^, 7) G G^'^\ Using associativity we have {"•r^^)i] = 7^^(777) 
which, after applying cancellation, gives us (7^^7)77 = 1]. Using the first part of can- 
cellation again, along with involution, we get {r],r]~^) e G^'^\ allowing us to multiply 
the previous equality by rj. This yields 

((7"S)^)^"^ = VV~^- 
Finally, using cancellation once again, we conclude 

•5(7) = 7~^7 = VV~^ = r{r]). 

Next, suppose 5(7) = r{rj). Once more, condition (c) of Definition 1.1 tells us that 
(7"^, 7) G G^'^\ and if we use involution we can similarly conclude that (7, 7~^) G C-^^ 
Associativity implies that (7,7^"'^7) G G^'^\ Since 7^"'^7 = 5(7) = r(r]) = rfr]^^ it 
follows that {'y,T]r]^^) G G^'^\ Next, using Definition 1.1 on in a similar fashion, we 
have {riri~^,r]) G G^^^ and therefore, by associativity, {'y, {t]V~^)v) ^ G^'^^. However, 
cancellation implies that {rjri~^)ri — rj so that (7,77) G G^'^\ 

Part (c): Suppose 7 G G. Then using involution 

r(7-i) = 7-^(7-^)-^ = 7"S = 5(7)- 

The calculation that s(7~^) = r{'y) is similar. 

Part (b): Suppose (7,77) G G^'^\ Then {{^r])~'^ , ^rj) G G^^\ as well as {r],r]~'^). 

Applying associativity to (7,77) and {r],r]~^) gives us {■yTi,ri~^) G G^'^\ Applying 

associativity again to (77/, 77^-*^) and ((77/)^^, 777) implies {'iv)v^^) ^ G*-^^. 
Using cancellation we conclude that ((77;)"^, 7) G G^'^\ It follows from (c) and (a) 
that 

r(7r/) = s{{jr))-^) = r{^). 
The calculation which shows 5(77/) = 5(77) is similar. 

Part (d): Suppose (7,7;) G G^^^. Then 5(7) = r{ri) and using part (c) we have 
r(7~^) = s{rj'^) so that (77"^, 7"^) G G^^^. Applying cancellation we get 

However, applying associativity and cancellation, we have 

77"S"^ = (^"S"^(7^))(7^)"^ 
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Technically, wc have to know that r) and {'yr))~^ arc composablc before wc can apply 
associativity. However part (b) implies s{ri) = 5(777) = ^{{jr))'^) so that {r), {jr))~^) e 
G^'^\ Now we can use associativity and conclude 

= 77-^(77(77?)-^) = (7^)"^- 

Part (e): If 7 G G then 5(7)^^ = (7-^7)"^ = 7~^7 = ^(7) by involution and part 
(d). Since 5(7)"^ = 5(7) we conclude from part (c) that the range and source of 5(7) 
are equal and therefore (5(7), 5(7)) e G^'^\ Finally, 

5(7)5(7) = 7"S7"S = 7"S = 5(7) 

by cancellation. Thus 5(7) G G^^\ Since r{'y) — 5(7"^) this also shows r(7) G G^^\ 
Next, if M G G^^^ then s{u) = u~^u — — u and r{u) — uu~^ — — u. Hence r 
and s are retractions onto 

Part (f): Suppose 7 G G. Then s(r(7)) = 5(77^^) = r(7) by parts (b) and (c). 
Thus r(7) and 7 are composable and by cancellation 

^(7)7 = 77~"'"7 = 7- 

The proof that 7 and 5(7) are composable and that 75(7) = 7 is similar. □ 

Remark 1.6. Properties (a) - (b) of Proposition 1.5 help explain the terminology 
behind the range and source maps and why groupoid elements are sometimes called 
arrows. Colloquially, every arrow in a groupoid has a range and a source given by r 
and s. Arrows are composable if and only if the range of one matches the source of 
the second, and the range and source of the composition are exactly what you would 
expect them to be. Properties (c) - (d) show that the inverse of an arrow goes in the 
"opposite direction" and that composition and inverses get along nicely. Property 
(f) explains why elements of G^'^) are called units; they act hke identities on elements 
with which they are composable. 

An alternative source for intuition regarding the partially defined multiplication, 
and another reason for the arrow terminology, is to think of a groupoid as a (small) 
category where every morphism is an isomorphism. This is actually equivalent to 
Definition 1.1. 

We can also describe some basic properties of groupoid homomorphisms. 

Proposition 1.7. Suppose G and H are groupoids and 4> : G ^ H is a groupoid 
homomorphism. 

(a) Given u G G*^°) we have (t){u) G H^^\ 
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(b) Given & G we have (pi'j"^) — ^(7)"^. 

(c) For all ^ & G we have r(0(7)) = 0(r(7)) and 5(0(7)) = 0(5(7)). 
Proof. Part (a): Suppose u e G^^\ Then 

Composing both sides with 4>{u)~^ and using cancellation yields 

<l>{u)<l>(u)-' = (<l>(u)<l>{umu)-' = <l)(u). 

It follows that 0(w) = r{(/){u)) G 

Part (b): Suppose 7 e G. Since 7 and 7"^ are composable we have 0(77"''^) = 
0(7)0(7"^). Next, we can compose both sides with 0(7)"''^ and use cancellation to 
obtain 

0(7)-V(77-') = 0(7)-V(7)0(7-') = 0(7-'). 

However 77""^ = r{'j) G G^'^\ By part (a) we know 0(^(7)) G and using 

Proposition 1.5 to view 0(r(7)) as a right identity we have 

0(^)-i = 0(^-1). 
Part (c): Using part (b), we have 

0(r(7)) = 0(77"^) = 0(7)0(7)"^ = '^(0(7))- 
The proof for the source map is exactly the same. □ 

In order to do any interesting functional analysis using groupoids you have to 
assume that there is a topology floating around, or at least a Borel structure. 

Definition 1.8. Suppose G is a groupoid with a topology and G*^^-* is endowed with 
the relative product topology. Then G is a topological groupoid if the maps (7, 7;) 1— > ■yrj 
from G^^^ to G and 71-^7^^ from G to G are continuous. If G has a Borel structure 
such that G^^^ is a Borel subset of G x G and the above maps are Borel then we call 
G a Borel groupoid. Furthermore, if G is a topological groupoid then we view G as a 
Borel groupoid with the Borel structure coming from the topology, after we give G*-^^ 
the relative product Borel structure. 

Remark 1.9. Almost without exception we will only be interested in topological 
groupoids where the topology is locally compact Hausdorff. Oftentimes, we will also 
assume that the topology is second countable. 

Proposition 1.10. If G is a locally compact Hausdorff groupoid then 
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(a) the range and source maps are continuous, 

(b) the unit space G^^^ is closed in G, and 

(c) the set G^^^ is closed inG x G. 

Proof. It is clear that r and s are continuous since the composition and inversion 
operations are continuous. Now, suppose {uj} G G is a net and Ui u. Using 
the fact that r is continuous we have r{ui) r{u). However, r is a retraction 
onto G^^) by Proposition 1.5 so r{ui) — Ui. It follows that Ui — > r{u). Since G is 
Hausdorff u = r{u) e G^^^ and is closed. Finally, suppose {'yi,r}i) e G^^^ and 
{liiVi) ~^ {liV)- Then we have ^ j and rji rj. It follows that s(7i) 5(7) and 
r{rii) rirf). However, s(7i) = r{r]i) for all i and G is Hausdorff so 5(7) = r{r]) and 
(7,77) eG(2). □ 

An important class of groupoids are those for which the unit space is also open. 
We will see later that they are very rigid objects with some nice properties. 

Definition 1.11. Suppose G is a locally compact Hausdorff groupoid. If G*-°^ is open 
in G then we say that G is an r-discrete groupoid. 

Remark 1.12. We are using the older definition of r-discrete as given in [RenSO]. 
However, this definition has fallen out of favor. Currently r-discrete groupoids are 
those for which the unit space is open and the range map is a local homeomorphism. 
These groupoids are also called etale groupoids. We will see in Proposition 1.29 that 
this is equivalent to assuming that the groupoid is r-discrete, in the classical sense, 
and has a Haar system. 

Groupoids are very general objects and extend a number of well understood struc- 
tures. The following examples show how groupoids generalize groups, sets, equiva- 
lence relations, and transformation groups as in Figure 1.1. 

Example 1.13. Suppose H is a. locally compact Hausdorff group. If we let if*^^-* = H x 
H and give H its group operations then i7 is a locally compact Hausdorff groupoid. 
In this case r{g) — s{g) — e for all g E H, where e is the identity of H. 

Example 1.14. Suppose X is a locally compact Hausdorff space. If we let X^^^ be the 
diagonal in X x X then, with the trivial operations {x, x) ^ x and x~^ 1— > x, it is 
easy to see that X is a locally compact Hausdorff groupoid. In this case X^^^^ — X, 
every clement is a unit, and X is known as a "cotrivial" groupoid. 

Example 1.15. Let X be a locally compact Hausdorff space. Suppose i? C X x X is 
locally compact Hausdorff in the relative topology and defines an equivalence relation 
on X by a; ~ y if and only if {x, y) e R. We let 

^^'^ = {((^, y),{w,z))&RxR:y^w} 
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and define 

{x, y)iy, z) := (x, z), (x, := {y, x). 

With these operations i? is a locally compact Hausdorff groupoid. The unit space is 
G X}, and we usually make the obvious identification of R^*^^ with 
X. Under this identification r{x,y) = x and s{x,y) = y. U R = X x X then R is 
called the "trivial" groupoid. If it! = R^^^ = X then X is the "cotrivial" groupoid 
from Example 1.14 

Example 1.16. Suppose if is a locally compact Hausdorff group acting on a locally 
compact Hausdorff space X. Let G — H x X and 

G^'^ = {{{g,x),ih,y)) e G X G : y = g-' ■ x}. 

Given {{g,x), {h,y)) e G^^^ we define 

{g, x){h, y) := {gh, x), {g, x)~^ := (c/"\ g~^ ■ x). 

It's not hard to see that with these operations G is a locally compact Hausdorff 
groupoid. The range and source maps are 

s(9, x) = (g~^, g~^ ■ x)(g, x) = (g~^g, g~^ ■ x) = (e, g~^ ■ x), and 
^{g, x) = {g, x)(g-^, g~^ ■ x) = (gg'^, x) = (e, x) 

where e is the unit of H. In this case G^^^ = {{e,x) : x G X} and we will usually 
identify G*-"-* with X. Under this identification s{g, x) = g~^ ■ x and r{g, x) = x. This 
type of groupoid is called a "transformation group groupoid" or just a "transformation 
groupoid" for short. Transformation group groupoids generalize group actions in the 
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Figure 1.1: Groupoids generalize many different objects. 
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sense that the group action is completely determined by the associated transformation 
groupoid. 

Remark 1.17. Suppose G = H x X is a transformation groupoid. If H is discrete 
then X is open in G and G is r-discrete. Similarly if X is open in G then the identity 
must be open (as a singleton) in H, and therefore H is discrete. Thus r-discrete 
transformation groupoids correspond to discrete group actions. One of the reasons 
that r-discrete groupoids are important is because they generalize discrete group 
actions in this way. 

Examples 1.13 through 1.15 are all slightly degenerate in some sense. Example 
1.16 describes a class of groupoids which is much more general. In fact, much of the 
inspiration for groupoids can be traced back to the transformation group case. 

Remark 1.18. In Examples 1.15 and 1.16 we were able to identify the unit space of 
G with an associated space not contained in G. This kind of identification happens 
fairly frequently, and we will often treat G^^^ as if it exists "outside" G. 

There are also many groupoids which do not come from transformation groups, 
equivalence relations, or one of the examples presented above. 

Example 1.19. Suppose X is a compact Hausdorff space and a : X ^ X is a. covering 
map. Let 

G = {{x, n,y) e X xZ X X :3 k,l>0 s.t. n^l-k, a^x = a^y}. 
Then define 

G^^) = {((a;, n, y), {w,m, z)) e G X G : y = w} 
and give G the operations 

{x, n, m, z) := (x, n + m,z), (x, n, := (y, -n, x). 

With these operations G is a groupoid with unit space G^^^ = {{x,0, x) G G : x & X}. 
We usually make the obvious identification of G^*^^ with X. Under this identification 
r{x, n,y) — x and s{x, n, y) — y. Furthermore, in these circumstances G carries 
a topology making it into a locally compact Hausdorff r-discrete groupoid [Dea95, 
Theorem 1]. This is known as the "Deaconu- Renault groupoid" associated to (X, a). 

Example 1.20. Suppose E = {E^,E^,r,s) is a row-finite^ directed graph without 
sources. Let E°° denote the infinite path space of E. Two paths a, /? G E°° are shift 
equivalent with lag n e Z, denoted o; ~„ /3, if there exists N such that ctj — Pi-^n 
for all i > N. Let 

G = {{a,n, (3) e E°° X Z X E°° : a f^}- 
directed graph is row-finite if each vertex emits at most finitely many edges. 
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Next, define 



= {{{a, n, (7, m, 5)) e G X G : /? = 7} 



and let 



{a,n, (3){l3,m,S) := {a,n + m,S), 



-1 



Then G is a groupoid. The unit space G^^^ — {{a, 0, a) e G : a e E°°} can be nat- 
urally identified with E'^ and the range and source maps are given by r{a, n, f3) = a 
and s{a,n,(3) = (3. It is shown in [KPRR97, Proposition 2.6] that G carries a topol- 
ogy making it into a locally compact Hausdorff r-discrete groupoid, called the "graph 
groupoid" associated to E. 

Remark 1.21. The reason that the groupoids in Examples 1.19 and 1.20 look so 
similar is that they are both associated to generalizations of Cuntz-Krieger algebras 
[Dea96, KPRR97]. 

Haar measure is essential to the study of locally compact groups because it allows 
one to integrate. We will also want to integrate on groupoids and to do that we will 
need the following generalization of Haar measure. 

Definition 1.22. A (left) Haar system on a locally compact Hausdorff groupoid G 
is a family A = {\^}u(^g(o) of non-negative Radon measures on G such that 



Given e G^^^ we will use to denote (A") In other words, given / e Gc(G), 



^For a Borel measure /U on a topological space X the support of /z, denoted supp /k, is defined to 
be the largest (closed) subset of X for which every open neighborhood of every point of the set has 
positive measure. 



(a) supp(A«) = G" for all u e G^o),^ 

(b) for / e Gc(G) the function 




on GW is in Gc(GW); and 
(c) for 7 e G we have 7A*(''') = A''^'''^. In other words, given / e Gc(G), 
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The following is a technical lemma which we will use ever so often. 

Lemma 1.23. Given a groupoid G with Haar system {A"} and a compact set K <Z G 
then the set {\^{K)} is hounded. 

Proof. Choose a compact neighborhood L of K and a positive function / which is 
one on K and zero off L. Then X^{K) < /A" for all u and the function / A" 

is continuous and compactly supported. The result follows. □ 

Unlike Haar measure, Haar systems are not always guaranteed to exist and may 
not be unique in any reasonable sense. What's more, only groupoids with open range 
and source maps can have Haar systems. The following is asserted in [RenSO] and 
proved in [Sed86]. 

Proposition 1.24. If G is a locally compact Hausdorff groupoid with a Haar system 
then the range and source maps are open. 

This is a good opportunity to mention a characterization of surjective open maps 
which we will use constantly and is stated and proved in [Wil07, Proposition 1.15]. 

Proposition 1.25. Letp : X ^ Y be a continuous surjection between two topological 
spaces. Then p is an open map if and only if given a net {yi}iei converging to p{x) 
in Y, there is a subnet {yi^}jeJ o.'i^d a net {a^jjjej indexed by the same set which 
converges to x in X, and which also satisfies p{xj) ~ yi. . 

Because Haar systems will be necessary to build groupoid C*-algebras we will usu- 
ally assume that they exist. Luckily, for most of the groupoids that we are interested 
in there is a reasonable Haar system. 

Example 1.26. Suppose X is a locally compact Hausdorff space and G = X x X is 
the associated trivial groupoid. Let A be any measure on X with full support and 
define — x X. Then it is straightforward to show that {A^} is a Haar system for 
G. Now suppose we view X as the cotrivial groupoid. Then the collection of Dirac 
delta measures {S^} forms a Haar system for X. Since integration against is just 
evaluation it's easy to see that the continuity condition is satisfied and all of the other 
conditions follow from the fact that the operations are "cotrivial." 

Example 1.27. Suppose H is a locally compact Hausdorff group acting on a locally 
compact Hausdorff space X and G = HxX is the associated transformation groupoid. 
Let A be a Haar measure for H and define X^ — X x S^. Then {A^^} is a Haar system 
for G. We will always give transformation group groupoids this Haar system. 

Example 1.28. The groupoids in both Example 1.19 and Example 1.20 can be given 
a Haar system by letting A" be counting measure on G" for all u e G^^^ [Dea95, 
KPRR97]. 
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The situation from Example 1.28 is actually much more generic. The following 
proposition is proved in [RenSO, Propositions 2.7,2.8]. 

Proposition 1.29. Suppose G is an r -discrete groupoid. 

(a) For any u E G^'^\ and Gu are discrete spaces. 

(b) //{A"} is a Haar system on G then each A" is a multiple of the counting measure. 

(c) The following are equivalent: 

(i) G admits a Haar system, 
(ii) r and s are local homeomorphisms, 
(iii) the product map G^"^^ G is a local homeomorphism. 

1.1.1 The Stabilizer Subgroupoid 

One slightly surprising fact is that a groupoid (potentially) contains many different 
groups. 

Proposition 1.30. Suppose G is a locally compact Hausdorff groupoid and u G G^^\ 
Then S'„ = fl G" = {7 G G : r(7) = 5(7) = u}, with the operations inherited from 
G, is a locally compact Hausdorff group which is closed in G. 

Proof. First, it's clear that u E Su that Su is not empty. Now, every element 
in Sii has range and source u so that any two elements are composable. Thus the 
groupoid operation is everywhere defined on S^ x Su and its associative because of 
the associativity condition in Definition 1.1. Given ■j E Su, since 5(7) = r(7) = u, 
we know from Proposition 1.5 that ^yu — wy — ^. Finally, given 7 G 5'^ we have 
7~^7 = 5(7) = u and 77"''" = r{'y) — u. Thus, Su is a group. 

Next suppose we have a net 7, — > 7 in G such that 7j G Su for all i. The fact 
that the range and source maps are continuous implies r(7j) — > r(7) and 5(7^) 
5(7). However, r(7i) = 5(7^) = u for all i so clearly, because G is Hausdorff, 
r(7) = 5(7) = u. Thus Su is closed and it follows that the relative topology on Su 
is locally compact Hausdorff [Wil07, Lemma 1.26]. Finally, since the operations are 
continuous on G they are continuous on Su- Thus Su is a locally compact Hausdorff 
group. □ 

These groups will play an important role and are given their own special name. 

Definition 1.31. Suppose G is a groupoid and u G G^^^ then the group 

= {7 G G : s(7) = r(7) = u} 
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is known as the stabilizer subgroup of G at u. The set 

5 := {7 e G : s(7) = r(7)} = U 3- 

is called the stabilizer subgroupoid of G. Well use p to denote the restriction of the 
range (and source) map to S. Oftentimes the word isotropy is used interchangeably 
with stabilizer. 

Remark 1.32. Since Su is a group we will generally denote elements of Su and S by 
lowercase Roman letters, instead of the Greek letters used to denote generic elements 
of G. 

Proposition 1.33. Suppose G is a locally compact Hausdorff groupoid and let S be 
the stabilizer subgroupoid of G. Then S is a locally compact Hausdorff subgroupoid 
which is closed in G. Furthermore, S can be viewed as a bundle over G^o) with bundle 
map p whose fibres are the isotropy subgroups. 

Proof. Suppose g,h & S. li g and h are composable then there exists u E G^^^ such 
that g,h E Su and it follows that gh E Su C S. Similarly, we find that S is closed 
under the inverse operation. Since S is closed under the operations inherited from G 
it's clear that is a groupoid in its own right, where S'^'^^ = {{g, h) E C^^-" : g,h E S}. 
Furthermore, since s and r are continuous, if 7^ — 7 in G and s(7i) = T(7i) for all 
i then 5(7) = r {'-/). Thus S is closed in G, and it follows that the relative topology 
makes S into a locally compact Hausdorff groupoid. The remaining statements of the 
proposition are clear. □ 

The stabilizer subgroupoid is a very important object. It can oftentimes tell us 
a lot about its parent groupoid. An even better situation is when the stabilizer 
subgroupoid is everything. 

Definition 1.34. A groupoid group bundle, or group bundle for short, is a locally 
compact Hausdorff groupoid S such that the range and source maps are equal. We 
will denote the range (and source) map by p. We view S as a bundle over 5"^°^ with 
bundle map p and denote the fibres by Su — P~^{u) for all u E S^'^\ We say that S 
is an abelian group bundle if Su is an abelian group for all u E S^^\ 

Remark 1.35. Groupoid group bundles are different than the kinds of group bundles 
one usually encounters. For instance, groupoid group bundles carry no kind of local 
triviality condition and the fibres can and will vary over the base space. Furthermore, 
the injection of the unit space into S always gives a continuous section of the bundle 
map. 
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Example 1.36. Suppose we have a locally compact Hausdorff group H and a topo- 
logical space X. Then we can view S* = X x i^" as a group bundle where the bundle 
map is just the projection onto the first factor. In this case the unit space can be 
identified with X and the groupoid operations are obvious. 

It turns out that the existence of a Haar system on a group bundle S is equivalent 
to requiring the fibres of S vary "continuously." In order to make this notion precise 
we recall the following from [Wil07, Section H.l]. 

Definition 1.37. Let X be an arbitrary topological space and C{X) the collection of 
all closed subsets of X (including the empty set). Given a finite collection of open 
sets of X and a compact subset K oi X we define 

U{K; T) := {F G C{X) : F n X = and F n C/ ^ for all C/ G J^"}. 

The collection \]A{K\Ty\ forms a basis for a compact Hausdorff topology on C{X) 
called the Fell Topology. 

Proposition 1.38. Suppose X is a locally compact space and let {Fi}i & I be a net 
in C{X). Then F^ —>■ F in C{X) if and only if 

(a) given ti G Fj such that ti — > t, then t & F, and 

(b) if t E F, then there is a subnet {Fi^} and ti^ G Fi. such that ti. t. 

Using Definition 1.37 to pin down the appropriate notion of continuity we can 
make the following 

Definition 1.39. Suppose S* is a locally compact Hausdorff group bundle. We say 
that S is continuously varying if given a net {ui} in S^^'> such that Ui ^ u in S*^") 
then Su with respect to the Fell topology. If G is a locally compact Haus- 

dorff groupoid we say that G has continuously varying stabilizers if its stabilizer 
subgroupoid S is continuously varying. 

At this point we can give some reasonable conditions for the existence of a Haar 
system for a group bundle. The following also provides a partial converse to Propo- 
sition 1.24. 

Proposition 1.40. Suppose S is a locally compact Hausdorff groupoid group bundle 
with bundle map p. The following are equivalent: 

(a) S has a Haar system, 

(b) p is open, 

(c) S is continuously varying. 
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Proof. It is shown in [Ren91, Lemma 1.3] that (a) and (b) are equivalent. Now 
suppose p is open and -Uj — -u in S^^\ We will show S'„. Su using Proposition 1.38. 
If Si G Su^ and Sj — >• s then = Ui —>■ p{s). It follows that p(s) = u and s G 
Now suppose s G yS'u. Because p is open we can use Proposition 1.25 to pass to a 
subnet and find s,. G jS^.. such that Sj. — > s. Thus Su- S^- 

Next suppose 5 varies continuously. We will show p is open using the characteri- 
zation in Proposition 1.25. Let -Uj — -u be a net which converges in S**-"^ and suppose 
s G Su- Using Proposition 1.38 wc can pass to a subnet and find Sij G Sui. such that 
Si. — > s. Since p{si.) = Ui- this proves p is open. □ 

Remark 1.41. We will pass to subnets frequently, and may even make use of sub- 
subnets. In order to avoid notational clutter we will usually relabel so that only one 
index is shown. 

Remark 1.42. Given a locally compact groupoid group bundle S with a Haar system 
{A**} each A" is a measure supported on the group Su = p~^{u). It follows from the 
left invariance condition of Definition 1.22 that A" is a Haar measure on Su- Thus a 
Haar system on S is just a "continuously varying" collection of Haar measures. It is 
straightforward to see that given another Haar system {/i^} on S the unicity of Haar 
measure guarantees the existence of a continuous function / : C such that 

A'^ = for all u G G^^\ 

Example 1.43. Let T be the cone of length 1 and maximum radius 1 aligned on the 
positive X-axis as in Figure 1.2 and let pr be the projection onto the x-axis. It is 
fairly clear that T is a continuously varying group bundle with each fibre equal to the 
circle group, after a scaling. Similarly let Z be the collection of fine segments given 
hy y = nx for all n E and x G [0, 1] as in Figure 1.2 and let pz be the projection 
onto the x-axis. Then Z is also a continuously varying group bundle and each fibre 
is equal to the integers, again after a scaling. 




Figure 1.2: Examples of continuously varying group bundles. 
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Remark 1.44. If G is a locally compact Hausdorff groupoid then Proposition 1.40 
implies that G has continuously varying stabilizers if and only if the stabilizer sub- 
groupoid has a Haar system. This is a natural hypothesis and will be frequently 
invoked. However, it's important to understand that this is a very strong condition. 
For instance, ii G — H x X is a, transformation groupoid associated to an action 
of if on X then it's easy to see that the stabilizer subgroup Sx is isomorphic to 
{s E H : s ■ X = x}. In other words, the stabilizer subgroup Sx is exactly the stabi- 
lizer subgroup of if at a;. It's also straightforward to show that the stabilizers vary 
continuously in G if and only if they vary continuously in H. However, most group 
actions do not have continuously varying stabilizers; even really nice actions. For 
example, if T acts on by rotation then the stabilizers are discontinuous at the 
origin. 

1.1.2 The Orbit Groupoid 

Yet another important class of groupoid are those that are "opposite" of Definition 
1.34. In other words, groupoids whose isotropy subgroupoid is as trivial as possible. 

Definition 1.45. A groupoid G is called principal if r{'y) — 5(7) implies 7 e for 
all 7 e G. 

Any groupoid gives rise to a canonical principal groupoid. 

Definition 1.46. Suppose G is a groupoid. We define the orbit equivalence relation 
on G^^^ to be given by it ~ v if and only if there exists 7 e G such that u — r{'y) and 

V = 5(7). We define the orbit groupoid to be i? = {{u,v) & G x G : u r-j v} where 
R^'^^ — {{{u, v), (w, z)) & R X R : V — w} and the operations are given by 

{u,v){v,w) := {u,v)~^ := {v,u). 

Finally, we call the map n — {r,s) : G ^ R defined by 7r{j) — {r{j),s{'y)) the 
canonical homomorphism. 

Proposition 1.47. Suppose G is a groupoid. Let ~ be the orbit equivalence relation, 
R the orbit groupoid, and tt = (r, s) the canonical homomorphism from Definition 
1.4.6. Then ~ is an equivalence relation, and R is a principal groupoid. The unit 
space of R can he identified with G^^^ and under this identification r{u,v) — u and 
s{u,v) — V. Furthermore, tt is a surjective groupoid homomorphism. 

Proof. Since u = r{u) = s{u) we see that ~ is refiexive. We know ~ is symmetric 
because iiu — r{'y) and v — 5(7) then u — 5(7"^) and v — r{'y~^). Finally iiu — r{'y), 

V = 5(7) = r(?7) and w — s{r]) then, citing Proposition 1.5, u — r{'yr)) and v — 5(777). 
Thus ~ is transitive. 
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As for the groupoid R, this is exactly the situation in Example 1.15. Observe 
that the composition operation is well defined, i.e. it maps into R, because of the 
transitivity of ~. Similarly the inverse is well defined because of symmetry. Now, 
suppose 

{{x, y), {y, w)), {{y, w), {w, z)) e R^''\ 

then it's clear that 

((x, w), {w, z)), {{x, y), {y, z)) e R^''\ 

and that 

((x,y)(y,w))(w,z) = (x,z) = {x,y)({y,w)(w, z)). 

Therefore associativity is satisfied, and it's obvious that involution is also satisfied. 
Finally, suppose {x,y) e R. Clearly {{x,y), {y,x)) e i?^^)^ and given {y,w) e R 

{y,x){{x,y){y,w)) = {y,x){x,w) = {y,w) 
{{x,y){y,w)){w,y) = {x,w){w,y) = {x,y). 

Thus cancellation also holds and i? is a groupoid. Given {x, G i? we have r{{x,y)) = 
{x,y){y,x) = (x,x). From here it is clear that G^^^ = r{G) = {{x,x) : x G 
This set is trivially identifiable with G^^^ and under this identification r{x,y) = x. 
Similarly s{x, y) = y. Lastly, if r{x, y) = s{x, y) then x — y and {x, y) G R'^^\ making 
R principal. 

Observe that (r(7),s(7)) G R for all 7 G G so tt is well defined. Furthermore if 
(7,77) G G*^^-' then 5(7) = r{r}) so that ((r(7), 5(7)), {r{r]), s{r]))) G R^'^^ and 

Hlv) = (^(7^), 5(7^)) = ir{-f),s{ri)) 

= (r(7),s(7))(r(r/),s(r7)) = (f)ij)(f)iv) ■ 

Finally, it is clear from the definition of R that tt is surjective. □ 

Proposition 1.48. If G is a principal groupoid then the canonical homomorphism 
TT : G ^ R is an isomorphism. 

Proof. We already know that tt is a surjective homomorphism. Suppose n{^) = ^{ri) 
for 7, 77 G G. Then r{'j) — r{r]) and 5(7) = s{r]). This means that 7 and 77"^ are 
composable and that 

5(777"^) = r(77) = r(7) = 7'(777~^). 

Therefore 777"^ G G^^\ If we compose 777"^ on both sides of the equation rj — rj we 
get 

7 = 'yrj~^r] = r] 

where the left hand equality comes from cancellation and the right hand equality 
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comes from the fact that 777 ^ is a unit. Thus tt is injective and therefore an isomor- 
phism. □ 

Remark 1.49. Proposition 1.48 states that every principal groupoid is isomorphic to its 
orbit groupoid. However, the orbit groupoid is determined by the orbit equivalence 
relation. Thus, disregarding topology for a moment, every principal groupoid is 
(isomorphic to) one of the groupoids defined in Example 1.15. 

The isotropy groupoid of a locally compact Hausdorff groupoid is naturally a 
locally compact Hausdorff groupoid. Unfortunately the situation is not so simple for 
the orbit groupoid. 

Definition 1.50. Suppose G is a locally compact Hausdorff groupoid and R is the or- 
bit groupoid determined by G. We denote it! with the relative topology of G^^^ x (7^°^ 
hy Rp. We denote R with the quotient topology with respect to the canonical homo- 
morphism tt = (r, s) by Rq. When R is used as a topological groupoid it will always 
mean Rq. 

Proposition 1.51. Suppose G is a locally compact Hausdorff groupoid. Then the 
topology on Rq is finer than the topology on Rp. Furthermore Rp and Rq are both 

Hausdorff' and the map tt is continuous as a function into both Rq and Rp. Next, Rp 
is a topological groupoid and, if either G is second countable or Rq is locally compact, 
then Rq is a topological groupoid. Finally, if G has open range and source then the 
range and source maps are open as maps on Rp and Rq. 

Proof. First we will show tt : G ^ Rp is continuous. Suppose 7^ — > 7 G G. Since 
the range and source maps are continuous we have (r(7j), 5(7,)) — > (r(7),<s(7)) in 
(7(0) X 6*^°) and hence in Rp. Since Rq has the quotient topology determined by tt, 
clearly tt : G — > Rq must be continuous. 

Next, suppose O is open in Rp, then tt~^{0) is open in G, but this implies that O 
is open in Rq. Thus Rq has a finer topology than Rp. Furthermore, since any subset 
of a Hausdorff space inherits a Hausdorff topology, Rp is Hausdorff. This imphes Rq 
is Hausdorff as well, since it carries a finer topology. 

It's pretty easy to see that the operations on Rp arc continuous with respect 
to the product topology. After all {ui,v,j) {u,v) in Rp if and only if Ui — ^ u and 
Ui — > u. Proving that the operations are continuous on Rq takes more work, and more 
hypotheses. Let 7 : G — > G be defined by 1(7) = 7"^ and consider tto/ : G — > Rq. It's 
easy to see that 7 is a continuous map and that if 77(7) = 77(77) then 710/(7) — 770/(77). 
Thus /o7r factors to a continuous map from Rq into Rq and clearly this factorization 
is nothing more than the inversion operation on Rq. We would like to use the same 
argument with the multiplication. The main issue is the following 

Claim. The map 7r x 7r : G x G — > Rq x Rq is a quotient map. 
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Proof of Claim. It is known [Mic68, Section 8] that the product of a quotient map 
with itself need not be quotient. However, there are rather minimal conditions on Rq 
which will guarantee that tt x tt is a quotient map. We know from [Mic68, Theorem 
1.5] that if G and Rq x Rq are Hausdorff A;-spaces^ then tt x tt will be a quotient 
map. It's clear that G and Rq x Rq are Hausdorff and, since locally compact spaces 
are always /c-spaces, all that is left is to show that Rq x Rq is a A;-spacc. If, on one 
hand, Rq is locally compact then Rq x Rq is locally compact and we are done. On 
the other hand, suppose G is second countable. Then by choosing a countable basis 
of compact neighborhoods we can find a countable collection {Kn} of compact sets 
which cover G and have the property that a set A C G is closed if and only ii AflKn 
is closed for all n. Such a space is known as a /cj^-space. It follows from [Mic68, 
Remark 7.5] that quotients and products of k^-spaces are fc^^-spaces so that we can 
conclude Rq x Rq is a /c^j-space. Thus assuming either G is second countable or Rq 
is locally compact proves our claim. □ 

Suppose the claim is satisfied. It's straightforward to see that Rq is closed in 
Rq X Rq and, since C-^^ is just the set of those elements whose range and sources 
match up, that G*-^-* = (tt x n)^^{R^'^^). It is also straightforward to see that the 
restriction of a quotient map to the inverse image of a closed set results in a quotient 
map. Thus the restriction tt x tt : G^^^ — > Rq^ is a quotient map. Let M : G^"^^ ^ G 
be given by M(7, rj) — ^rj and consider noM : G^^^ — > Rq. Then it's easy to see that 
if TT X 7r(7, T)) — n X 71(7', rj') then n o M(7, rj) = no M(7', rj') so that 71 oM factors to a 
continuous map from Rq into Rq. Furthermore, this map is clearly the composition 
operation on Rq implying that composition is continuous. 

Finally, suppose G has open range and source maps, that — > w in G*^°) and 
that {u,v) e R. First, choose any 7 e G such that 7r(7) — {u,v). Since the range 
on G is open we can pass to a subnet and find 7j — > 7 such that r(7j) — Ui. Then 
^(7i) 7r(7) = {u,v) in both Rp and Rq and r(7r(7j)) = Ui. Thus r is open on Rp 
and Rq. The proof that s is open is similar. □ 

Remark 1.52. The astute reader will have noticed that there are several things miss- 
ing from Proposition 1.51. For instance, neither Rp nor Rq are necessarily locally 
compact. What's more, in extreme cases it is not clear if Rq is even a topological 
groupoid. On the other hand, the operations on Rq are always continuous if G is 
second countable, which includes almost all of the examples that we will care about. 
It's also nice to note that if the topology on Rq is well behaved (i.e. locally compact) 
then the operations are continuous then as well. However, even in this case Rq may 
not have a Haar system when G does. 

topological space X is called a k-space if a set A C X is closed whenever Af] K is closed in 
K for every compact K c X. Such a space is also called compactly generated. 
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Interestingly enough, given a groupoid G there is a duality between its orbit 
groupoid and its stabilizer subgroupoid. The following is stated in [Ren91, Remark 
1.2]. 

Proposition 1.53. Suppose G is a locally compact Hausdorff groupoid. Then G has 

continuously varying stabilizers if and only if the canonical map tt = (r, s) is open 
onto Rq. Furthermore, under these conditions Rq is a locally compact Hausdorff 
groupoid, and if G is second countable then Rq is also. 

Proof. Let G be a locally compact Hausdorff groupoid, S the stabilizer subgroupoid, 
and p the bundle map for S. First, suppose G has continuously varying stabilizers so 
that Proposition 1.40 implies that p is open. Let O be an open set in G. We want to 
show that 7r~^(7r(0)) is open. Well 

7r-^(7r(0)) = {7eG':377eO s.t. 7r(7) = 7r(7?)}. 

However, if 7r(r^) = 7r(7) then 77;"^ e S. Therefore, if 7 G 7r~^(7r(0)) then e S-O — 
{srj : s e S,r} E 0,p{s) — r{r])}. What's more, ii srj E S ■ O then 77(577) — '^{v) so 
that ST] e 7r~^(7r(0)). It follows that 7r~^(7r(0)) = S ■ O. Now suppose S • O is not 
open so that there exists s G 5*, 7 G O and a net {7^} such that 7^ — >■ S7 and for all 
i we have ji ^ S ■ O. Now, r(7i) —>■ r{j) and p{s) = r{j) so that, using Proposition 
1.25, we can pass to a subnet, relabel, and find Si G Sr('yi) such that — > s. It follows 
that s~^7j — > s~^s7 = 7. Since O is open this implies s^^^i G O eventually and this 
is a contradiction since 7^ = Si(s-H). Hence 5- O is open so that tt is open onto Rq. 

Next, let TT : G ^ Rq be open. Suppose -Uj — > w is a convergent net in and 
that p{s) = u. Observe that 7r(Mj) = {ui,Ui) —>■ t:{u) = {u,u) and that 7r(s) = {u,u). 
Since tt is open we can use Proposition 1.25 to pass to a subnet, relabel, and find 
7i G G such that 7i — > s and 7r(7i) = {ui, ui). However, this implies 7^ G S'^. for all i. 
Thus, using Proposition 1.25 again, p is an open map. 

Suppose TT is open onto Rq, or equivalently that the stabilizers vary continuously. 
It follows that Rq is locally compact, since the image of a basis of compact neigh- 
borhoods under tt will be a basis of compact neighborhoods for Rq. In this case. 
Proposition 1.51 implies that the operations on Rq are continuous. Furthermore, 
since the image of a countable basis under tt will be a countable basis, if G is second 
countable then so is Rq. □ 

Remark 1.54. It is not necessary for the stabilizers to vary continuously for Rq to be a 
locally compact Hausdorff (topological) groupoid. For instance, consider T acting on 
the closed unit ball in by rotation. Then Rq is compact since it's the continuous 
image of a compact space, and is therefore a topological groupoid. However, the 
stabilizers are clearly discontinuous at the origin. 
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1.2 Groupoid Spaces 

The notion of a groupoid action on a space is a straightforward generahzation of 
group actions. The only caveat is that the action is only "partially defined" in the 
same sense that the groupoid multiplication is only partially defined. Once again, 
much of this section is inspired by [Muh]. 

Definition 1.55. Suppose G is a groupoid and X is a set. We say that G acts (on 
the left) of X, and that X is a left G-space, if there is a surjcction rx ■ X ^ G*^"^ and 
a map (7, x) i— > 7 • x from G * X :— {{j,x) & G x X : s{j) — rx{x)} to X such that 

(a) if {r],x) e G * X and (7, rj) e G^^\ then (777, x), {'y,r] ■ x) e G * X and 

J ■ [f] ■ x) = JT] ■ X, 

(b) and rx{x) ■ x = x for all x & X. 

Right actions and right G-spaces are defined similarly except we use Sx to denote the 
map from X to G^^^ and we define the action on the set X * G := {(a;, 7) e X x G : 
sx{x) = r(7)}. 

Remark 1.56. Given a left G-space we call rx{x) the range of x and in a right G-space 
sx{x) is the source of x. In order to avoid notational clutter we will almost always 
drop the subscripts on rx and sx- When an action is not specified to act on the right 
or the left we will assume that it acts on the left. (Unless it acts on the right, of 
course.) 

Definition 1.57. Let G be a groupoid acting on both X and Y. A map : X — > y 

is G-equivariant if and only if rx{x) — ry(0(a;)) and ^(7 • x) — ^ • 0(x) for all x & X 
and 7 e Gr{x)- 

Remark 1.58. Suppose G is a groupoid, X is a G-space, H c G and A c X. We will 
use the notation 

H ■ A := {'J ■ X : J E H, X E A, 5(7) = r{x)}. 

As in Remark 1.3, it's important to realize that H ■ A may be poorly behaved. For 
instance if s{H) n r{A) = then H ■ A is empty. 

Proposition 1.59. Suppose G is a groupoid and X is a left G-space. 

(a) Given 7 e G and x E X such that 5(7) = r{x) we have r(7 • x) = r(7). 

(b) Given 7 e G and x E X such that 5(7) — r{x) we have ■ {j ■ x) — x. 
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(c) Given j & G and x,y & X such that 5(7) = r{x) and y — ^ ■ x we have 
-f-^ - y^ X. 

Similar statements hold if X is a right G-space. 

Proof. Part (a): If 5(7) = r{x) then (7, .x) E G*X. Furthermore, (r(7),7) G G^^^ so 
that by Definition 1.55 we have (r(7), 7 • x) E G * X. However, this imphes 

s(r(7)) — r(7) — r{j ■ x). 

Part (b): Given (7, x) e G * X we have 

7~^ • (7 • x) = (7~"'^7) ■ X = 5(7) • X 
— r{x) ■ X = X. 

Part (c): Given (7, x) E G * X and y — j • x observe that r{y) — r(7 • x) — r{'y). 
Therefore we can act on both sides by 7"^ and use part (b) to obtain 

7^^^ • y = 7^"^ ■ (7 • x) = X. 

The corresponding statements for a right G action are proved similarly. □ 

The appropriate topological notion of a G-space is almost exactly what one would 
think. 

Definition 1.60. Suppose G is a topological groupoid and X is a left G-space 
equipped with a topology. We say that G acts continuously on the left of X, and call 
X a continuous left G-space, if the maps rx '■ X ^ G^^^ and (7,0;) 1— > 7 • a; from G*X 
to X are continuous. Continuous right G-spaces are defined similarly. We will call 
X a strongly continuous left G-space (resp. strongly continuous right G-space) if rx 
(rcsp. sx) is an open map. Furthermore, we will often refer to a strongly continuous 
G-space as a strong G-space. 

Remark 1.61. Definition 1.60 is different from the usual definition found in the liter- 
ature. It is standard to make the requirement that rx (or sx) be open part of the 
definition of a G-space and to forgo the notion of a "strongly continuous G-space" al- 
together. The author has chosen to introduce some new terminology and break from 
the literature for (at least) three reasons. The first is that the material in Section 2.1 
does not require rx to be open. The second is that if rx is required to be open then 
technically groupoids without Haar systems might not act "continuously" on them- 
selves. Lastly, and most importantly, given a groupoid dynamical system (^4, G, a) as 
in Section 3.2, we will be interested in the induced action of G on Prim A. However, 
unless ^4 is a continuous G*-bundle the range map on Prim A will not be open. Since 
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it will be necessary to deal with these actions at some point, we have decided to make 
this distinction part of the definition. 

Example 1.62. Suppose the locally compact group H acts on a locally compact space 
X. Then, if we view H as a groupoid with only one unit and let the range map for X 
map onto this point, it's easy to see that H is a strongly continuous groupoid action 
on X. 

Example 1.63. The following is a particularly important example of a groupoid action. 
Suppose G is a locally compact Hausdorff groupoid and H is a. closed subgroupoid. 
Let X — s~^{H^^^) and give X the relative topology. Since H is closed in G, H'^^'> is 
closed in G^^^ so that X is closed in G and must be locally compact Hausdorff. Let 
s : X — s> H^^^ be the restriction of the source map on G to X. Given {^,1]) E X * H 
we have s(^) = r{ri) so that we can define ^ ■ 1] = ^rj. Observe that s{^ri) = sij]) G 
iJ'-^-' so that the action is well defined on X. Since this action is defined via the 
groupoid operation it is straightforward to see that X is a continuous right G-space. 
Furthermore, if G has open range and source then, because X is a saturated^ closed 
set of G with respect to s, it follows that the restriction of s to X is open and in this 
case X is a strongly continuous right G-space. We can also define an analogous left 
G-space in a similar fashion. 

Example 1.64. This is a special case of Example 1.63 but deserves to be singled 
out. Suppose G is a locally compact Hausdorff groupoid. If we treat G as a closed 
subgroupoid of itself and use the construction from Example 1.63 we find that X — G 
and that there is a continuous right action of G on itself defined by multiplication. 
Furthermore, if G has open range and source then clearly this action is strongly 
continuous. 

Example 1.65. Suppose G is a locally compact Hausdorff groupoid. Let r : G^"-* — >■ 
G^^^ be the identity map (or the restriction of r to G^'^\ whichever you prefer). Given 
(7, u)eG* G(°) define 

7 • M := r(7) = 7'U7~"^. 

It is straightforward to check that this defines a groupoid action and that with this 
action G^^^ is a strong G-space. As usual, we can let G act on the right of G(°) m a 
similar fashion. 

Example 1.66. Suppose G is a locally compact Hausdorff groupoid and S is the sta- 
bilizer subgroupoid. Let p : S ^ G^°^ be the restriction of the range map to S (or 
the bundle map associated to S, whichever you prefer). Given (7, s) E G * S define 

7 • s := 7S7~'''. 

^Given a surjective map f : X ^ Y a, set A c X is saturated if A = f~^{f{A)). 
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This action is well defined since (7, s) G G * implies 5(7) = p{s). Furthermore, it's 
easy to sec that 7 ■ 77 ■ s = 77/ ■ s and that p{s) -3 = 3. It's fairly clear that the action 
is continuous so that 5* is a continuous G-space. Furthermore, if the stabilizers of G 
vary continuously then p is open and S is a. strong G-space. As usual, we can let G 
act on the right of in a similar fashion. 

As with group actions, the action of a groupoid on a space defines an equivalence 
relation, and (fortunately) the quotient map associated to this equivalence relation is 
open whenever the range map on G is open. This is true even if X is not a strongly 
continuous G-space. 

Definition 1.67. Suppose X is a (left) G-space. Define the orbit equivalence relation 
on X determined by G to be a; ~ y if and only if there exists 7 G G such that ^-x = y. 
The quotient space with respect to this relation is denoted X/G, the elements of X/G 
are denoted G • x, and the canonical quotient map is (often) denoted by q. When X 
is a continuous G-space we will give X/G the quotient topology with respect to q. 
When X is a right G-space the orbit equivalence relation is defined similarly and we 
will use exactly the same notation. 

In some cases X will be both a left G-space and a right if-space and in these 
situations we will denote the orbit space with respect to the G action by G\X and 
the orbit space with respect to the H action by X/H and we will denote elements 
of the orbit space hy G ■ x and x ■ H, respectively. It will occasionally be useful to 
denote the orbit G ■ x or x ■ G hy [x] to conserve notation. 

Remark 1.68. Since the orbit equivalence relation on G^^^ with respect to G as defined 
in Definition 1.46 is exactly the orbit equivalence relation on G^°^ with respect to G 
when we view gw as a G-space via Example 1.65, there is no problem reusing the 
orbit equivalence relation terminology. 

Proposition 1.69. Let G he a locally compact Hausdorff groupoid and suppose X 
is a continuous G-space. Then the orbit equivalence relation defined in Definition 
1.67 is an equivalence relation. If the range and source maps for G are open then 
the canonical quotient map q : X X/G is open and X/G is locally compact. In 
particular, this is true if G has a Haar system. Furthermore, in this case if X is 
second countable then X/G is second countable. 

Proof. We will assume that G is a left G-space, but the proof is entirely analogous 
when G acts on the right. Since r(a;) ■ a; = a; it is clear that ~ is reflexive. Given 
x,y & X if X y then there exists 7 G G such that y = j -x. However it follows from 
Proposition 1.59 that 7"^ ■ y — x and y ~ x. Finally if a; ~ y and y z then find 
^,r] E G such that y — ^ ■ x and z — rj ■ y. Then z — (777) • x and a; ~ Thus ~ is 
an equivalence relation. 
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Now suppose G has open range and source maps. By Proposition 1.24 this is true 
whenever G has a Haar system. Since X/G has the quotient topology it suffices to 
see that q~^{q{0)) = G ■ O is open whenever O is. Suppose net in X such 

that — > 7 • X where & G and x & O. Let Ui — r{xi), u = r(7 • x) = r(7) and 
observe that Ui — > u. Since the range on G is an open map we can pass to a subnet, 
reindex, and find 7^ G G such that 7i — > 7 and r(7i) = Ui for all i. It follows then 
that 7j~^ —>■ 7~^ and, since the group action is continuous 

7j"^ • Xi 7~^ • (7 • x) = X. 

However, O is open so eventually 7"^ ■ G O. Thus, eventually, Xi = ■ (7""^ ■ Xj) G 
G ■ O. This suffices to show that G ■ O, and hence q, is open. Finally, the open image 
of a locally compact space is locally compact, since a basis of compact neighborhoods 
will map to a basis of compact neighborhoods. The same argument shows that if X 
is second countable then so is X/ G. □ 

Just as in the group case we can associate a groupoid to a groupoid action. 

Definition 1.70. Suppose G is a locally compact Hausdorff groupoid which acts 
continuously on the left of a locally compact Hausdorff space X. The transformation 
groupoid associated to G and X is the space G K X = {(7, x) e G x X : r{'y) — r{x)} 
with 

G K = {((7, x), {rj, y)) G (G K X) X (G K X) : y = 7"^ • x} 
and, when ((7, x), {r},y)) G G x the operations 

When G acts on the right of X the transformation groupoid is defined in an analogous 
fashion and is denoted X x G. 

This groupoid is generally well behaved, as we will see after we prove the following 
utility lemma. 

Lemma 1.71. Suppose that X is a locally compact space and G is a closed subset of 
X. Given f G Gc(G) we can extend f to a function in Cc{X). 

Proof. Now, if everything is second countable then X is normal so we can use the 
usual Tietze Extension Theorem. If we want to work with the nonseparable case we 
will need to make the following local argument. First, let U be some neighborhood of 
K — supp f m. X with compact closure. Since G is closed in X it follows that G (lU 
is a closed set in U and is therefore compact. We can now use the Tietze Extension 
Theorem for compact sets [Wil07, Lemma 1.42] to find a function g G Gc{X) such 
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that g is equal to f onCnU. Observe that U is an open neighborhood of the compact 
set K so that we may use Urysohn's Lemma for compact sets [Wil07, Lemma 1.41] 
to find h e Cc{X) such that h is one on K and h is zero off U. Consider hg. Given 
X e K G CnU we have h{x) = 1, and g{x) = f{x). Thus hg = f on K. lix eC\K 
then f(x) — and there are two cases to consider. In the first case x e U so that 
X E C n U and g{x) — f{x) — 0. Otherwise x ^ U so that h{x) — 0. In either case 
hg{x) = so that hg is an extension of / e Cc{C) to Cc{X). □ 

Transformation groupoids are very similar to their group action analogues. For 
instance, they have a Haar system as long as G does, even if the action of G is not 
strongly continuous. 

Proposition 1.72. Suppose G is a locally compact Hausdorff groupoid acting con- 
tinuously on a locally compact Hausdorff space X. Then the transformation groupoid 
G t< X is a locally compact Hausdorff groupoid which is second countable if G and 
X are. The unit space G K can he naturally identified with X and under this 
identification 

r(7, x) = X, s(7, x) = • x. 

The range and source maps are open if the range and source maps of G are open. 
Furthermore, if G has a Haar system {A"} then ji^ — A''*^^^ x 8x is a Haar system for 
GkX. 

Proof Suppose ((7,x), (77, y)), ((77, y), {^,z)) eGx X(^\ Then 

(777)"^ ■ ^ = ■ (7""^ ■ ^) = ' y = z 

and wc have assumed 7"^ ■ a; = y so that ((777, x), (^, 2;)), ((7, x), (77^, y)) £ G K X'^'^\ 
Furthermore we clearly have 

{l,x){{r],y){^,z)) = (777^, x) = ((7,x)(77,y))(^,z). 

Next we calculate that 

((7, x)-^Y^ = (7-\ 7-^ • x)-^ = (7, 7 • (7~^ • x)) = (7, x). 

Finally suppose (7, x) E GkX. Then it's easy to see ((7"^, 7"^ -x), (7, x)) E Gk X^^^ 
and if ((7,0;), (77, y)) G G K X^^) then 

(7"\7"^ •x)((7,x)(77,y)) = (7"\ 7"^ ■ a;)(777, x) 
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Similarly {{'y,x){'r],y)){r],y) ^ — (7, x). Thus G \K X is a groupoid. We can now 
calculate 

(7~\ • x) = (5(7), • = (r(7~^ • a:), 7"^ • x) 
(7, x) (7~^ , 7~^ • x) = (r(7) , x) = (r(x) , x) . 

It follows that G K = r(G K X) = {(r(x) , : X ^ X} and the identification with 
X is obvious. Furthermore, under this identification, the previous calculations show 
that r(7, x) ~ x and 5(7, x) = 7"^ • x. 

Observe that, since the range maps for both G and X are continuous, the set 
G K X is closed in G x X and is therefore locally compact Hausdorff. Clearly G K X 
is second countable if G and X are. Furthermore, since the topology on G K X is 
inherited from the product topology and because the operations on G and the action 
on X are continuous, it's easy to see that G x X is a topological groupoid. 

Now we show that the range and source maps of G k X are open if the range and 
source maps of G are open. Suppose — > x and (7,2;) e G K X. Since r(7) = r{x) 
and r{xi) — > r{x) we can pass to a subnet, reindex, and find 7^ G G such that 7i — > 7 
and r(7i) = r{x). Since {'ji,Xi) G G x X and {'jijXi) — > {'y,x) we see that r is open. 
Since s is the composition of r with the inversion map s must be open as well. 

Next, suppose {A"} is a Haar system for G and for all a; G X define fi^ = y^^^ x 5x 
where 6x is the Dirac delta measure at x. Then clearly fi^ is a non-negative Radon 
measure and it's fairly easy to see that supp (i^ = supp A' x supp 6x = G'^^^^ x {x}. 
However, it's also clear that G x X^ = (^'■(^) x {x}. Thus condition (a) of Definition 
1.22 is satisfied. Now given / G Gc(G x X) we have 

/ f{rj,y)di,''{v,y)^ f f{r),x)d\<^\r)) 
Jgkx Jg 

and we would like to show that the function 

f f{V:x)dX^^^\rj) (1.1) 
Jg 

is continuous. 

Given / G Gc(G x X) we can extend / to a function in Gc(G x X), also denoted 
/, using Lemma 1.71. For h G Go(G) and g G Go(X) define h® g hy h® g{'-f,x) = 
h{l)g{x). It follows from [RW98, Corollary B.17] that sums of functions of the form 
h ® g are dense in Go(G x X). Therefore, we can find sets {h^} C Go(G) and 
{gl} C Go(X) such that ki — ^jhj ® gj is a net and h ^ f uniformly. Let Li 
be the projection of supp / to G and let g G Cc{G) be one on Li and zero off some 
compact neighborhood of Li. Similarly let L2 be the projection of supp / to X and 
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let h e Cc{X) be one on L2 and zero off some compact neighborhood of L2. By 
replacing gj with ggj and hj with hhl we can assume, without loss of generality, that 
there exists a compact set K such that supp(A;j) C K for all i. Observe that for each 
i and j the function 



X 



JG JG 



is continuous since it's built from continuous functions using composition and multi- 
plication. Hence 

yr{x)i 



x^ I ki{rj,x)dX^^^'{r]) 

JG 

is the sum of continuous functions and is continuous. Next, let K be the compact 
set given above and K' be its projection onto G. Since K' is compact it follows from 
Lemma 1.23 that {X^{K')} is bounded by some number M. Thus given y E X 



f{r),y)dX^^y\rj)- [ k{rj,y)dy^y^ 

JG 



{f-k,){r},y)dX^^y\rj) 



G 



< / \if-h){r^,y)\dy^'\v) 



G 



<M\\f-ki\U 

Now suppose Xj — > a; is a net converging in X and e > 0. Choose i large enough so 
that 11/ — kiWoo < e/4M and J such that for all j > J we have 



/ h{r},Xj)dX^^^^\rj)- [ h{r},x)dX^^^\ri) 

JG JG 

Then for all j > J we have 



< e/2 



/ f{r},x,)dX^^^^\r])- [ f{r),x)dX<^\r}) 

JG JG 

[ f{r,,xj)dX<^^\r,)- [ hir,,xj)dX^^^^\r,) 

JG JG 

f h{r),xj)dX'^^^\rj)- f h{rj,x)dX'^'\rj) 

JG JG 



+ 



+ 



f{T,,x)dy^^\r,)- / h{T^,x)dy^^\i^) 

G JG 
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<2M||/-A;i||oo + e/2 <e 

This proves that the function in (1.1) is continuous. The support of this function 
must be contained in r(supp/) and this imphes that condition (b) of Definition 1.22 
is satisfied. 

Finally, suppose (7,2;) e G K X and / e Cc{G K X). Then 

Jgkx Jg 

Jg 
Jg 

= / f{r],y)iJ,''{r],y) 
Jgkx 

This proves the left invariance condition and that is a Haar system for G K X. □ 

Remark 1.73. When we view a group action of on X as a groupoid action we can 
use Proposition 1.72 to form the transformation groupoid H \x X. In this case H \x X 
is exactly the transformation group groupoid from Example 1.16 and the Haar system 
on H ^kX is the one constructed in Example 1.27. Therefore Proposition 1.72 justifies 
the statements made in those two examples and we can use the phrase "transformation 
groupoid" without causing too much confusion. 

Remark 1.1 A. In [Muh] the groupoid associated to a groupoid action is defined to be 
G * X — {{'^,x) e G X X : 5(7) = r{x)} with the operations 

{-f,rj ■ x){rj,x) = (77/, x), (7,^)"^ = (7"\7-2;). 

It's easy to see that the map 0: G t< X ^ G * X defined by 0(7, x) = (7, 7""^ • x) 
is an isomorphism between these two groupoids. The principal difference between 
them is that given (7,0;) G G k X we have r{'j,x) = x and s{'j,x) = 7"^ • x and for 
(7, x) ^ G * X we have r(7, x) = j ■ x and 5(7, x) = x. The reason that we are using 
the former groupoid is that it interacts nicely with crossed products. 

Statements about groupoid actions often translate into similar statements about 
the transformation groupoid. For instance 

Definition 1.75. Suppose G is a groupoid. We say G is transitive if given u,v G 
there exists 7 e G such that 3(7) = u and r(7) = v. 

Remark 1.76. Note that a groupoid is transitive if and only if its associated orbit 
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groupoid is trivial. Also, in this case it is easy to see, using conjugation by elements 
in G, that all the stabilizer subgroups are isomorphic. 

Definition 1.77. Suppose G is a groupoid and X is a G-space. We say X is transitive 
if given x,y E X there exists 7 G G such that ^ ■ x = y. We say X is orbit transitive 
if given x,y E X such that r{x) is orbit equivalent to r{y) in G^^^ then there exists 
7 e G such that ^ ■ x — y. 

Remark 1.78. Using Proposition 1.59, it is straightforward to show that if X is a 
transitive G-space then G must be a transitive groupoid. If a non-transitive groupoid 
acts on X then the most that one could hope for is that X is orbit transitive. 

Proposition 1.79. Suppose G is a groupoid, X is a G-space and G \x X is the 

associated transformation groupoid. Then X is transitive if and only if G \x X is. 
Furthermore X is orbit transitive if and only if the range map on X factors to a 
bijection from X/G onto G^^^G. 

Proof. Well X is transitive if and only if given x,y E X we have 7 e G such that 
X — ^ ■ y. However this occurs if and only if there exits 7 e G such that 

y — ■ X — s{'y,x), and x — r{'y,x). 

Finishing the chain, this is equivalent to requiring that G \K X he transitive. 

Next, r : X — > G^°^ is always equivariant by Proposition 1.59 and as such factors 
to a surjection from X/ G onto G^^^ /G. If X is orbit transitive then G ■ r (x) = G ■ r{y) 
implies that r{x) and r{y) arc orbit equivalent so that there exits 7 G G such that 
•J ■ X = y. Thus G ■ X = G ■ y and r is injective. The reverse direction is just as 
simple. □ 

One of the important things about transformation groupoids is that the original 
groupoid action can be recovered from the action of the transformation groupoid on 
its unit space. What this will allow us to do is extend theorems about groupoids to 
theorems about groupoid actions with relatively little effort. The following propo- 
sition gives some indication of how this works because it will allow us to translate 
statements concerning the stabilizers and the orbit space of the action of G on X into 
statements concerning the stabilizers and orbit space of G K X. 

Definition 1.80. Suppose G is a groupoid acting on a set X. Given x G X the 
stabilizer subgroup of G at x is 

Ga; := {7 G G : 7 • x = x} 

If G is a locally compact Hausdorff groupoid and X is a continuous G-space then we 
say the stabilizers vary continuously in G if — > x in X implies Gj;. — > G^; in G with 
respect to the Fell topology. 
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Proposition 1.81. Suppose G is a locally compact groupoid which acts continuously 
on the locally compact space X . Then Gx is a closed subgroup of the stabilizer sub- 
group Sr{x) for all X e X. Furthermore, G^ is naturally isomorphic to the stabilizer 
subgroup of G \K X at x and the stabilizers G^ vary continuously in G if and only if 
G \K X has continuously varying stabilizers. Finally, the orbit space X/G is naturally 
homeomorphic to G K X^^^G K X. 

Proof. If 7 e then 5(7) = r{x) and r(7) = r(7 • a;) = r{x). Thus G^ C ^'^(a;)- 
Furthermore, it's straightforward to show that, because the action is continuous, G^ 
is closed. If s, i e Gx then [st] ■ x — s ■ {t ■ x) — x so that st e Gx- Lastly \l s & Gx 
then s ■ x = X so that, using Proposition 1.59, x = s~^ • x. Thus Gx is a closed 
subgroup of Sr{x)- Next, let Tx the be the stabilizer subgroup of G k X at a; and 
define : G^, ^ T^, by 0(t) = {t,x). It is clear that r{t,x) = s{t,x) = x so that (p is 
well defined. What's more, is a homomorphism because 

= {st,x) — {s,x){t,x) — 

Moving on, it's easy to see that is continuous. If we let ip : Tx ^ Gx he defined by 
ip{t,x) — t then, since 

t~^ ■ X — s{t, x) — r{t, x) — X 

we can conclude that t~^, and hence t, are elements of Gx, making well defined. 
Furthermore ijj is clearly a continuous inverse to ijj, making ijj an isomorphism of 
locally compact groups. 

The following will make heavy use of Proposition 1.38. Suppose the stabilizers Gx 
vary continuously with respect to the Fell topology and suppose Xi — > x. Next, let 
{si,Xi) e Tx^ and suppose {si,Xi) is,x). Then, because the range and source maps 
are continuous and Xi — > x, we have {s,x) e Tx- Now suppose {s,x) e T^,. We know 
s E Gx so that we can pass to a subnet, relabel, and find Sj G Gx^ such that Sj s. 
Thus (sj, Xi) e Tr- and (sj, Xi) — >• (s, x). It follows that Ta,. — > Tx in the Fell topology. 
The opposite directly is proved in an entirely similar fashion. 

Next, recall that we identify the unit space oi G K X with X via the map 
{r{x),x) <-> X. In order to show that X/G and X/G K X are naturally isomor- 
phic it suffices to show that the actions induce the same orbit equivalence relation. 
However a; ~ y with respect to the action of G if and only if there exists 7 G G such 
that 'y ■ X = y. This is true if and only if a; = 7"^ • y which is true if and only if there 
exists (7, a;) e G K X such that y — s{'y,x) and x — r{'y,x). Continuing the string 
of implications, this is true if and only if x ~ y with respect to the action of G ix X. 
Since the actions induce the same orbit equivalence relation, the quotient of X with 
respect to each action is the same. □ 
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Remark 1.82. Proposition 1.81 helps answer another question. Given a continuous 
G-space X we would like to form a bundle out of the stabilizer groups Gj.. Since 
Proposition 1.81 tells us that the stabilizers of the action are exactly the stabilizers 
of the transformation groupoid, it is natural to bundle the together inside G \K X. 
In other words, the stabilizer group bundle T for the action of G on X is nothing 
more than the stabilizer subgroupoid of G K X. Of course, once you work out all the 
definitions this just boils down to defining the stabilizer bundle to be the set 

T := {{s,x) eGxX -.se G^}. 
1.2.1 Groupoid Equivalence 

One very important application of groupoid actions is the the notion of groupoid 
equivalence. This is a fundamental idea and will be a key tool in Section 6.1. The 
following material is taken, and expanded, from [MRW87]. 

Definition 1.83. Suppose G is a groupoid and X is a G-space. We say the action 
of G on X is free ii ^ ■ x — x imphes 7 e G^^\ If G is a locally compact Hausdorff 
groupoid and X is a continuous G-space then we say the action is proper if the map 
from G * X to X X X given by (7, 1-^ (7 ■ x, x) is proper.^ The action is principal, 
and X is called a principal G-space, if it is both free and proper. 

The following proposition gives a useful characterization of proper actions that 
helps explain why we are interested in them. The proof is lifted from [Wil07, Lemma 
3.24]. 

Proposition 1.84. Suppose G is a locally compact Hausdorff groupoid acting con- 
tinuously on a locally compact Hausdorff space X . The action is proper if and only 
if given nets {a^jjjg/ G X and {7i}ie7 G G such that — > x and ji • Xi ^ y then {7^} 
has a convergent subnet. 

Proof. Suppose the action is proper so that the map 0:G*X— >XxX given by 

(j){'~f,x) = (7 ■ x,x) is a proper map. Given elements Xi.x.y G X and '-fi,'-/ & G as 
in the statement of the proposition, let K he a compact neighborhood of x and y. 
We eventually have Xi,'ji ■ Xi E K so that eventually (7^ • Xi,Xi) E K x K. Hence, 
eventually, {'yi,Xi) G (j)~^{K x K). Since (f) is proper, (})~^{K x K) is compact and 
{7j} must have a convergent subnet. 

Now we will prove the reverse direction. Suppose A' is a compact subset of X x X 
and {{^i'i,Xi)} is a net in Then {{^ji- Xi.Xi)} is a net in K so that we can pass 

to a subnet, relabel, and find {y, x) E K such that ji ■ Xi ^ y and Xi — > x. However, 

continuous map is proper if the inverse image of every compact set is compact. 
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we can now use our hypothesis to pass to a subnet, relabel, and find 7 such that 
7i 7. Since the action is continuous 7^ ■ — 7 ■ a: and we have 7 ■ ,x = y. Finally, 
(7j,a;j) —>■ (7, x) and 4>{'j,x) = {y,x) so that {{■yi,Xi)} has a convergent subnet in 
(()^^{K) and we are done. □ 

One good thing about proper actions of well behaved groupoids is that they have 
nice orbit spaces. 

Proposition 1.85. If G is a locally compact Hausdorjf groupoid with open range and 
source maps and X is a proper G -space then the orbit space X/G is locally compact 
Hausdorff. 

Proof. We proved in Proposition 1.69 that the quotient map q is open and that X/G 
is locally compact. Suppose we have a net G ■ ,Xj in X/G such that G ■ Xi ^ G ■ x and 
G ■ Xi ^ G ■ y. It will suffice to show G ■ x = G ■ y. Using the fact that q is open, we 
can pass to a subnet, relabel, and choose new representatives Xi so that Xi —>■ x. Then 
we pass to another subnet, relabel, and this time find 7^ e G such that 7^ • — > y. 
Since the action is proper we can use Proposition 1.84 to pass to yet another subnet, 
relabel, and find 7 such that 7^ 7. It now follows from the continuity of the action 
that ■ Xi —>■ J ■ X. Since X is Hausdorff, j ■ x = y and G ■ x = G ■ y. □ 

Example 1.86. The most basic example of a principal G-space is the action from 
Example 1.64 where we let G act on itself by multiplication. It is easy enough to 
show that this action is free and proper. 

Definition 1.87. Suppose G and H are locally compact Hausdorff groupoids which 
have open range and source maps. We say that a locally compact space Z is a 
(G, H)- equivalence if 

(a) Z is a left strong principal G-space, 

(b) Z is a right strong principal if-space, 

(c) the G and H actions commute, 

(d) the map sx induces a bijection of Z/H onto G^^\ and 

(e) the map rx induces a bijection of G\Z onto H^^\ 

Remark 1.88. Recall that a G-space X is "strong" if the structure map from X to 
is open. This is a necessary condition when dealing with (G, if)-equivalences. 
Colloquially, when dealing with groupoid equivalence every range and source map in 
sight has to be open. 
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Remark 1.89. It is remarked in [MRW87] that (G, iJ)-cquivalence induces an equiv- 
alence relation on locally compact groupoids. It is easy to see that the left and right 
action of G on G makes G a {G, G)-equivalence. Given a (G, if)-equivalence one can 
just swap the left and right actions to form a {H, G)-equivalence. Finally, given a 
(G, i?)-equivalence Z and a {H, ir)-equivalence Y we define to be the quotient 

oi Z *Y = {{z,y) e Z X Y : s{z) = r{y)} where we identify {z,y) with ■ 7,7 • y) 
for all z & Z, y & Y and 7 G i/. It's not hard to see that G and K act naturally on 
Z and that Z *h Y is a (G, A')-equivalence. 

The definition of a (G, if)-equivalence is a little complicated so one might expect 
that they are relatively rare. In fact, any strong principal G-space gives rise to an 
equivalence. 

Definition 1.90. Suppose if is a locally compact Hausdorff groupoid with open 
range and source maps and X is a strong principal right if-space. Let H act on 
X * X — {{x,y) e X X X : s{x) — s{y)} via the diagonal action 

(x,y) -7 := (a;-7,|/-7) 

and define X^ := {X * X)/H. Denoting the image of {x^y) in X^ as [x^y] we let 
= {([a;, y], [w, z\) e X^ x X^ : y = w} and we define groupoid operations on 

X^ via 

[x, y] [y, z] = [x, z], [x, y] ^[y,x]. 

Then equipped with these operations, X^ is called the imprimitivity groupoid asso- 
ciated to X and H. The imprimitivity groupoid associated to a left action is defined 
analogously. 

Remark 1.91. Propositions 1.92, 1.93 and 1.94 all have corresponding statements for 
imprimitivity groupoids built from strong principal left G-spaces and the proofs are 
all exactly the same. We will endeavor to always build imprimitivity groupoids from 
right actions, but there isn't any real difference one way or the other. 

Of course, we made a number of claims in the definition that need to be verified. 

Proposition 1.92. Let H be a locally compact Hausdorff' groupoid with open range 
and source maps and X a strong principal right H-space. Then the imprimitivity 
groupoid X^ is a locally compact Hausdorff groupoid which is second countable if X 
is. The unit space of X^ can be identified with X/ H and under this identification 
r([x,y]) = [x\ and s{[x,y\) — [y\. Furthermore, the range and source maps of X^ are 
open. 

Proof. First we show that X^ is a locally compact Hausdorff space. It is straight- 
forward to show that the diagonal action of if on X * X = {(x, : s{x) = s{y)} is 
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a continuous groupoid action. Using Proposition 1.69 we conclude that the quotient 
map r : X * X X^ is open, X^ = X * X/H is locally compact, and X^ is second 
countable if X, and hence X * X, is second countable. Next we will show that the 
action of if on X * X is proper. Suppose {{xi, yi)} is a net in X * X and {'ji} is a net 
in H such that {xi, yi) — > (x, y) and {xi ■ 7j, yi ■ 7^) — > (w, z). Then, using Proposition 
1.84, and the fact that the action of if on X is proper, we can find a convergent 
subnet of 7^. Thus the action of if on X * X is proper and X^ must be a Hausdorff 
space by Proposition 1.85. 

We must spend some time showing that the operations in Definition 1.90 are well 
defined. For instance, if [x, y] — [x' , y'\ and [y, z] — [y' , z'] then there exists j,r] E H 
such that y = y' ■ ^ and y = y' ■ r). However, it's easy to sec that, because the action 
of if on X is free, we must have ^ = rj. Hence (x, z) = {x', z') ■ 7 and multiplication 
is well defined. We can also do a similar calculation to show that the inverse is well 
defined. At this point it is straightforward to show that these operations make X^ 
into a groupoid. In order to see that the actions are continuous one must use the fact 
that the quotient map Q : X * X — > X * X/H is open. For example, if [xi, yi] —>■ [x, y] 
then by passing to a subnet, relabeling, and possibly choosing new representatives Xi 
and yi, we can assume Xi x and yi y. However, it's now clear that [yi,Xi] [y, x] 
so that the inverse is continuous. Similar considerations show that the multiplication 
is also continuous and that X^ is a topological groupoid. 

Now r{[x,y]) = [x,y][y,x] = [x,x] and similarly s([a;, |/]) = [y,y]- The map 
6 : X ^ X*X such that M homeomorphism of X onto the diagonal in 

X*X. Since (f){x-'~f) = (f){x)-j, it is straightforward to show that this homeomorphism 
factors to a homeomorphism (p from X/H onto {[x, x] G X^ : x G X}. Under this 
identification we clearly have r{[x,y]) = [x] and |/]) = [x]. Finally, we show that 
the range and source maps are open. Suppose [xi] [x] and r([x, y]) = [x]. Since 
q : X ^ X/ H is open we can pass to a subnet, relabel, and choose new representatives 
so that Xi — > X. Now s{xi) s{x) and s{y) = s{x). Using the fact that the action 
of if on X is strongly continuous we can pass to another subnet, reindex, and find 
yi in X such that yi ^ y and s{yi) = s{xi). Thus {xi,yi) G X * X and clearly 
{xi,yi) — > {x,y). It follows that — >■ [x,y] and that r{[xi,yi]) — [xi\. Hence the 
range map is open on X^ . We could run through a similar argument to show that the 
source map is open, or we could observe that the source map is equal to the range map 
composed with the inverse map and that the inverse map is a homeomorphism. □ 

The reason we care about the imprimitivity groupoid is that it turns out to be 
naturally equivalent to if. 

Proposition 1.93. Suppose H is a locally compact Hausdorff groupoid with open 
range and source maps and X is a strong principal right H -space. Then the imprim- 
itivity groupoid X^ has a strong principal action on the left of X. The range map 
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rx '■ X ^ X/H is the quotient map and the action is defined by 

[x,y]- z = x-'y 

where 7 is the unique element of H such that z — y • ^. Furthermore, with these two 

actions X is a {X^ , H)- equivalence. 

Proof. First, observe that rx is open by Proposition 1.69. If s([a;,|/]) = [x] = [z] = 
r{z) then there exists '~f & H such that y ■ 'j = z. Furthermore if 77 G G such that 
y-rj — z then y ■ 'jr]'^ = y so that ^i]^^ E G^^^ and 'j = i]. Thus 7 is unique and under 
our definition [x,y]-z — x-^. Now, if [x', y'] — [x,y] then there exists C ^ such that 
{x, y) = {x', y') • (. It follows that y' ■ ('y = y ■ j = z so that [x', y'] ■ z — x' ■ (^^ — x ■ ^. 
This shows that the action of X^ on X is well defined. 

Next we will show it is a groupoid action. Suppose z E X, and [x, y], [y, w] e X^ 
such that [w] = [z]. Let 7 be the unique element such that w • 7 = z. Then 
[y,w] ■ z — y ■ ^. Clearly [y • 7] = [y] so that [x, y] acts on y • 7. The unique element 
of G we are looking for is again 7 so that 

[x, y] ■ {[y, w]-z) = [x, |/] • (7/ • 7) = a; • 7. 

On the other hand we clearly have [x,w] ■ z = x ■ 'j so that condition (a) of Definition 
1.55 is satisfied. Since x ■ s{x) = x we have [ for all a; G X and condition 

(b) is satisfied as well. Now suppose Zi ^ z m. X and [xj, — >• [x, y] in X^ such that 
[yi] = [zi] for all i. First, pass to a subnet. We will show that there is a sub-subnet 
such that [xj,yi] • Zi — > • z. Now, pass to a subnet, relabel, and choose new 

representatives so that — > a: and yi — > y. For each i let 7i be such that yi ■ ji — Zi 
and let 7 be such that y ■ 'y = z. Using the fact that the action of G is proper we 
can conclude that by passing to a subnet we can find rj such that 7^ — >• rj. However, 
we then have y ■ r] = z so that 77 = 7 by freeness. We can use this trick to show that 
every subnet of 7^ has a subnet which converges to 7. This implies 7i — > 7. Hence 
Xi ■ ^ X ■ ^, but this is exactly what we needed to show. 

We have shown that X is a strong left X-^-space. We will now show that it is 
principal. Suppose [x, y]-z = z. Let 7 be such that y-'j = z. Since [x,y]- z = x -j = z 
we can conclude that y — z-^"^ — x and [x, y] G (X^)(°\ Thus the action is free. Now 
suppose we have Zi,w,z G X and [xi, yi] G X^ such that Zi ^ z and [xi, yi] ■ Zi ^ w. 
Choose 7i G G so that yi-% = Zi and [xj, yi] ■ zi = Xi ■ 7^. Now we have Xi-'ji ^ w and 
yi-Ji z. However, this implies {xi, yi) -ji {w, z) in X*X and that [x^, t/j] [w, z] 
in X^ . Thus the action is proper and we are done. 

Now we will show that X is a (X^, if)-equivalence. We have already shown, 
or assumed, that H and X^ have open range and source maps, that X is a strong 
principal right i7-space, and that X is a strong principal left X^-space. Furthermore 
we have already seen that the range map on X is nothing more than the quotient 
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map from X to X/H = [X^)^^^ which clearly factors to a bijection of X/H onto 
itself. Now consider the source map s : X ^ G^^\ All that we need to do to show s 
factors to a bijection is show that if s{x) = s{y) then there exists [w, z] e X^ such 
that [w, z] ■ X = y. However if s{x) — s{y) then [x, y] e X^ and it's easy to see that 
[y,x] ■ X — y. All that's left is to show that the actions commute. Well, suppose 
7 e G, -2 G X and [x, y] G X^ with the appropriate ranges and sources. Let rj E G 
be such that y -rj = z. Then {[x,y] ■ z) ■ j = x ■ 777. Since ?/ ■ 777 = 2 ■ 7 it follows that 
[x, • (2; • 7) = X- Tj'j. Thus the actions commute and X is a {X^ , i7)-equivalence. □ 

It turns out that this situation is the most general one. 

Proposition 1.94. Suppose G and H are locally compact Hausdorff groupoids and 
Z is a {G, H)- equivalence. There is a natural isomorphism 4> between G and the 
imprimitivity groupoid defined as follows. Given [x,y] G Z^ we have s{x) — s{y) 
so that there exists a unique 7 G G such that x — ^ ■ y and we define (f){[x, y]) :— 7. 

Proof. First we show that (p is well defined. Suppose [x,y] = [x',y']. Then there 
exists T) & H such that x ■ rj — x' and y ■ rj — y' . Let 7 be the unique element of 
G such that x = •y ■ y. Since the actions commute x ■ rj = {j ■ y) ■ rj = ■j ■ {y ■ rj). 
Therefore (f){[x,y]) = 7 = (f)([x' ,y']). Next wc will show that is a homomorphism. 
Now suppose [x,y], [y, z] G Z^ and let 'y,ri E G such that x = y ■ y and y = rj ■ z. 
Then 5(7) = r{y) = r{rj ■ z) = r{rj) and a; = 7 • y = 777 • 2; so that 4>{[x, z]) = ■yrj — 

Now suppose — > [x,y], (l>{[xi,yi\) — 7^, and y]) = 7. Pass to a subnet. 
Wc will show that there is a sub-subnet such that 7^ 7. Use the fact that the 
quotient map Z * Z ^ Z^ is open to pass to a subnet, reindcx, and possibly choose 
new representatives Xi and yi so that Xi ^ x and yi — > y. Since Xi = ■ yi for all 
i the fact that the action of G is proper implies that we can pass to a subnet and 
assume 7^ — > rj. The continuity of the actions now implies that ■ yi ^ r] • y. Since 
Z is Hausdorff we have rj ■ y = •j ■ y and freeness implies rj — ^ and we arc done. 

Now suppose J E G. Then 5(7) G C-^^ we can choose an x E Z such that 
r{x) = 5(7). Furthermore, since the range map on Z factors to a bijection, ii y E Z 
such that r{y) = 5(7) then there exists rj E H such that x — y ■ rj. Now define 
ip : G ^ Z^ by ■0(7) = [x, 7 • x]. We need to show i/j is well defined. Given rj E H we 
have {x, y -x) - rj = (,x ■ 77, 7 ■ (a; ■ 77)) and therefore [x, 7 ■ = [,x ■ 77, 7 ■ (x ■ 7/)]. Thus ijj{'y) 
is independent of the choice of x. Next, it's clear that = (f){[x,'j ■ x]) = 7. 

Furthermore, if 4>{[x,y]) = 7 then y = j ■ x so that ip{4>{[x,y])) = = [x,j ■ x] ~ 
[x,y]. Therefore and ip are inverses and is a bijection. The last thing we need 
to show is that ip is continuous. Suppose 7^ — > 7. Pass to a subnet. Our goal is to 
show a sub-subnet of ■0(7i) converges to '^(7). Well 5(7^) 5(7) and we can use the 
fact that the range map on Z is open to pass to a subnet and find — > x such that 
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s{xi) — r{'ji). It follows that ji ■ Xi —>■ j ■ x and [xi,^i • Xi] [x,j-x]. Thus ip is 
continuous and (p is an isomorphism of locally compact Hausdorff groupoids. □ 

The following proposition describes the imprimitivity groupoid that will be of 
interest in Chapter 6. The principal action is exactly the one described in Example 
1.63. 

Proposition 1.95. Suppose G is a locally compact Hausdorff groupoid with a Haar 
system and that H is a closed subgroupoid such that the range and source maps re- 
stricted to H are open. In particular, this is true if H has its own Haar system. If 
X = s~^{H^^'>) then H acts on the right of X via multiplication and with this action 

X is a strong principal H -space. The associated imprimitivity groupoid, in this case 
denoted , has a Haar system {/i'^'} defined for f G CdG^) by 

[ fm,vW^\[i,v])= [ f{[C,v])d\sio{v)- (1.2) 

JGti JG 

Proof. The action of if on X is exactly the action described in Example 1.63 and it 
was shown there that if s : X — is the restriction of the source map to X and 
^ ■ ?7 = then X is a strong right if-space. if ^ ■ i] = ^r] = C, for ^ E X and rj E H 
then we can multiply both sides by and get rj = = s{^) G H^^\ Thus the 
action of on X is free. Now suppose ^ i and d ■ rji ^ (. Using the fact that 
the groupoid operations are continuous we have 

Since H is closed, G H and r]i converges in H. Thus the action of if on X 

is proper and therefore principal. Since H has open range and source maps, by 
assumption, and X is a strong principal right if-space, we can use Proposition 1.93 
to construct the imprimitivity groupoid G^ . 

We would hke to show that the //I^l defined in the statement of the proposition 
form a Haar system for G^. This is actually proved in [IW09] and has been expanded 
here for reference. First wc show that (1.2) is well defined. Suppose 7 G if such that 
r(7) = s{(). Then, noting that applying left invariance to — (A'*)"^ gives us "right 
invariance", we get 

/ f{[Cl,v])d\si,){v)= [ f{[Cl,Vl])dXsio{v)= [ f{[C,v])dK^cM- 
Jg Jg Jg 

Thus (1.2) is independent of the representative C. It is clear that this defines a 
positive linear functional on Cc{G^) so that /i'^' is a non-negative Radon measure for 
all [(] G G^. Now suppose [^,7] G (G^)^''^ and U is an open neighborhood of [C,7]- 
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We may as well assume U is relatively compact and choose / G Cc{G^)'^ such that, 
< / < 1, / is one on [C, 7], and / is zero oS U. It follows that 

7g« Jg 

Now if [C,7] ^ we can pick a relatively compact open neighborhood U of 7] 
which is disjoint from Since U is relatively compact we can choose another 

relatively compact neighborhood V such that U dV and V is disjoint from (G^)'^] 
as well. Choose / e Cc{G^)^ so that, < / < 1, / is one on U, and / is zero off V. 
Then 

Jg" Jg 

where the last equality holds because / is supported off (G^)'^]. It follows that 
SUPP//K1 = {G")^^l 

Next we need to prove the continuity condition. We start by showing that given 
/ e Cc{X * X) the function 

7^ / f{'y:V)dXs{'r){v) (1-3) 
Jg 

is continuous on X. Use Lemma 1.71 to extend / to Cc{X x X). Just as in the proof 
of Proposition 1.72 we find a net of sums of elementary tensors ki = gj ® which 
converge to / uniformly and are all supported in some compact set. We can then use 
the fact that 

7^ / 9l®K{l^^)dK{i)ij]) = gl(ci) I hl{ri)dXs(^){ri) 
Jg Jg 

is clearly a continuous function to prove that (1.3) is continuous. The computation 
is exactly the same as in the proof of Proposition 1.72 and won't be reproduced here. 
Next, we need to show that the "factorization" of (1.3) is continuous. This result is 
proved in [Ren87, Lemme 1.3] but that paper is in French so the proof is included for 
reference. Define 

Y^G^*X:^ {([7, ry], C) e X X : [7] = [C]}- 

and let 4> : X * X ^ Y he given by 4>{'j,r]) = ([7,^], 7)- We claim that is a 
homeomorphism. It is clear that (p is continuous and it is straightforward to show 
that (f) is bijective. In particular, the inverse of ([7, ?7],C) is (CtV^) where 5 is the 
unique element of H such that C = 'jS. We will restrict ourselves to showing that 
it has a continuous inverse. Suppose ([7?, Ci) ~^ ([7)^])C) and let Si and 5 be as 
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above. Pass to a subnet. It will suffice to show that there is a sub-subnet such that 
Vi^i V^- By passing to a subnet we may assume that rji ^ f] and 7^ 7. However 
Ci = li^i C = so that we can use the fact that the action of H is principal to 
pass to another subnet and assume 5j — > 5. The result follows. 
Next, observe that given / e Cc{Y) we have 

/ fm,v))dXsioiv) = [ fi[C,v],C)dXsioiv) 

JG JG 

= ^/([7,^],eK//[^'x5c)([7,r?],e)- 

In other words identifies the measures Xsi-y) and x 5(^. Fix / G Cc{G^) and 
suppose g G C,{X). Define F e C,{Y) by F = f®g so that ^([7, ri\X) = /(b, ri\)g{Q 
and observe that 

/ F([7,^],Oo?(/^'^"x5J([7,,7],0= / F(0(C,77))dA,(c)(77) 

JG 

is continuous since (1.3) is continuous. However this implies that 

/ F{b,ilU)d{l^^''^^mi.r}ii)=9{0 I f{b,riW^\b,il]) (1.4) 
Jy Jg" 

is continuous. Suppose [Ci] [C] and, by possibly passing to a subnet and choosing 
new representatives, assume that Q — > C,. We can, without loss of generality suppose 
that this sequence converges inside some compact neighborhood K. Choose g G 
Cc{X) so that g is one on K. Then the fact that (1.4) is continuous implies that 

JG" JG" 

This is enough to show that [(] 1— J^h fdfx^''^ is continuous and it's easy to sec that 
this function is compactly supported. 

All we have to do now is verify the left invariance condition. Suppose [7, 77] G 
and / G Cc{G^). Then 

/ fibMC^WHiCC])- [ f{b,vUC])dXsir,){0- [ f{b,C])dXsir,){0 

Jg" Jg JG 

= / /([7,C])c?A,(^)(0 since 5(7) = s(r/) 

JG 

= / /([C,e])V^i([C,e])- 

Jg" 
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Thus //'^l is left invariant and the collection {/J-'^^ forms a Haar system for . □ 

Remark 1.96. Observe that in Proposition 1.95 we did not have to assume that H 
has a Haar system for to have one, only that it has open range and source maps. 
It seems to be an open, and difficult question, to ask if there are two equivalent 
groupoids such that one has a Haar system and the other doesn't. 

1.3 Amenable Groupoids 

Groupoid amenability will only play a role as an assumption in one of the major 
results of the thesis, and will never be used in a technical way. However, since 
groupoid amenability is a very new subject, it seems appropriate to include some 
of the basic definitions and theorems. We will use the notion of amenability that 
Anantharaman-Delaroche and Renault use in [ADROO] . 

Definition 1.97. Suppose X and Y are locally compact Hausdorff spaces and tt : 
X — > y is a continuous surjection. A continuous system of measures for tt is a set of 
positive Radon measures a — {a'^}y^Y on X such that 

(a) suppa^ C 7r~^{y), 

(b) and for every / e Cc{X) the function a{f) -.Y^C such that 

«(/)(?/) := / fday 
Jx 

is continuous and compactly supported. 

We say a is proper if 7^ for all y e y and we say a is full if supp — tt'^ {y) for 
all yeY. 

Definition 1.98. Let G be a locally compact groupoid, X and Y locally compact 

strong G-spaces, and n : X -^Y a, continuous G-cquivariant surjection. An invariant 
continuous vr-system is a continuous system of measures a for vr such that given 
(7, y) e G * F we have 70;^ = a'''^ . Here 70^^ denotes the measure defined on Cc{X) 
via 

7«n/)= / f{l-x)day{x). 
Jx 

Example 1.99. Given a locally compact groupoid G with Haar system A, it is clear 
that A is a full, invariant, continuous r-system. In fact, "full, invariant, continuous 
r-system" is just a very short, alliterative way to define a Haar system. 
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Definition 1.100. Let G be a locally compact groupoid, X and Y locally compact 

strong G-spaces, and n : X ^ Y a continuous G-equivariant surjection. An approxi- 
mate continuous invariant mean (a.c.i.m.) for tt is a net {rrii} of continuous systems 
of probability measures for tt such that \\'jm^ — mj^\\i — > uniformly on compact 
subsets oi G *YJ 

It may be helpful to observe that the invariance condition for an invariant TT-system 
a can be written ||7q;^ — q;''"^||i = 0. In this light, an a.c.i.m. is a net of systems of 
probability measures that, in the limit, behave like an invariant system. Next, we 
define amenability for maps, groupoids and G-spaces. It's notable that amenability 
for groupoid actions is defined in terms of the transformation groupoid. 

Definition 1.101. We say a continuous G-equivariant surjection n : X ^ Y between 
strong G-spaces X and Y is amenable if it admits an approximate continuous invariant 
mean. In particular, we say that a locally compact Hausdorff groupoid with open 
range and source maps is (topologically) amenable if the range map r : G — > G^°Ms 
amenable, where we view G and G^'^^ as G-spaces in the usual way. We say that a 
locally compact G-space X is amenable if the groupoid G K X is. 

Remark 1.102. Suppose G is a locally compact Hausdorff groupoid with open range 
and source maps. It's clear that the action of G on itself is strongly continuous. 
Furthermore, the action of G on G^^^ is also strongly continuous. Finally, given 7, 77 
in G such that 5(7) = r{ri) we have 

r{'yr)) — r{'y) — 7 • r{r)) 

so that r is a continuous G-equivariant surjection. Thus, Definition 1.101 makes 
sense. 

Example 1.103. Suppose G is a locally compact Hausdorff groupoid which admits a 
Haar system {m"} of probability measures. Then m is, by definition, a continuous 
invariant r-system. We can form an a.c.i.m. using the constant sequence m" = 
for all i. In some sense, amenability is meant to be a generalization of this situation. 

Next we give a couple of useful characterizations of amenability. As usual, we 
have to start out with a definition. 

Definition 1.104. Given a continuous surjection tt : X — > F between locally compact 
Hausdorff spaces a set A C X will be called n-compact if, for every compact K cY, 
its intersection with n~^{K) is compact. We will use Cc,n{X) to denote the space of 
continuous functions on X with 7r-compact support. When G is a locally compact 
Hausdorff groupoid and r : G ^ G^°^ is the range map then r-compact sets will be 
called conditionally compact. 

^FoTc a finite measure m on F we define ||m||i := |m|(y). 
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Definition 1.105. Suppose the locally compact Hausdorff groupoid G acts on a 
locally compact Hausdorff space X. A function e on G x X is said to be of positive 
type if, for every a; G X, every n G N, and every 7i, • • • , 7n G G^^^\ and 2:1, . . . , 2;^ G C 
we have 

n n 

i=l j=l 

We denote by e'^^-' the restriction of e to G'^^^ ix X 

The following is a restatement of [ADROO, Propositions 2.2.5,2.2.6]. 

Proposition 1.106. Suppose G is a locally compact Hausdorff groupoid and let G 
have a strongly continuous action on X and Y . Now suppose we have a continuous 

G-equivariant surjection n : X ^ Y such that there exists an invariant continuous 
-system a of measures. Then properties (b),(c) and (d) helow are all equivalent and 
each of them implies (a) . Furthermore, if X is a proper G -space then the following 
are equivalent. 

(a) TT is amenable. 

(b) There exists a net of positive functions {gi\ C Cc,'k{X) such that 

(i) / gida^ = 1 for all y eY and 

(ii) / \gi{j -x) — gi{x)\da^ {x) converges to zero uniformly on the compact subsets 
ofG*Y. 

(c) There exists a net {^i} C Cc,niX) such that 

(i) Jl^il'^dav = 1 for ally eY 

(ii) / 1^1(7 ■ ~ ii{x)\'^day{x) converges to zero uniformly on the compact 
subsets of G *Y. 

(d) There exists a net {^i} C Cc,n{X) such that the net {ci} of positive type functions 
on the groupoid G t< Y defined by 

ei{7,y) = / Ci{x)Ci{j~^ ■ x)day{x) 
Jx 

satisfies: 

(i) e-"-* = 1 for all i, 

(ii) limjCj = 1 uniformly on compact subsets of G t<Y. 
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Remark 1.107. Proposition 1.106 is especially useful in the case of groupoid amenabil- 
ity. If the locally compact Hausdorff groupoid G has a Haar system then, by definition, 
there exists a continuous invariant r-system. Furthermore, the action of G on itself 
is always proper. Thus, in this situation, conditions (a)-(d) in Proposition 1.106 are 
all equivalent. 

There are three more results in [ADROO] that we will state here without proof. In 
[ADROO] they are Propositions 2.2.13, 5.1.1, and 5.1.2 respectively. 

Proposition 1.108. For locally compact Hausdorff groupoids, amenability is invari- 
ant under groupoid equivalence. 

Proposition 1.109. A locally closed subgroupoid H of an amenable locally compact 
Hausdorff groupoid G is amenable.^ In particular, the stabilizer subgroupoid and all 
of the stabilizers subgroups are amenable if G is. 

Proposition 1.110. Let G and H be locally compact Hausdorff groupoids with open 

range and source maps and tt : G ^ H a continuous open surjective homomorphism 
such that 7r*^°^ : G*-*^-* H^^^ is a homeomorphism. We denote by N = E G : 
7r(7) e H^^^} the kernel of tt. Then G is amenable if and only if N and H are both 
amenable. 

Corollary 1.111. Let G be a locally compact Hausdorff' groupoid with open range 
and source and continuously varying stabilizer. Then G is amenable if and only if 
both the stabilizer subgroupoid S and the orbit groupoid Rq are. 

Proof. Let tt : G — > Rq be the canonical homomorphism. Since the stabilizers vary 
continuously we know from Proposition 1.53 that tt is a continuous, surjective, open 
homomorphism and that Rq is a locally compact Hausdorff groupoid with open range 
and source. Furthermore, tt clearly restricts to a homeomorphism of G^^^ with R^q\ 

(We usually identify r'q^ with via this map.) It is clear that the kernel of tt is 
the stabilizer subgroupoid S. It follows from Proposition 1.110 that G is amenable if 
and only if both Rq and S are. □ 

Remark 1.112. We have given the briefest of introductions to topological amenabil- 
ity. None of the proofs of the above theorems are particularly difficult and, as stated 
before, can all be found in [ADROO]. There is also a measure theoretic notion 
of amenability. In [ADROO] Anantharaman-Delaroche and Renault go into exten- 
sive detail about measurable amenability and the properties of amenable measured 
groupoids. They also go into some depth about the relationship between amenability 
and the operator algebras associated to groupoids. 

set is locally c;loscd if it is the intersection of a closed set and an open set. In particular, every 
closed set is locally closed. 
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This chapter contains two results concerning abehan group bundles. The first is the 
definition of a principal S-bundle where S is an abelian group bundle. We construct a 
sheaf cohomology theory for S and show that the isomorphism classes of principal S- 
bundles are in one-to-one correspondence with elements of the first cohomology group. 
We also connect this material back to existing work done for "locally cr-trivial" bun- 
dles. In Section 2.2 we prove a Pontryagin duality theorem for continuously varying, 
abelian group bundles and in Section 2.3 we present an interesting counterexam- 
ple which shows that not every continuous bijective homomorphism between second 
countable, continuously varying, abelian group bundles is an isomorphism. This ma- 
terial is (mostly) low level and has been included before Chapter 3 to emphasize 
that. 



2.1 Principal Group Bundles 

The goal of this section is to generalize principal group bundles to situations where 
the bundle may not be locally trivial. In particular, we would like to be able to deal 
with group bundles as defined in Definition 1.34. However, as in the group case, 
commutativity will be an essential assumption. 

Remark 2.1. For the rest of this section S will always denote an abelian locally 
compact Hausdorff group bundle with bundle map p. We will endeavor to state these 
hypothesis on all of the important theorems. 

We will develop a theory of principal ^-bundles that mirrors the classic theory of 
principal if-bundles where if is a locally compact Hausdorff group. As in the group 
case, there is a nice one-to-one correspondence between jS-bundles and principal S- 
spaces with local sections. However, in order to be consistent we must start with 
the bundle definition and will develop the correspondence later. The material in this 
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section is modeled off [RW98, Section 4.2]. This first definition is really a matter of 
notation and terminology. Any surjection can be viewed as a bundle map, although 
it's not always useful to do so. 

Definition 2.2. Suppose Y and X are topological spaces and q : X ^ Y is a 
continuous surjection. Then X is called a (topological) bundle over Y with bundle 
map q and the fibres q^^{y) are denoted by Xy for all y &Y. 

Principal 5- bundles are bundles which are locally isomorphic to S. When dealing 
with "local triviahty" conditions one must consider the fact that there may be different 
trivializations for the same bundle. Our first definition of principal bundle will depend 
on the trivialization. 

Definition 2.3. Let S be an abehan locally compact Hausdorff group bundle with 
bundle map p. Suppose X is a locally compact Hausdorff bundle over 5''-°-' with bundle 
map q. Furthermore, suppose there is an open cover U = {Ui}i^i of 5(0) such that for 
each i e / there is a homeomorphism 4>i : q~^{Ui) P~^{Ui) with p o 0j = g. Finally, 
suppose that for all i,j & I there is a section 7.4, of S\uinUj = P~^{Ui fl Uj) such that 

^^ij{p{s))s 

for all s e S\uinUj- Such a bundle is called a principal S -bundle with trivialization 
(ZY,0, 7). The maps = {(pi} are referred to as trivializing maps and the sections 
7 = {lij} are referred to as transition maps. 

Remark 2.4. liU — {Ui} is an open cover then we use the usual notation Uij :— UiHUj. 

We would like to see that there is some freedom with respect to the neighborhoods 
in a trivialization. In particular, we would like to be able to refine them at will. 

Proposition 2.5. If X is a principal S-bundle with trivialization {U, 0, 7) then for 

any refinement V of the open cover U we can make X a principal S-bundle with trivi- 
alization (V,0Vj7v) where 0v and denote the natural restriction of the trivializing 
and transition maps to V. 

Proof. Suppose V = {Vj}j^j is a refinement oi lA = {f/jjie/ with refining map 
r : I ^ J so that Vj C Ur(j) for all j e J. Wc can define trivializing maps on Vj 
by (f)'j = (pr{j)\vj for all j & J and transition maps 7^^ = 7r(i)r(i)|y,j for all i,j G J. 
It is easy to see that 0^ is a homeomorphism and that p o (f)'- — q; all that you have 
to check is that (f)[ is surjective, which follows from the fact that (f) preserves fibres. 
Furthermore 

Thus the maps 0v = {4>'j} and 7v = {7ij} make X into a principal S'-bundle. □ 
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Remark 2.6. We will usually drop the V from 0v and 7v to avoid notational clutter. 

Now we define the notion of an ^'-bundle isomorphism. The basic idea is that an 
isomorphism is locally given by sections. 

Definition 2.7. Suppose q : X ^ S'*^'^^ and r : Y ^ 5**^*^^ are both principal ^'-bundles 
with trivializations 7) and {V,ip,ri) respectively. Let W be some common re- 

finement of U and V with refining maps a and p respectively. Furthermore, suppose 
n : X — > y is a homeomorphism such that r o Q = q and that for all Wj e W 
Pi : Wi ^ S is a section of p such that for all s & p~^{Wi) 

il^^i^i) oQo = (3i(p(s))s. 

Then (>V, f), (3) is an ^'-bundle isomorphism of X onto Y. 

A special case of a principal (S-bundle isomorphism is when some principal S- 
bundle X comes with two trivializations which "agree" on a common refinement. 

Definition 2.8. Suppose X is a principal ^-bundle and that 7) and {V,ip,rj) 

are two trivializations of X. We say that {U, (f), 7) and (V, ip, rj) are equivalent if there 
exists some common refinement W of W and V such that the maps 

id : X ^ X : X i-^ X, ^ : Wi ^ S : u h->- u, 

define an ^'-bundle isomorphism (W, id, l) from X with trivialization {U, 0, 7) onto 
X with trivialization (V, ip, rj). 

Remark 2.9. We won't need to use this, but it's easy to see that Definition 2.8 defines 
an equivalence relation on the set of trivializations of some bundle X. 

Example 2.10. Suppose X is a principal ^'-bundle with trivialization (U,4>,j) and V 
is a refinement of U. Then (U, (p, 7) and (V, (pv, 7v) are equivalent. 

We can now write down a better definition of principal ^-bundle. 

Definition 2.11. Suppose S is an abelian locally compact Hausdorff group bundle 
and X is a locally compact Hausdorff bundle over S^'^^ . Suppose ^ is a set of triplets 
of the form (U. <6, 7) such that X is a principal S'-bundle with trivialization {U, 0, 7) 
for all 7) G A. Then A is called pairwise equivalent if any two trivializations 

in A are equivalent. A pairwise equivalent collection A is called maximal if it is not 
properly contained in any other pairwise equivalent collection. A locally compact 
Hausdorff bundle over S^'^^ equipped with a maximal pairwise equivalent collection of 
trivializations is called a principal S -bundle. 
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Remark 2.12. Every principal S'-bundle X with fixed trivialization (ZY, 0, 7) can be 
turned into a principal S'-bundle by using Zorn's Lemma to find the maximal pairwise 
equivalent collection A containing (U,4>,j). It follows from Example 2.10 that any 
refinement of a trivialization in A is in A. 

Definition 2.13. Given two principal ^-bundles X and Y we say X is isomorphic 
to Y if there is an isomorphism between the two bundles with respect to some pair 
of trivializations. 

Remark 2.14. It is clear from Definition 2.11 that if two principal iS-bundlcs X and 
Y are isomorphic with respect to some given pair of trivializations then they are iso- 
morphic with respect to all trivializations. Furthermore, since any two trivializations 
in the maximal collections associated to X and Y arc isomorphic with respect to 
the identity map, the isomorphism between X and Y is basically the same for all 
trivializations. 

Next, we would like to mimic the group case and characterize the set of all principal 
S'-bundles by classes in some cohomology group. We will be using sheaf cohomology 
as defined and developed in [RW98, Section 4.1]. 

Proposition 2.15. Let S be an abelian locally compact Hausdorff group bundle and 
for U open in 5*^°^ let S{U) = T{U,S) be the set of continuous sections from U into 
S. Then S is a sheaf and as such gives rise to a sheaf cohomology i?"(S'^°^; <S) which 
we shall denote by H"'{S). 

Proof First we show that <S is a presheaf. Observe that r{U,S) is non-empty for 
all U because the inclusion of U into S is always a section for p. It follows from the 
continuity of the operations on S that the pointwise multiplication of two continuous 
sections, or the inverse of a continuous section, is still a continuous section. It is easy 
to see that the group axioms hold with respect to these operations, with the inclusion 
of U into S acting as the identity. 

Next, observe that r(0, S) — {0} since there is only one "function" with the empty 
domain. Finally, given open subsets U and V of S^^^ such that U C V we can define 
pv,u '■ r(^) S) r(f/, S) to be given by restriction to U. It is clear that pu,u — id 
and that for t/ C C we have 

Pw,v ° Pv,u — Pw,u- 

Thus S defines a presheaf on S^^^ . 

Now suppose we have an open set U C S^^^ and a decomposition U = [j^^j Ui of 
U into open sets Ui. Furthermore, suppose we have 7^ e r(C/j, S) for all i e / and for 
all 1,3 & I 
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Tracing through the definitions we see that each 7^ is a continuous section on Ui such 
that the 7j agree on overlaps. Therefore, we can define a continuous section 7 on f/ in 
a piecewise fashion so that pu,Ui{l) = li- Furthermore, it is clear that 7 is uniquely 
determined by the 7j. 

Thus <S is a sheaf of groups on S^^\ Furthermore, because S is an abelian group 
bundle it's easy to see that each T{U, S) is an abelian group and that S is an abelian 
sheaf. As such it has an associated cohomology described in [RW98, Section 4.1] 
which we use to define 5) = H''{S). □ 

At this point we can build the desired correspondence between principal S-bundles 
and elements of H^{S). The proof uses the details of the construction of H^{S). 
These details can be found in [RW98, Section 4.1] and anyone unfamiliar with sheaf 
cohomology should at least look through this section before working through the 
following proof. 

Theorem 2.16. Suppose S is an abelian locally compact Hausdorff group bundle. 
There is a one-to-one correspondence between the isomorphism classes of principal 

S-bundles and elements of the sheaf cohomology group H^{S). Given a principal 
bundle X with trivialization {lA,(f),^), the cohomology class in H^{S) associated to X 
is realized by the cocycle 7. 

Proof. First, suppose X is a principal ^-bundle and pick a trivialization (W, 0, 7). Let 
S be the sheaf defined in Proposition 2.15. We will use the sheaf cohomology notation 
and definitions from [RW98, Section 4.1]. Observe that 7jj G SifJij) = T{Uij,S) by 
definition. This imphes that 7 = forms a chain in C^{U,S). We need to show 
that this chain is a cocycle; we need to show that ^(7) is the trivial section. This 
amounts to proving that 

for all u e Uijk. Well, given u e Uij^ we have 

= lik{u). 

Thus 7 is a cocycle and as such we can use 7 to define a class [7] G H^{S^^^]S). 

We need to see that if we take a different trivialization for X then we get the 
same cohomology class. We start by showing that if we take a refinement of lA then 
we don't change [7]. Suppose V is a refinement of U with refining map r. Then the 
triviahzation of X associated to V is, according to Proposition 2.5, given by (V, 7v) 
where, in particular, (7v)ij = lr{i)r{j)\viy It follows, by definition, that 7v = r^{^) 
where r* : H"'[iU,S) i?"^(V, 5) is the homomorphism defined by restriction. Since 
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iS) is a direct limit of the H"{t{;S) with respect to the restriction maps r* 
it is clear that [7] = [7v] so that we can safely pass to refinements without changing 

the associated cohomology class. 

Now suppose that Y is another bundle isomorphic to X. Suppose 7) is 

a trivialization for X and (V, ip, rj) a trivialization for Y. In particular, Y could 
be X with an equivalent trivialization. The goal is to show that the cohomology 
classes associated to X and Y with these triviahzations are equal. Let (W, /3) be 
an isomorphism from X to Y. By passing to a common refinement and using the 
previous paragraph we can assume, without loss of generality, that U = V = W. 
Then, for all u G Uij, 

r]ij{u)f3j{u) = r]ij{u)f3j{u)u 

^xjji on o 4)~^{(t)i o (pj'^iu)) 

Hence 7~^?7 is a boundary and therefore [7] = [rj] in H^{S^^^;S). This proves a number 
of things. First, it shows that no matter which trivialization for X we choose we get 
the same cohomology class in H^{S^^\S). Therefore we can define a map X 1— > [X] 
from the set of principal S'-bundles to H^{S^^^; S) by [X] — [7] where 7 is the cocycle 
defined by any set of transition maps for X. Furthermore, since we were working 
with an arbitrary isomorphic bundle Y, this also shows that the map X 1— > [X] is a 
well defined function from the set of isomorphism classes of principal (S'-bundles into 
H\S). 

Now we are going to construct an inverse map. Suppose c e H^{S^°^; S) is realized 
by 7 G Z^{U,S) for some open cover U. Let C = Y[iP~^{Ui) be the disjoint union of 

the p~^{Ui) and denote elements of C by {s,i) where s G p~^{Ui). Observe that we 
can define p : C ^ S^^^ by by p{s,i) = p{s), and that this map will be continuous 
since 

p-\o) = [jp-\u,no)x{i} 

i 

for any open set O C S^^\ From here on we will often denote the clopen subset 
p~^{Ui) X {i} of C by p~^{Ui). Since p~^{Ui) x {i} and p^^{U,i) are clearly homeomor- 
phic there should be relatively little confusion. Define a relation on C by (s, i) = (t,j) 
if and only if p{s) = p{t) = u and s = ■yij{u)t. We need to show that this is an equiv- 
alence relation. Since 7 is a cocycle we know that 

lijljk = lik (2.1) 
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for all i.j.k. In particular (2.1) implies 'yu'-fu — so that for all u e C/j we have 
'Jiiiu) = ^ii{u)^^^ii{u) and ^u^u) E S^'^\ However, because is a section, this 
implies that ■yii{u) = u for all u E Ui and that ■ja is just the inclusion of Ui into 
S. It follows that {s, i) = (s, i) for all (s, i) e C. Since is inclusion we have 
7ij(it)7jj(it) = ^ii{u) — u. This implies ^ij{u)~^ — ^ji{u) for all u E Uij and this is 
enough to show that = is symmetric. Finally, it is easy enough to use the cocycle 
identity (2.1) to show that = is transitive. Let be the quotient of C by = with 
equivalence classes denoted by [s,i] for {s,i) E C and associated quotient map Q. 
Since p is constant on [s, i] , we can factor p through Q to obtain a continuous surjection 
q:X^^ such that g([s, i]) = p{s). 

Now, it is clear that Q{p'^{Ui)) C q~'^{Ui). If [s,j] E q~'^{Ui) then u = p{s) E Uij 
and (s,j) = {jji{u)s,i). However, {jji{u)s,i) E p~^{Ui) and therefore Q{p~^{Ui)) = 
q~^{Ui). Next, observe that if {s,i) = {t,i) then s = ^ii{p{s))t = t. Since the 
equivalence relation is trivial on p~^{Ui) the restriction (5|p-i([/.) : P~^{Ui) — > q~^{Ui) 
is a continuous bijection, which we will denote Qi. Suppose O is open in p~^{Ui). In 
order to show that Qi{0) is open we must show Q~^{Qi{0)) — Q~^{Q{0)) is open. 
Suppose {ti,ji) {t,j) in C and {t,j) E Q~^{Q{0)). Since C is a disjoint union, 
ji = j eventually. So, disregarding some initial segment, we can assume ji = j for 
all j. Now {t,j) E Q~^{Q{0)) so there exits {s,i) E O such that (t,j) = (s, i). 
In particular this implies that u — p{s) = pit) E Uij. Let ui = p{ti) and observe 
that It; —> It so that eventually it; E Uij. As before we can assume without loss 
of generality that this is always true. Since ui E Uij we can define s; = jij{ui)ti. 
Because 'Jijiui) lij{u) and ti t we have s; — s so that eventually s; E O. Then 
(s;,i) = (t;,i) implies that, eventually, (t;,j) E Q~^{Q{0)) so that Q~^{Q{0)) is 
open. Hence Qi is a homeomorphism from p~^{Ui), which we now view as a subset 
of S, onto q-\Ui). 

First, note that because is locally homeomorphic to S it is straightforward to 

show that X^ is locally compact Hausdorff , and that W6 Ccin view J^/y cis Si bundle over 
5'*-°^ with bundle map q. We will show that X^ is a principal S'-bundle. Let (f)i = 
and observe that since qo Q = p we have q = po (pi. Furthermore, given s E p~^{Uij) 

= QT^{[ii3{p{s))sA) = 7ij(p(s))s 

where the second equality holds because, by definition, (s, j) = (7ij(p(s))s, i). There- 
fore, the (pi define local trivializations of X^ and the transition maps are the 7^^. 
Hence is a principal S'-bundle with trivialization (W, 0, 7). Furthermore, it is clear 
from our construction that the cohomology class associated to X^ is [X^\ — [7] = c. 

Next, we must see that our map is well defined in the sense that if we choose two 
different realizations of c we end up with isomorphic principal bundles. Let r] — {r]ij} 
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be some other cocycle which implements c on an open cover V. Since [77] = [7] = c we 
can pass to some common refinement of U and V, say W with refining maps r and p 
respectively, and find continuous sections Pi e T{Wi,S) such that 

We define fl : locally by f2([s,r(z)]) = [/5j(p(s))s, This is well defined 

because if (s,r(i)) = {t,r{j)) then p{s) = p{t) = u and 

I3i{u)s ^ Pi{u)'yr(i)r{j){u)t = Vp{i)p{j)/3j{u)t 

so that {Pi{u)s, p{i)) = {Pj{u)t, p{j)). Since each /3j is continuous, Q is locally con- 
tinuous and therefore continuous. It's easy to see that we can construct a continuous 
inverse for O by using and that f2 is a homeomorphism. Furthermore, it is clear 
that fl preserves fibres. Finally, given s e p~^{Wi) we have 

It follows that (W, r2, /3) is an isomorphism from X^ to X^. Thus wc have constructed 
a well defined map [7] h- >■ X^ from H^{S) into the set of isomorphism classes of 
principal ^'-bundles. Furthermore, it is clear that this map is a right inverse for 
X ^ [X]. 

The last thing we must show is that this is a left inverse. Suppose X is a principal 
^'-bundle with trivialization {U, 0, 7) and X^ is constructed as above. Define Q : X ^ 
X^ by fi(,T) = [(j)i{x),i\ when q{x) G Ui. Suppose we have q{x) G Uj as well. Then 
't^i^isPji/)) = lij{p{-'^))s for all s G P~^{Uij) so that for all x G q~^{Uij) wc get 

4>i{x) = 7y(g(x))0j(x). 

However, this shows that {(f)i{x),i) = {(l)j{x),j) and that is well defined. Further- 
more, it is easy to see by construction that VL preserves the fibres. Next, ii xi x and 
q{x) G Ui then, eventually, q{xi) G Ui and VL{xi) = [(f)i{xi),i]. Now, (f)i{xi) — » 
and it follows then that Q{xi) Q{x) so that Q is continuous. Furthermore, it is 
easy to see that we can construct a continuous inverse via the map [s,i] 1— >• 0^^(s) 
so that Q is a homeomorphism. Now let ipi be the local trivializations for X^ and 
observe that for s G p~^{Ui) 

i>iOno (s) = i>i{[S:i]) = s. 

Therefore letting be inclusion turns {U, fl, i) into an isomorphism of principal 5"- 
bundles. It follows that X and X^ have the same isomorphism class and that we have 
constructed a bijection between these classes and H^{S). □ 
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Remark 2.17. Given an abelian locally compact Hausdorff group bundle S we can 
view S* as a principal ^-bundle with respect to any cover U by letting be the 
identity map and jij be the inclusion of Uij into S. Since the trivial class in H^{S) is 
realized on any cover U by the inclusion maps of C/y into S we see that the identity 
is the cohomological invariant associated to the class of trivial -S-bundles. 

We continue our exploration of principal (S-bundles by showing that they are 
equivalent to a certain class of principal S-spaces. 

Proposition 2.18. Suppose X is a principal S -bundle with trivialization 7). 
Define the source map on X to be its bundle map. Then, for s & S, x & X such that 
p(s) = q(x) e Ui, 

s -x = (t)~^{s4>i{x)) 
defines a continuous action of S on X. Furthermore the following hold: 

(a) The action of S on X is principal. 

(b) For all i the map (pi is equivariant with respect to this action and the action of 
S on itself by left multiplication. 

(c) The action of S on X is orbit transitive. 

Proof. First, we need to make sure the action is well defined on overlaps. Suppose 
u = q{x) = p{s) and u e Uij. Then, using the fact that S is abelian, 

(l)~^(s(j)i(x)) = (f)J^ O (f)j o (f)-^{s(f)i{x)) = (t)J^{^ji(u)s(f)i(x)) 

= <f>j\s<l>ji<f>-\Mxm = <l>j\sMx)). 

Hence the action is well defined. Now suppose s,t & S and x & X such that p(s) = 
pit) = = u E Ui. Then 

s-{t-x)^s- (dr'(#K.^))) = <p;\s<Pii<i>i\tuxm 

= (f)^^{st(f)i{x)) ^ St- X. 

It is also easy to see that q{x) • x — x ior all x & X. Next, suppose si ^ s and 
xi ^ X such that p{si) — q{xi) — ui for all I and p{s) — q{x) — u & Ui. Eventually 
ui e Ui and over Ui the action is clearly continuous. Therefore the action of ^S" on X 
is a continuous groupoid action. 

Part (a): Suppose s ■ x = x for s E S and x E X. Then for some i we have 
0~^(s0j(a;)) ~ X so that s4>i{x) = (l)i{x). It follows that s e S^^"* and that the action 
is free. Now suppose xi and s; are nets in X and S respectively so that xi ^ x and 
Si ■ xi ^ y. Wc can pass to a subnet and assume that p{s) = q{x) = q{y) = u E Ui 
and p{si) = q{xi) — ui E Ui for all I. In this case si(j)i{xi) (piiy) and, combining 
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this with the fact that (f)i{xi) (f>i{x), we have si — > (l)i{y)(t)i{x)~^ . It follows that the 
action of S* on X is proper, and therefore principal. 

Part (b): Suppose s & S and x & X such that p(s) = q{x) = u & Ui. Then 

(j)i{s ■ X) = = 

SO that (p is equivariant with respect to the action of on X and the action of S on 
itself by left multiplication. 

Part (c): Suppose x,y E X such that q{x) — q{y) — u. We need to find s E S 
such that s ■ X — y. Choose Ui so that u E Ui and let s — (l)i{y)(f)i{x)~^ . Then we are 
done since 

s ■ x = (t):[\(t)i{y)(l)i{x)~'^(pi{x)) = y. □ 

This next proposition shows that we can view principal S'-bundles as particularly 
nice 5'-spaces. From now on we will think of principal S'-bundles in this manner. 

Theorem 2.19. Suppose S is an abelian locally compact Hausdorff group bundle and 
X is a locally com,pact Hausdorff' space. Then X is a principal S -bundle if and only 
if X is a principal, orbit transitive, S -space such that the range map on X has local 
sections. 

Proof. If X is a principal X-bundie then let {lA, 4>, 7) be a trivialization of X and let 
S act on X as in Proposition 2.18. All we need to show is that q has local sections. 
On Ui define cTj : f/j — > X by ai{u) — It is easy to see that ai is a continuous 

section of q on Ui and we are done. 

Next, suppose S acts on X as in the statement of the theorem and that U is an 
open cover of S^^^ such that there are local sections cTj : t/j —> X of q. We define 
ipi : p~^{Ui) — > q~^{Ui) by ipii^s) — s-ai{p{s)). Since everything in sight is continuous, 
it is clear that ipi is continuous. Furthermore, using Proposition 1.59, 

q{Ms)) = q{s ■ ai{p{s))) = q{ai{p{s))) = p{s). 

Now, if ipi{s) — ipi{t) then we have p{s) — p{t) and, after multiplying by t~^, 

t'^s ■ (Ti{p{s)) = ai{p{s)). 

Since the action is free this implies t^^s G S'^^^ and t = s so (t)i is injective. Next, if 
y G q^^ifJi) then qiij) = q{cFi{q{y))) so that, by orbit transitivity, there exists s E S 
such that y = s ■ o-i{q{y)). It is clear that ipi{s) = y and that ipi is surjective. Now 
suppose ijjiisi) — > ■?/'i(s). Pass to a subnet. We will show that there is a sub-subnet 
such that si — > s. By definition we have si • cri{p{si)) — > s • ai{p{s)). Furthermore 
q{si ■ ai(p{si))) — p{si) for all / and q{s-(Ti{p{s))) = p{s). Since q is continuous we have 
p{si) — > p{s) and therefore cri{p{si)) ai{p{s)). Since the action of S is proper this 
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implies that wc can pass to a subnet, relabel, and find t such that si — > t. However, 
using the continuity of the action, this implies si ■ t ■ (Ti{p{s)). Using 

the fact that X is Hausdorff and the action is free we have s = t and we are done. 
Therefore ■^j is a homeomorphism and we define the trivializing maps to be 4>i = ip^^- 
Next, we need to compute the transition functions. Suppose s e p~^{Uij). Then 

(pi o (j)j\s) = 'ipi^ o %Pj{s) = ^ri(s . aj{p{s))) 

where Jij{u) is the unique element of S such that 

-fij{u) ■ ai{u) = aj{u). 

We know Jij{u) is guaranteed to exist because the action is orbit transitive and that 
'^ij{u) is unique because the action is free. Since is clearly a section of S on Uij 
and since it satisfies the right algebraic properties, all that is left is to show it is 
continuous. However, if m; — >• m in Uij then ai{ui) — >• ai{u) and 

c^jK) = 7uK) • f^iiui) (7j{u) = -iij{u) ■ ai{u). 

Using properness as we did before, it is easy to show that Jijiui) — > Jijiu). It follows 
that X is a principal ^'-bundle with trivialization {U, 0, 7). □ 

Remark 2.20. As in the classical case, trivial principal ^-bundles are exactly principal, 
orbit transitive ^'-spaces whose range maps have a global section. 

This next proposition is nice because it frees our idea of principal bundle isomor- 
phism from the hassle of having to keep track of local trivializations. It is also mildly 
remarkable that Q is not required to be a homeomorphism, or even a bijection. 

Proposition 2.21. Suppose X and Y are principal S-hundles. Then X and Y are 
isomorphic if and only if there exists a continuous map : X ^ Y which is S- 
equivariant with respect to the actions of S on X and Y. 

Proof. Let X and Y be as above with bundle maps q and r, and trivializations {U, (f), 7) 
and (y.i/j.ri) respectively. Suppose {yV,fl,f3) is a principal bundle isomorphism from 
X to Y. Definition 2.7 requires that q = r o Q so that Q respects the range maps on 
X and Y. It is obvious that fl is continuous. Now if s E S and x E X such that 
p{s) = q{x) G Ui then 

Vt[s ■ x) — ip~'^ o ^i o Q o (f)^^ (s4>i{x)) 
^i:i\s^l;ionoct>.\ct>i{x))) 
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Hence f2 is a continuous equivariant map. 

Now suppose Q : X — > y is a continuous equivariant map. Since the range maps of 
X and Y are precisely their bundle maps, it is part of Definition 1.57 that fl preserves 
the fibres. Let {U, (f), 7) and (V, 0, 1]) be trivializations for X and Y respectively. By 
passing to a common refinement we may assume without loss of generality that U = V. 
Given Ui let ili = (pi o o Since each of its component maps preserves fibres fij 
does as well, and therefore fii\s^ maps Su into Su for u & Ui. Suppose s,t El Su, then 

ni{st) = ^i0^o 0ri(s0,(0-i(t))) = o fi(s ■ <pT\t)) 

- ij,{s ■ n{(P;\t)) = u^i\s -iJiono (pr\t))) 

= sfliit). 

Now, the following general nonsense implies any map h from a group H into itself 
such that h is equivariant with respect to the action of H on itself by left multiplication 
is given by left multiplication. That is, given map h : H ^ H such that h{st) — sh{t) 
for all s,t G H, we have 

h{s) = h{es) = h{e)s. 

Hence, h is actually just left multiplication by h{e). Applying this to the current 
situation we find that ^i\su is given on by left multiplication by VLi{u). Define jSi 
on Ui by I3i{u) — fii(it). The function /3j is a section of S on [/, which is continuous 
because is. Since Vti is defined by left multiplication of the continuous section f3i 
it follows immediately that Vti has a continuous inverse given by left multiplication 
by Thus VLi is a homeomorphism. But then VL\q-i^ij.^ = o o 0j is a 

homeomorphism for all i. It is straightforward to show that this implies that is a 
homeomorphism. Furthermore, we know that for s e q~^{Ui) 

ijioQo<pr\s) = Qi{s) = (3i{p{s))s. 

Hence (W, Jl, /3) is a principal bundle isomorphism of X onto Y. □ 

It is philosophically important to see that the theory of principal ^'-bundles is an 
extension of the classical theory of principal group bundles. Since we will not use the 
classical theory of principal group bundles, we will not reproduce those definitions 
here and will instead refer the reader to [RW98, Section 4.2]. As with Theorem 2.16, 
the following will draw heavily from [RW98]. 

Proposition 2.22. Suppose H is an abelian locally compact H aus dor ff group and X 
and Y are locally compact Hausdorff spaces. Let S = Y x H be the trivial group 
bundle. Then X is a principal H-bundle over Y if and only if X is a principal 
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S-bundle. 

Proof. According to [RW98] a principal iJ-bundle over Y is just a fibre bundle X 
with fibres H and structure group H where H acts on itself by left multiplication. 
In particular, if q : X ^ Y is a principal iJ-bundlc then there exists an open cover 
U, homeomorphisms (pi : q~^{Ui) Ui x H such that (/)i{x) has the form {q{x), s) for 
some s E H, and continuous maps jij : Uij — > H such that 

(pi ° s) = {x, -fijix)s) (2.2) 

for all X e Uij and s E H. However, if we view S = Y x H as a. group bundle over 
Y with bundle map p then q~^{Ui) = Ui x H and 0j is nothing more than a bundle 
homeomorphism from q~^{Ui) onto p~^{Ui). It is then clear from (2.2) that the (pi form 
trivializing maps and the maps 7^- defined in the natural way by ^ij{y) = {y,^ij{y)) 
form transition maps so that X is a principal S'-bundle with trivialization (W,</), 7). 
This exact same argument holds in reverse, and it's straightforward to show that if 
X is a principal S'-bundle then the trivialization (U, (p, 7) makes X into a principal 
//-bundle. □ 

In particular, it's nice to observe that the sheaf cohomology theory associated 
to principal (S-bundles is just an extension of the group sheaf cohomology theory 
associated to principal //-bundles. 

Proposition 2.23. Suppose H is an abelian locally (impact Hausdorff group, Y a 
locally compact Hausdorff space, and S is the trivial bundle Y x H. Then //"(S*) = 
//"■(y ; H) and under this identification X generates the same cohomology class when 
viewed as either a principal S-bundle or a principal H-bundle. 

Proof. By Proposition 2.15 we know H^{S) is the sheaf cohomology generated by the 
sheaf S where S{U) — r(C/, S) is the set of continuous sections on U for a given open 
set [/ e y. The sheaf cohomology of Y with coefficients H, denoted H'^{Y;H), is 
the sheaf cohomology associated to the sheaf T where T{U) = C{U, H) is the set of 
continuous functions from U into H. Given / G C{U,H) we can define / G r{U,S) 
by f{y) = {y,f{y)). It's easy to see that this map is an isomorphism of T{U) onto 
S{U) and extends to a sheaf isomorphism of T onto S. This allows us to identify the 
cohomology groups //"(,5) = H''{Y,S) and H'^iY-H) = H'^iY-T) via [7] ^ [7]. 

Now suppose g : X — > y is a topological bundle. Proposition 2.23 tells us that 
X is a principal //-bundle if and only if it's a principal y-bundle. Furthermore, it 
follows from the proof of Proposition 2.23 that if 7^- are the transition maps for X 
as a principal //-bundle then 7jj are the transition maps for X as a principal S'- 
bundle. We showed in Theorem 2.16 that the cohomology invariant associated to 
X as a principal S'-bundle is [7^^]. It is shown in [RW98, Proposition 4.53] that the 
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cohomology invariant associated to X as a principal if- bundle is [7^]. Since these 
two classes are precisely the ones identified under our isomorphism, we are done. □ 

2.1.1 Locally cr-trivial Spaces 

Principal "group bundle bundle" theory is a natural extension of classical principal 
group bundle theory. The real question is if there are principal 5'-bundles which 
are not generated by principal i/-bundles. Fortunately, principal iS-bundles are also 
an extension of the notion of cr-trivial spaces as defined in [RW88] and there are 
nontrivial examples given there. We will include these examples as part of this section 
for completeness. However, first we have to define cr-trivial spaces. 

Definition 2.24. Suppose the abelian locally compact Hausdorff group H acts on 
the locally compact Hausdorff space X and the stabilizers vary continuously in H. 
We shall say that X is a locally a-trivial space if X/H is Hausdorff and if every x E X 
has a G-invariant neighborhood U such that there exists <p : U {U/H x H)/ = 
where 

{H ■x,s)^{H ■ y, t) if and only ii H ■ x ^ H ■ y and st~^ e H^. 
Furthermore we require that 

(a) li X E U then (f){x) — [H ■ x, s] for some s E H and, 

(b) li x E U and s E H and (f){x) = [H ■ x, t] then 

0(s ■ x) — [H ■ X, st\. 

Our goal will be to construct a continuously varying abelian group bundle S 
associated to G and X. We start with a useful lemma. 

Lemma 2.25. Suppose H. X and = are as in Definition 2.24- Then = is an equiv- 
alence relation, the orbit space S = {X/ H x H) / = is locally compact Hausdorff, and 
the quotient map from X/ H x H onto S is open. 

Proof. First, given s E H and x E X suppose t E Hx- Since H is abelian t ■ {s ■ x) = 
st ■ X = s ■ X. Hence t E Hg.x and H^. C Hg.rj.. We can be tricky and apply this 
argument io s ■ x and s^^ to see that the inclusion is actually an equality. 

Now, we must show that = is an equivalence relation. It is clear that {H ■ x,s) = 
{H ■ x,s). Suppose {H ■ x,s) ^ {H ■ y, t). Then, since H ■ x — H ■ y,hy the previous 
paragraph, Hx = Hy and since Hy is a group st~^ E Hy implies ts~^ E Hy. Hence 
{H ■ y, t) ^{H-x,s). Finally, suppose {H ■x,s)^{H- y, t) and {H ■y,t)^{H- z, r). 
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Then, H-x = H- y = H-z, and therefore = Hy = Hz. By assumption st"^ and 
tr~^ are elements of H^, but of course this imphes sr^^ G Hx and wc are done. 

Let Q : X/H x H ^ S he the quotient map and denote elements of S by 
[H ■ x,s\. Suppose U is open in X/H and V is open in H. We must show that 
O — Q~^{Q{U xV)) is open. Notice that a generic element of O has the form 
{H ■ X. st) where H ■ x & U, s & V, and t e H^. Suppose to the contrary that 
O is not open. This implies that the complement of O is not closed so that we 
can find a net such that {H ■ Xi,Si) ^ O for all i, {H ■ x,st) e O, and such that 
{H ■ Xi, Si) {H ■ X, st) e O. In particular, this implies that H ■ Xi ^ H • x. Since 
the quotient map from X X/H is always open we can pass to a subnet, reindex, 
and possibly choose new representatives, so that Xi x. Since the stabilizers of H 
vary continuously with respect to the Fell topology this implies H^^ — > H^- However, 
t E Hx so, by Proposition 1.38, we can pass to another subnet, reindex, and find 
ti e H^i such that ti — > t. Since Sj — > st it follows that Sit~^ — > s and since s E O 
this implies Sji, e O eventually. It follows that, eventually, (H^^jSi) e O, which is a 
contradiction. Therefore O, and hence Q, must be open. 

Since Q is open and X/H x H is locally compact, it follows that S is locally 
compact. All that's left is to show that it is Hausdorff. Suppose [H ■ Xi, Si] is a net in 
S which converges to both [H ■ x, s] and [H ■ y,t]. Using the fact that Q is open we 
can pass to a subnet, twice actually, reindex, choose new representatives Sj, and find 
U e Hxi such that 

H ■ Xi ^ H ■ X Si s 

H ■ Xi ^ H ■ y Siti — > t. 

Now, X/H is assumed to be Hausdorff so that H • x — H ■ y. We pass to yet 
another subnet, relabel, and choose new Xi so that Xi — > x. Since the stabilizers vary 
continuously this implies H^i H^. Observe that 

^i (^^iti) — ti ^ S t 

and that, via Proposition 1.38 because ti e i^a^. for all i, we must have s~H G H^. 
This implies that {H ■ x, s) = {H ■ x, t) and we are done. □ 

Now that we know the quotient space {X/ H xH)/ = is well behaved topologically 
we can prove a more interesting proposition. 

Proposition 2.26. Suppose the abelian locally compact Hausdorff group H acts on 
the locally compact Hausdorff space X. Furthermore, suppose the stabilizers vary 
continuously in H and that X/H is Hausdorff. Define S(^x,h) '■— {^/H x H)/ 
often denoted S, where = is defined as in Definition 2.24. Then S is an abelian, 
continuously varying, locally compact Hausdorff group bundle whose unit space can 
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be identified with X/H. The bundle map is given by p{[H ■ x,s]) — H • x and the 
operations are 

[H -x^sWH -x^t] := [H -x^st], [H -x^s]'^ := [H-x,s-\ 

The fibre Sh-x over H ■ x is (isomorphic to) H/Hx- 

Proof. Define as in the statement of the proposition and observe that it follows from 
Lemma 2.25 that -S" is locally compact Hausdorff. Furthermore, let Q : X/H x H ^ S 
be the quotient map and recall that we showed that Q is open. Define 

^(2) = {{[H ■ x,s],[H ■ y,t]) e S X S : H ■ x = H ■ y} 

and observe that, since all representatives of the class [H of the form {H-x, st) 

where t G H^i., S*-^^ is well defined. We would like to show that the operations given 
above are well defined. Suppose {H ■ x,s),{H ■ x, t),{H ■ y, s'), {H ■ y, t') e X/H x H 
and that {H ■x,s) = {H ■ y, s') and {H ■ x,t) ^ {H ■ y, t'). Then H ■ x ^ H ■ y sjad 
there exists u,v & H^ such that s' = su and t' — tv. Since s't' — {su){tv) — st{uv) it 
follows that {H ■ X, st) = {H ■ y, s't') and that the multiplication is well defined. The 
proof that the inverse operation is well defined is similar. It is easy to use the fact 
that if is a group to prove that S, with these operations, is a groupoid. Furthermore, 
the range and source maps on S are equal and are both given by 

p{[H ■ X, s]) — [H ■ X, e] 

where e e if is the identity. Thus 5" is a group bundle and it is straightforward to see 
that S^^^ can be identified with X/H via the map [H ■ x,e] i— > if • x. Furthermore, 
under this identification the bundle map p has the required form. 

Next, we have to show that the operations are continuous. Suppose [H ■ Xi, Sj] — > 
[H ■ X, s] and [H ■ Xi, ti] — >• [H-x, t] in S. We can pass to a subnet, twice, relabel, and 
choose new representatives Sj and ti such that H ■ Xi ^ H^, Si ^ s and ti ^ t. It 
follows immediately that 

{H ■ Xi,Siti) {H ■ x,st). 

Showing that the inverse operation is continuous is a similar exercise. Suppose H-Xi — > 
ii ■ a; in X/H and that [H ■ x, s] G S. Then {H ■ x„ s) ^ (H ■ x, s) in X/H x H. It 
follows immediately that the bundle map p is open so that 5* is a continuously varying 
locally compact Hausdorff group bundle. 

Given H-x G X/H we have Sh-x = {[H-x, s] : s G H}. We can define a continuous 
surjection (j) : H ^ Sh x by (f){s) — [H - x, s] and it is clear from the definition of the 
operations on S that this is a homomorphism. Next, if [H ■ x, Si] ^ [H - x, s] in Sh x 
then we can use the fact that Q is open to pass to a subnet, relabel, and choose new 
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Si such that Sj s. However, this imphes that is an open map. Finally, it is clear 
from the definition of = that 0(s) = 0(t) if and only if st~^ G H^. It follows that 
4> factors to an isomorphism of H/Hj. with Sh-x- Since H/H^ is clearly abelian this 
proves that S has abelian fibres and we are done. □ 

The reason we went through all of this rigmarole is that given a locally cr-trivial 
system {H, X) we would like to show that X is a principal S(^h,x) bundle. 

Proposition 2.27. Suppose H is an abelian locally compact Hausdorff group acting 
on a locally compact Hausdorff space X with continuously varying stabilizers such 
that X/H is Hausdorff. If X is locally a -trivial then X is a principal S(H,x)-bundle. 

Proof. Let q : X ^ X/H be the quotient map. We know from Definition 2.24 that 
ii X E X then there is an iJ-invariant neighborhood U that is honiconiorphic to 
U/H X H/ =. If we let V = q{U) = U/H then V is an open neighborhood oi H ■ x 
and q~^{V) — U. Furthermore, let p be the bundle map for S and observe that 

p-\V) ^ {[H ■ x,s] e S : H ■ X e V} ^ U/H x H/ ^ . 

Thus, as per Definition 2.24, there is a homeomorphism 0y : q~^{V) — > p~^{V). 
Furthermore, since (f>v{x) = [H ■ x, s] for some s e i7 it is clear that q = po ^y. Now, 
find one of these neighborhoods for every x & X and use them to build an open cover 
V of X/H. 

For Vi in this open cover let (pi = (pVi and note that we have already shown that 
each (pi is a bundle map. Given Vij define : Uij Shy jij{H-x) — 0jO0J^([if-x, e]). 
It is clear that 'jij is a continuous section on Vij. Since is a section we can find 
a function from Vij into H such that '~fij{H ■ x) = [H ■ x,'yij{H ■ x)]. Suppose 
[G ■ x,s] e p~^{Vij). Then, using the equivariance condition of Definition 2.24, we 
have 

(Pi o (p-\[H ■ X, s]) = (Piis ■ (P-\[H ■ X, e])) 
= [H ■ x,^ij{H ■ x)s] 
= -fij{H ■x)[H ■ x,s]. 

Thus X is a principal S'-bundle with trivialization (V, (p,j). □ 

Remark 2.28. In [RW88] a-trivial space is said to be locally liftable if every continuous 
section c : X/H S is given locally by a continuous map c : X/H — > H such that 
c{H -x) = [H ■ X, c{H ■ x)]. Locally u-trivial bundles are defined to be locally cr-trivial 
spaces which are also locally liftable. The reason for this extra requirement has to 
do with finding a cohomological invariant for X. Let T be the sheaf defined for 
U C X/H by T{U) - C{U, H) and TZ be the subsheaf of T where TZiU) is the subset 
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of T{U) such that f{H ■ x) G H.,; for all x. Then sheaf cohomological considerations 
will show that we can construct a quotient sheaf T /TZ and an associated cohomology 
H^-^X/H; T/TZ). Given a cr-trivial space one would like to use the transition maps jij, 
as defined in the proof of Proposition 2.27, to construct an element of H^{X/H] T/TZ). 
The problem is that while is a continuous section of Uij into S the associated map 
lij '■ Uij ~^ H may not be continuous. If 7^ is not continuous then it doesn't define 
an element of T{Uij) and we cannot construct the appropriate cohomology clement. 
However, if X is required to be locally liftable then, by passing to a smaller open set, 
we can guarantee that %j is a continuous function. As such it defines an element of 
T{Uij) and hence a cohomology element in H^(X/H;T/TZ). In fact, it is shown in 
[RW88] that this construction leads to a one-to-one correspondence between locally 
cr-trivial bundles with a fixed orbit space X/H and H^[X/H]T/TZ). 

This is an artificial restriction in our setting. The jij can always be used to define 
an element of H^{S(^x,h)), regardless of whether a is locally liftable or not. It is 
comforting to observe the following however. Let S be the sheaf of local sections of 
S so that H'"{S) — H'^{X/H;S) by definition. It is straightforward to show that if a 
is locally liftable then we get a short exact sequence of sheaves 



and that H"'{X/H; S) is naturally isomorphic to H'^{X/H, T/TZ). Furthermore, once 
one sorts out all of the various constructions, it is clear that the different cohomological 
invariants of a cr-trivial bundle are identified under this isomorphism. 

One reason for preferring the locally liftable case is that the cohomology group 
H^{X/H] T/TZ) is easier to deal with. This is because it is a quotient of H^{X/ H] T) 
and H^{X/H] T) is just the classical sheaf cohomology of X/H with coefficients in H. 
In general the cohomology group H^{S(^x,h)) is much more mysterious. For instance, 
it is not immediately clear that there are group bundles S such that H^{S) is non- 
trivial. However, any nontrivial example of a locally cr-trivial space will give rise to a 
nontrivial principal (S-bundle. This will in turn guarantee that the cohomology group 
H^{S) is nontrivial. 

The following examples are hfted straight from [RW88] and are included for com- 
pleteness. 

Example 2.29 ([RW88, Example 4.6]). Choose a complex line bundle p : L — > F, and 
give it a Hermitian structure. Then we can define an action of if = R on L by 







TZ 



T 



S 
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Then we have 




\z\L if 1^1 ^0, 
K if 1^1 = 0. 



It is fairly easy to see that the stabihzers vary continuously. The local triviality of 
L as a bundle implies that there are local cross sections of p, so that by [RW88, 
Proposition 4.3] L is a locally cr-trivial space. In general, L is not globally cr-trivial. 
In fact, it is easy to see that it is globally cr-trivial exactly when it is trivial as a 
line bundle. Thus, if L is a non-trivial line bundle then L is a non-trivial principal 
-S-bundle where S = (L/K x K)/ ^. 

Example 2.30 ([RW88, Example 4.15]). Let be a locally compact abelian group, 
5 : y — > Z a locally trivial principal if-bundle, and r : Z — > RP" a continuous 
map onto n-dimensional real projective space. Now define X = Y x ]R"^+^/ ~ where 
(x, a) ~ (y, h) if and only ii x = y and a — b & Let K = H x M"'^-^ act on X 

by (s, a) ■ {y, b) := {s ■ y,a + b). Then it is shown in [RW88, Example 4.15] that X is 
a locally cr-trivial bundle over Z which is globally cr-trivial if and only if Y is trivial. 
It follows that X is a principal 5'(x,x)-bundle. For an interesting concrete example of 
such a space we can take H — Z2, Y — S'", Z — RP", q -.Y ^ Z the canonical map, 
and T the identity map. 



2.2 Group Bundle Duality 

The goal of this section is to show that when S is an abelian, continuously varying, 
locally compact Hausdorff group bundle then S has a Pontryagin duality theory which 
parallels the duality theory of abehan locally compact Hausdorff groups. We start by 
recalling the basic facts concerning the group case. 

Remark 2.31. If H is an abelian locally compact Hausdorff group then the Pontryagin 
dual of H, denoted H, is defined to be the set of continuous T- valued homomorphisms 
on H. Elements of H are called characters and H is an abehan group under the 
operations of pointwise multiplication and conjugation. Furthermore, the topology 
of uniform convergence on compact sets makes H into an abelian locally compact 
Hausdorff group [Rud62]. Recall that for second countable spaces, the topology of 
uniform convergence on compacta is characterized by a;j — > a; if and only if u!i{si) —>■ 
u;{s) for all Sj — > s [Wil07, Lemma 1.30]. 

We can also reahze H as the spectrum of the group C*-algebra in the following way. 
Those readers unfamiliar with group C*-algebras are referred to [RW98, Appendix 
C.3]. First, observe that C*{H) is abelian since H is. Given a character cu & H we 
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define a function on Cc{H), also denoted cu, by 

uif) = fiu) := / f{s)u;{s)ds. (2.3) 

Then uu extends to a cliaracter on C*{G). Furtliermore tliis cliaracter is uniquely 
determined by uj and every element of the spectrum can be obtained in this fashion. 
Whats more, the topology of uniform convergence on compacta on H is exactly the 
Gelfand topology when H is viewed as the spectrum of C*{H). 
Given a function / e Cc{H) the function / defined in (2.3) by 

UJ ^ uj{f) = / f{s)uj{s)ds 
Jh 

is called the Fourier transform of /. The driving result behind harmonic analysis is 
that the map defined on Cc{H) via f ^ f extends to an isomorphism from C*{H) 
onto Co{H). Of course, this is a special case of the usual Gelfand-Naimark theorem 
for abelian C*-algebras. This discussion has been a short version of [Wil07, Section 
3.1]. 

The basic idea is that given an abelian group bundle S we just "bundle together" 
the duals of the fibres of S. The question is what to use as the topology on the total 
space. 

Definition 2.32. Suppose S is an abelian, continuously varying, locally compact 
Hausdorff group bundle with bundle map p. We define the dual bundle of S to be the 
disjoint union 

where Su denotes the Pontryagin dual of Su- We define the dual bundle map p : S ^ 
yS^^) to be given ior u; E S by p{u;) — u ii u; E Su- If /3 is a Haar system for S then 
given UJ E S and / e Cc{S) we define 

^(/) / f{sMs)dp^^-\s). (2.4) 
Js 

Finally, we define a topology on S as follows. Given a net {ui) C S and u E S then 
cUj — >• a; if and only if uJi{f) — >• uj{f) for all / G Cc{S). 

Remark 2.33. Defining a topology by specifying the convergent sequences can be a 
subtle process. We will show that in this case these convergent sequences characterize 
the Gelfand topology on S as the spectrum of the groupoid C*-algebra of S. 
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Remark 2.34. Since p : S ^ S'^^^ is a surjcction wc can view iS* as a bundle over S^^^ 
with fibres p^^{u). However, by construction, p^^{u) is clearly equal to the dual of Su 
which lies inside S. Therefore the notation Su can be used to denote both the dual 
of Su and the fibre of S over u without confusion. 

Example 2.35. Before checking the details of Definition 2.32 below, it is worth pointing 
out that if Z and T are the bundles described in Example 1.43 then Z is isomorphic 
to T and T is isomorphic to Z. 

There are a lot of assertions in Definition 2.32 that deserve to be checked and un- 
fortunately we lack the technology to do them all justice at the moment. Fortunately, 
these issues are worked through in [PSMW96]. We will be developing the necessary 
technology later on, however, and for those readers not opposed to a little forward 
referencing a proof to the following lemma is provided. Basically, we need a little 
operator algebra theory to show that the topology on S is well behaved. 

Lemma 2.36. Suppose S is an abelian, continuously varying, second countable, lo- 
cally compact Hausdorjf groupoid. Then the dual bundle S is a second countable 
locally compact Hausdorjf space. Furthermore, the map p : S ^ is a continuous 
surjcction, andp~^{u) may be identified with the dual of Su topologically. 

Proof. These statements are proved in the discussion at the beginning of [PSMW96, 
Section 3]. An explicit proof, that unfortunately relies on some material in Section 
4.3, is given below. 

Since S is continuously varying it has a Haar system /3. Therefore we can construct 

the groupoid C*-algebra C*{S). Furthermore, it is easy to see that, because S is 
abelian, C*{S) is abelian also. It then follows from the Gelfand-Naimark theorem 
[Arv76] that given the Gelfand topology the spectrum of C*{S) is a locally compact 
Hausdorff space. Next, Proposition 4.34 imphes that C*{S) is a Co(5'*^°))-algebra and 
that given u e 5"^°^ the fibre C*{S){u) is (isomorphic to) C*(5'„). It is a result of 
general Co(v'C)-algebra theory, reproduced in Section 3.1.1 as Proposition 3.22, that 
there is a continuous surjection p : C*{S)^ S^^"^ such that if tt G C*{S)^ then tt 
factors to an irreducible representation of C*{S){p{7i)) = C*(5'p(7r)). In this way we 
can identify C*{S)^ with the disjoint union U^g^co) C*{Su)^. However, we know from 
Remark 2.31 that C*{Su)^ = Su- It follows that S can be identified with C*{S)^ as 
a set and that p has exactly the right definition under this identification. 

Now, it is also a result of Proposition 4.34 that the quotient map from C*{S) to 
C*{S){u) = C*{Su) is given on Cc{S) by restriction to Su- Suppose a; e S* and let 
u = p{ui). Then we can lift a; to a representation of C*{S) and for / e Cc{S) this is 
given by 

^(/) = / f\sM^{s)dP''{s) = I f{sMs)dp\s). 
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Therefore the action of uo on Cc{S) defined in (2.4) is precisely the action of uj on 
Cc{S) as an element of C*{S)^. Since the Gelfand topology on C*{S)^ is characterized 
by pointwise convergence [Arv76], we conclude that the topology on S defined in 
Definition 2.32 is exactly the Gelfand topology when S is identified with C*{S)^ . Thus 
S is locally compact Hausdorff. Furthermore, it immediately follows that the map p is 
continuous as a function on S, and that the topology on (u) is the Gelfand topology 
on C*{Su)^- which in turn is the topology on the dual of Finally, it follows from 
Corollary 4.15 that C*{S) is separable. Hence C*{S)^ is second countable [Dix77, 
Proposition 3.3.4] and we are done □ 

Remark 2.37. It follows from the proof of Proposition 2.36 that S can be identified 
with the spectrum of C*{S) so that characters act on elements of Cc{S) as in (2.4). 
However, we can then use the Gelfand-Naimark theorem to conclude that the Fourier 
transform induces an isomorphism of C*{S) with Co{S). In this way bundle duality 
is a generalization of the usual Pontryagin duality for groups. It is notable that the 
dual of S is often defined to be the spectrum of the C*-algebra of S. 

The following proposition is important because it gives an alternative sequential 
characterization of the topology on S. This proposition, and its proof, can be found 
in [PSMW96, Proposition 3.3] and are only reproduced here for ease of reference. In 
particular, the argument used in this proof will be used again and again later on. 

Proposition 2.38. Suppose S is an abelian, continuously varying, second countable^ 
locally compact Hausdorff group bundle. A sequence {cui} in S converges to cuq in S 
if and only if 

(a) p{uJi) — >■ p(a;o) in S^^\ and 

(b) if Si e for all i >0 and Si ^ s in S, then uJi{si) — > a;o(so)- 

Proof. First, suppose that Ui converges to ujq and let Ui = p{uJi) for all i > 0. The 
continuity of p implies that Ui — ^ Uq. If condition (b) fails then there are Sj G S^^ 
converging to Sq G S^q with LJi{si) not converging to a;o(so)- Clearly, we may assume 
that no subsequence converges to a;o(so) either. Next, we observe that we may assume 
Ui 7^ uo for all i; otherwise we obtain an immediate contradiction by passing to a 
subsequence and relabeling so that Ui = uq for all i, and Ui — > ujq in Sug- Furthermore, 
again passing to a subsequence and relabeling, we can assume that Ui ^ Uj ifij^j. In 
particular, we can define an integer valued function on C = p~^({Mi}i>o) by l{s) = i 
when p{s) — Ui. Now fix / e Cc{S) with a;o(/) = 1- Notice that C is closed, and 
go : C ^ <C, defined by 

Ut) = f{s:(t)t) for tec. 
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is continuous and compactly supported. The Tietze Extension Theorem imphes that 
there is a e Cc{S) extending qq. But 

(jji{g) = uji{si)u;i{f) 

for i > 0. We obtain the desired contradiction by noting that u!i{f) 1 and u!i{g) 

Conversely, now assume that cui satisfies conditions (a) and (b). Let Ui = p{ui) for 
all i > 0. Suppose there is a / e Cc{S) such that uji{f) fails to converge to u;o{f). As 
above we can reduce to the case that Ui ^ Uj Hi ^ j. This time we define go : C ^ C 

by 

goit) =uj,(^t)it)fit) ioiteC. 

Again a few moments of reflection reveal that go is continuous and compactly sup- 
ported so that there is a 5^ G Cc{S) extending go- The continuity of the Haar system 
on S implies that 

/ g{s)dp^^{s) ^ / g{s)dr{s). 
Js Js 

Since J^gdP'^^ — Ui{f) for all i > we obtain the necessary contradiction. □ 

This characterization of the topology on S is so nice that we will restrict ourselves 
to the second countable case for the rest of the section. The following proposition is, 
more or less, [PSMW96, Corollary 3.4]. 

Proposition 2.39. Suppose S is an abelian, continuously varying, second countable 
locally compact H aus dor jf group bundle. Then the dual bundle S is an abelian, second 
countable, locally compact Hausdorff group bundle where S^'^^ — {(a;,x) E S x S : 
p{ijj) — Pix)} (^i^d the operations are given pointwise by 



ujx{s) := uj{s)x{s) oj ^{s) := uj{s) 

The unit space can be identified with S^'^^ and under this identification the bundle 
map for S is p. Furthermore, the fibres of S are the Pontryagin duals of the fibres of 
S. Finally, the topology on S is independent of the choice of Haar measure. 

Proof. We proved in Lemma 2.36 that 5* is a second countable locally compact Haus- 
dorff space. Furthermore, it is clear from the definition of the dual bundle that the 
fibres of S are the Pontryagin duals of the fibres of S set theoretically. It follows 
from Lemma 2.36 that the fibres of S can be identified with the Pontryagin duals 
of the fibres of S topologically. Finally, since we have characterized the topology on 
S independently of Haar measure in Proposition 2.38, it follows that the topology is 
independent of Haar measure. 
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Next, we have defined the operations on S fibrewise by the usual pointwise oper- 
ations on the Pontryagin duals. Since the dual of a group is again a group it is easy 
to see that 5 is a groupoid. We would like to see that the operations are continuous. 
Suppose a;j — > a; in S. Let Sj — > s such that p{si) = p{uJi) and p(s) = p(a;). Then, by 
Proposition 2.38 u!i{si) — > and therefore 

It follows from Proposition 2.38 that this implies o;"^ — > a;. The proof that multipli- 
cation is continuous is similar. 

We constructed S so that the range and source maps are both given by u; i— > uj~^uj. 
However, u!~^u! = where 1„ denotes the trivial character on Su- We would like to 
identify S^'^^ and S^'^^ via the map u i— > !„. It is easy to see that this map is a 
bijection. Proposition 2.38 implies that if 1„. — > then Ui ^ u and it is easy to 
see that Proposition 2.38 also implies that 1^ — ^ !« if Ui — > u. Therefore we can 
topologically identify 5'*^°-' and S'^^^ and clearly the bundle map on 5 is p under this 
identification. Finally, since the dual of an abelian group is abelian it follows that S 
is an abelian group bundle. □ 

At this point we need to recall some basic facts about abelian harmonic analysis. 
These theorems can, for the most part be found in [Rud62, Chapter 1]. Those portions 
of the theorems which are not explicitly proved in [Rud62] are proved here. It is 
notable that [Rud62] uses the opposite conjugation convention and that the following 
theorems have been modified accordingly. 

Definition 2.40. Let iJ be a locally compact Hausdorff abelian group. A function 
/ defined on H is said to be positive definite if the inequality 

N 

holds for every choice of si, . . . , sn & H and for every choice of ci, . . . , cat e C. 

Remark 2.41. Definition 2.40 is a special case of Definition 1.105 in that if we let H 
act on the trivial space consisting of one point then the positive definite functions are 
exactly those of positive type. 

Example 2.42. Suppose H is a locally compact abelian group and g e L'^{H) where 
H is given Haar measure. For s & H define 



f{s) = 9**9is) := g{t-^)g{t-'s)dt. 
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It follows from [Rud62, 1.4.2] that / is continuous and positive definite. 

This the premiere example of a positive definite function and are the only positive 
definite functions that we will be using. The next theorem says that positive definite 
functions are all given by integration with respect to some measure on H . 

Theorem 2.43 (Bochner's Theorem [Rud62, 1.4.3]). Let H he an ahelian locally 
compact Hausdorff group. A continuous function f on H is positive definite if and 
only if there is a finite non-negative measure /i on H such that for s & H 

f{s) = / ^d/^H. (2.5) 

Furthermore IJ>{H) — ||/||oo- 

Proof. The first part of the theorem is Bochner's Theorem as stated in [Rud62]. For 
the last statement, since / is positive definite, |/(s)| < /(O) for all s E H [Rud62, 
1.4.1]. Hence 

ll/lloo = /(O) = / U{0)dpiH = pi{H). □ 
Jh 

It is not particularly hard to see that the span of the functions of positive type 
are exactly those functions defined via (2.5) except where // is a complex measure. 
The following theorem says that the Fourier transform is very well behaved for this 
kind of function. 

Theorem 2.44 (Inversion Theorem [Rud62, 1.5.1]). Let H be an ahelian locally com- 
pact Hausdorff group with Haar measure A. Suppose f e L^{H) is such that for all 

f{s) = / u{s)dfi{uj) 
Jh 

for some complex measure /i on H. Then the Fourier transform f (defined in Remark 
2.31) is in L^{H). Furthermore, there is a Haar measure X on H such that for all 
functions of this form 

f(s) = [ f{^)ZJ(s)dX(u;). 
Jh 

Remark 2.45. Given / e L^{H) the function 

f{s) = f f{u;)lJ{i)d\{u;) 
Jh 

is called the "inverse Fourier transform" of /. Colloquially Theorem 2.44 says that 
for a certain class of functions on H the inverse Fourier transform of the Fourier 
transform of / is equal to /. 
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Definition 2.46. Given an abelian locally compact Hausdorff group H with Haar 
measure A we call the measure A coming from Theorem 2.44 the dual Haar m,easure. 
We generally denote integration with respect to A by ds and integration with respect 
to A by dw. 

Theorem 2.47 (Plancharel's Theorem [Rud62, 1.6.1]). Let H he an abelian locally 
compact Hausdorff' group with Haar measure A and dual measure A. The Fourier 
transform, restricted to L^{H) r\L'^{H), is an isometry with respect to the L"^ -norms 
on L'^{H, A) and L'^{H, A). Furthermore it maps onto a dense subspace of L'^{H) and 
can be extended to an isometry of LP'{H) onto L'^{H). 

It is notable that the isomorphism between L'^{H) and L'^{H) given by Theorem 
2.47 cannot be explicitly defined off of L'^iH) D L'\H). 

Lemma 2.48. If H and f are as in Theorem 2.44 then d/i — fdcu. 

Proof For g e Cc{H) we have, by Theorem 2.47, 



gfdio = / gfds =11 g{s)uj{s)diJ.{uj)ds 

H J H J H JH 



(2.6) 




g{s)ijj{s)dsdiJL{uj) — I gdiJi{ijj 



It is well known [Rud62] that the image of Cc{H) under the Fourier transform is dense 
in Cq{H). Given e > and e Cq{H) choose g e Cc{H) such that 



|^-0||oo < 



2max{|A.|(i/),||/||i} 



Then, using (2.6), we have 



/ (pfdu — / (pd^ 

JH JH 


< 


1 ('I' 

JH 


- g)fduj 


+ 


JH 






f 10- 
H 


-9\\f\d^+ 1 


H 



< \\<t>-g\ 



i + |//|(//))<e. 



Since this is true for arbitrary e > and G Cq{H), after replacing by we may 
conclude that fdw = d/i. □ 

At this point we have all the classical harmonic analysis that we need. It is time 
to return to the groupoid case. First, we would like to see that given a continuously 
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varying abelian group bundle the dual bundle is also continuously varying. Fortu- 
nately, this very thing is shown in [PSMW96], once we recall that a group bundle has 
a Haar system if and only if it is continuously varying. We have reproduced the proof 
here for completeness. 

Proposition 2.49 ([PSMW96, Proposition 3.6]). If S is an abelian, second countable, 
locally compact Hausdorff group bundle with Haar system j3 — then the dual 

measures /3" form a Haar system for the dual bundle S. 

Proof. Suppose that K is compact in S. We claim that u i— > P'"{K) is bounded on 
5"^°). Of course, it suffices to consider only u e p(i^). Let / e Cc{S) be a non-negative 
function such that 

/ fisfdp^'is) = 1 for all u e p{K). (2.7) 
Since p{K) is compact, there is an e > so that 

f /(s)d/3"(s) > e for all u e p{K). (2.8) 

Using Theorem 2.47 (2.7) implies that 

/ \f{uj)\^dp''{uj) = 1 for all u e p{K). (2.9) 

J Su 

Moreover the continuity of / and (2.8) imply that U — {u E S : |/(a;)p > e^} is an 
open neighborhood of p{K). 

If a; e i^T, then uj''^uj G p{K). The continuity of multiplication implies that there 
is a neighborhood V olu such that V~^V C U. Therefore there is a cover T^, . . . , 
of K such that C U for each I < j < m. In view of (2.9), ;3"(C/) < if 

u e p{K). Furthermore, if /9"(V}) 7^ 0, then there is an a; e Vj with p{uj) — u. Then 
(3^(Vj) = /3"(wcu-Vj) < i3^{ujVr^Vj) < /3"(c^t/) = /3"(t/) < l/e\ 

It follows that 0^{K) < m/e^ for all u e S^^\ This proves the claim. 

Now let {ui}i^i be a net in S^^'' converging to u & S^^\ If e Cc{S), then 
let /3(0)(f) = ((){uj)dP'"{u!). The above argument implies that {${((>) {ui)}i^i is 
bounded. Thus if u; is a generalized limit^ on £°°{I), then we obtain a positive linear 
functional /i on Cc{S) by /x(0) = a;({/3(0)(tii)}). Suppose that 4>,ip & Cc{S) agree on 

generalized limit is a norm one extension of the ordinary limit functional on the subspace cq 
oi consisting of those nets {ui} such that limjOj exists. 
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Su- Then if X is a compact set containing the supports of and ijj, 

< sup |0(a;)-^H|r»(ir). 

Since sup^^g I'Pi^) ~ '^{^)\ tends to zero as v tends to u and since v ^ P"{K) is 
bounded, it follows that = Since every function in CdSu) has an extension 

to an element of Cc{S), we can view ^ as a Radon measure on Su- 

However, if / e C^{S) then, by the Plancharel Theorem, ^{\f\'^){ui) = I3{\f\'^){ui) 
which converges to (5{\f\^){u) — (5{\f\^){u). It follows that 

/3(|/T)M = /^(l/T) for all / e C,{Su). (2.10) 

By density, (2.10) holds for all / e L^{Su,M. I" particular ^ = /5" on C^iSu). 

We have shown that if {ui} is any net converging to u in S'*-°\ then uj({f3{(t)){ui)}) = 
f3{(j)){u). Therefore limj j3{(j)){ui) = I3{4>){u), and it follows that is a Haar system. 

□ 

Definition 2.50. Given an abelian, second countable locally compact Hausdorff 
group bundle with Haar system P = {/?"} then the Haar system formed by the 
collection of dual measures /3 = is called the dual Haar system. 

This is interesting because it means that given an abelian continuously varying 

group bundle S we can form the double dual S by taking the dual of S. It is natural 
to ask whether or not this is isomorphic to the original group bundle. The following 
lemma gets us most of the way there. 

Lemma 2.51. Given an abelian continuously varying group bundle S there is a con- 
tinuous bijective groupoid homomorphism ^ : S ^ S given for s G S and oo G S 
by 

^s){uj) ^ s{uj) :^uj{s). (2.11) 

Proof. It follows from Proposition 2.39 that Su is the double dual of Su for all u G 
S^^\ Furthermore, classical Pontryagin duality [Rud62] states that s i-^ s is a group 

isomorphism from S^ onto Su for all u G 5**^*^^. Since $ is formed by gluing all of 
these fibre isomorphisms together it is clear that $ is at least a bijective groupoid 
homomorphism. Next, we show that it is continuous. Suppose — > s in 5" and 
let Ui = p{si) and u = p{s). By Proposition 2.38 it will suffice to show, one, that 
p($(si)) p{^{s)) and, two, that given cui e Su^ and a; e 5'„ such that uji — > 
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LO then $(si)(a;i) $(s)(cj). Since $ preserves the bundle maps (it's a groupoid 
homomorphism) we know that ]3($(si)) = Ui and p($(s)) = -u so that clearly the first 
condition holds. Now suppose uji G S'„- and cj G 5* are such that a;j — >■ a;. All we have 
to do is cite Proposition 2.38 yet again to see that 

^{s,){ui) = u)i{si) u{s) = ^{s){u). □ 

If we were working with groups we would be done since continuous bijective group 
homomorphisms between second countable locally compact groups are automatically 
bicontinuous. This follows from Souslin's Theorem [Arv76, Theorem 3.2.3], which 
states that continuous bijections have a Borel inverse, and the fact that measurable 
homomorphisms between second countable locally compact groups are automatically 
continuous [Wil07, Theorem D.3]. However, we will show in Section 2.3 that this is 
"open mapping theorem" is not true for group bundles. Fortunately, it turns out that 
in this specific case $ is a homeomorphism. It should be noted that the the following 
theorem is also stated, without proof, in [Ram98, Proposition 1.3.7]. 

Theorem 2.52 ([Goe09, Theorem 16]). If S is an abelian, continuously varying, 

second countable, locally compact Hausdorff group bundle then the map ^ : S ^ S 
such that $(s) — s is a groupoid isomorphism. 

Proof. It follows from Lemma 2.51 that all we need to do is show that if {si}i>o C S 
such that Si — > sq then Sj — > sq- Let Ui — p{si) for alH > and recall from (2.11) that 
s{u;) :— u;{s). It follows from Definition 2.32 that Si(0) — > so(0) for all G Cc{S). 
Using (2.3) we have, for all G Cc{S), 

f (t>{uj)uj{si)d^P^^{uj) ^ jj{uj)uj{s^)dr{i^)- (2.12) 
Js Js 

Now suppose we have a relatively compact open neighborhood V of Uq in S. 
Then, using the continuity of the operations, there exists a relatively compact open 
neighborhood U of uq in S such that U — and C V. Choose h G Cc{S) such 
that h{uo) — 1 and supp h CU. Define / on 5" by 

f{s) := h* * h{s) = / h{F^h{t-'s)dpP^'\t). 
Js 

It is straightforward to check that / is continuous. Furthermore, f{s) =0 unless there 
exists t E S such that t~^ G U and t~^s G U. In other words, unless s E U'^ C V. 
Therefore supp / C V and / G Cc{S). From now on let /" denote the restriction of 
/ to Su- It is clear from the definition of /, and Example 2.42, that /" is positive 
definite. Therefore /" satisfies the conditions of Bochner's theorem and the inversion 



73 



Groupoid Group Bundles 



theorem for all u G S^^\ In particular, this implies that for each u G S^'^^ there exists 
a finite positive measure /i" on SuS, which we extend to 5" by giving everything else 
measure zero, such that for all s E S 



Js 

Theorem 2.43 also implies that = < ||/"||oo < 

follows from Lemma 2.48 that for all u e S^'^\ 



for all u e S^^\ It 



(2.13) 



as measures on However, since both P'^ and //" have support contained in Su 
equation (2.13) holds for /3" and fi^ as measures on all of S. 

Now, we don't know that / is compactly supported. In fact, it's probably not. 
However if e Cc{S) then 4>f is compactly supported. It follows from (2.12) that 



<P{u;)f{u)u{s,)d(3''^^{u)^ / 0(a;)/(a;)a;(so)c^/3"°(a;). (2.14) 
IS Js 

Using (2.13) we can rewrite (2.14) as 

I (t>{u)u{si)dn'''{u)^ [ (l){uj)u{so)dfj,'">{uj). (2.15) 
Js Js 

In order to make the notation a little more palatable we will temporarily define, for 
all i > 0, 

ai{(j)) := / (j){uj)uj{si)di^'''{uj). 



We would hke to extend (2.15) to functions in Co{S). Suppose we have ip e Co{S) 



Now choose / 



and are given e > 0. Choose e Cc{S) such that — 0||oo < 
such that \ai{(f)) — ao(0)| < e/2 for all i > I. We then compute for i > 7 that 

\ai{ip) - ao{ip) \ = / ij{u;)uj{si)df/'' - / ijj{uj)uj{so)dfj,''° 
Js Js 

< [ {^{u) - (j>{u))u;{si)dfj,''^ 
Ji 

+ 
+ 



(p{uj)uj{si)dii''* - / 0(c;)cu(so)d/x"° 

5 Js 



Mo 
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<|ai(0)-ao(0)|+ / |V'-0|d//"^+ / 
Js Js 

<|a,(0) - ao(0)| + (/x^'(-S) + - 0IIOO 



2||/|U6 ^ 
2 41' "" 



It follows that if e Co{S) then ai(0) — > ao(0), or equivalently, that (2.14) holds for 
all (f) e Co (-5). 

Next, if (? G Cc{S) then, since both (7 and / are compactly supported and f3^ 
is regular for all u G 5^°), we have /",^" G Li(5„,/?") n L\Su, P"") for all m G 
5''-°^ The Plancharel Theorem states that the Fourier transform is an isometry on 
L\Su) n L\Su). Therefore we have, for ah u G S^^\ 



*^ Sii. *f Sit. 



Su *^ Su 

Observe that, for all i > and u; G Su , 



g^^ouMsi) = I g-i{s)u{s)u{si)dl3'''{s) = j g-^{s)u{s-hi)dl3^'{s) 

where we make the usual definition \tsf{t) :— f{s^^t). Therefore, for all i > 0, we 
can compute 



g{uj)f{uj)uj{s,)dp^^{u)= g-iu)f-^{u)u{s,)dp-^{uj) 

S Sua 



(lt,-i = / It.-i ^"'/"^d/?"'. 

Sua *^ Sua 



Using (2.14) it follows that for aU g G Cc{S) 

I It^-i g^iT^dP""' I It^-i g^opo^puo_ (2.16) 

Now we are finally ready to attack the convergence of the Sj. Choose an open 
neighborhood O of sq. Using the continuity of multiplication we can find relatively 
compact open neighborhoods V and in 5" such that uq G V^, sq G W, and VW C O. 
Furthermore, by intersecting V and we can assume that — V. Construct 
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/ for V as in the beginning of the proof. Now choose g G Cc{S) so that < < 1, 
g{so) — 1, and g is zero off W. Then g — g so that by (2.16) we have 

/ g{sit)f{t)d^^^{t)^ I g{s^t)f{t)dr{t). (2.17) 

Given i > 0, g{sit)f[t)dj3^*{t) = unless there exists t such that Sjt G suppgf C W 

and t G supp/ C V. This implies that the integral is zero unless G WV~^ = WV C 
O. Furthermore, both g{soUo) and /(mq) are nonzero by construction and, since both 
are positive continuous functions, this implies Jg g{sot)f{t)dP'^°{t) ^ 0. It follows 

from (2.17) that eventually /^^ g{sit)f{t)d/3'''{t) ^ so that, eventually, Si G O. Of 
course, it follows that Si — > sq and we are done. □ 



2.3 Open Mapping Counterexample 

As we noted in Section 2.2, given a second countable continuously varying abelian 
group bundle S it is easy to see that the natural map from S to its double dual is a 
continuous, bijective, groupoid homomorphism. Furthermore, in the second countable 
locally compact Hausdorff group case this map would automatically have a continuous 
inverse. If this kind of "open mapping theorem" were true for second countable 
group bundles then Theorem 2.52 would be trivial. In this section we will exhibit 
an example which shows that not every continuous bijective groupoid homomorphism 
between second countable, abelian, continuously varying, group bundles is necessarily 
a homeomorphism. Specifically we will prove the following 

Theorem 2.53. There exists second countable, locally compact Hausdorff] abelian 
group bundles S and T and a map (j) : T ^ S such that (p is a continuous, bijective, 
groupoid homomorphism which is not a homeomorphism. 

Finding an example of such a homomorphism is especially tricky. Fibrewisc such 
a map is a continuous bijective group homomorphism of second countable groups, 
and as such must be a homeomorphism when restricted to the fibres. Of course, we 
have to start by defining S and T. 

Remark 2.54. In this section it will be convenient to define 

Z2n+i = {-n, -n + 1, . . . , -1, 0, 1, . . . , n - 1, n} 

for all n G N. Furthermore, when appropriate we will still give Z2n+i the group 
operation of addition modulo 2n + 1. For the remainder of this section we are also 
going to define = 1/n for n > and xq — and will let X = {x„}^q. 
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The following technical lemma will see a lot of use in this section. 

Lemma 2.55. Suppose — > xjv converges in X. Then we can pass to a subsequence, 
relabel, and assume either 

(a) rii = N for all i, or 

(b) N — 0, rii ^ oo, and rij 7^ for all i. 

Proof. There are two cases to consider. First, if 7^ then, because — > xat and 
xn is open as a point in X, eventually = xn- Therefore, rii = N eventually, 
and by passing to a subsequence we can assume that Ui = N for all i. On the other 
hand, suppose = 0. If = infinitely often then we can pass to a subsequence 
and assume that Ui = N = for all i. If it is not true that = infinitely often 
then, because —>■ xo, we know that rii does not equal any N infinitely often. 
However, this implies that rij — > 00. We could then pass to a subsequence again and 
assume that rii for all i. □ 

Next we define the total space of one of our bundles and show that it is topologi- 
cally well behaved. 

Proposition 2.56. Let 

T — {(m, Xn) e Z X X : m e Zgn+a ifn>0 and m e Z otherwise}. 

Then T is closed in Z x X, and hence second countable locally compact Hausdorff. 
Furthermore the map pr ' T ^ X defined by projection onto the second factor is 
continuous and open. This makes T into a bundle over X with fibres denoted Tn. 

Proof. Suppose {rrii, x^) — ^ (m, xat) in Z x X. We would like to show that {m,X]\f) G 
T. Apply Lemma 2.55 and pass to a subsequence. We know that there are two cases 
to consider. First, suppose that rii — N for all i. Then for all i we have either 
A^ 7^ and m = rrii E Zgn^+s = ZgAr+s or A^ = and m = rui E Z. It follows 
that {m,XN) G T. In the second case A^ = 0, but then {m,xo) e T automatically. 
Thus T is closed and since it is a closed subset of a second countable locally compact 
Hausdorff space it is also second countable locally compact Hausdorff. 

Let pt '■ T ^ X, denoted by p when convenient, be given by p{m,x) — x for 
(m, x) G T. Since p is the restriction of a continuous map it is continuous. We 
will show p is open. Suppose a;„. — > xj^ and that {m,XN) e T. We will show that 
we can pass to a subsequence, relabel, and find such that (mj,a;„.) — > (m, xat) 
and (rriijXni) £ T for all i. By applying Lemma 2.55, and possibly passing to a 
subsequence and relabeling, we can either assume that Ui = N eventually or that 
A^ = 0, rij — > 00 and rii ^ for all i. Suppose the former is true. Then either N 
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and m e ^eni+s = '^6N+?> or N = and m G Z for all i so that (m,XnJ G T for 
all i and clearly (m, a;„.) ^ (m,a;iv)- Suppose the latter is true. Then eventually 
\m\ < 3ni + 1 and by passing to a subsequence we can assume that this is true for 
all i. Hence m e 'Z^Qm+i and {m,Xrn) G T for all i, and clearly (m, a;„.) (m,Xo). It 
now follows from Proposition 1.25 that p is open. □ 

Next, we add the groupoid structure on T. 

Proposition 2.57. // we endow Tn with the operations of addition modulo 6n + 3 
for n > and Tq with the usual integer addition, then T is a second countable, 
continuously varying, abelian, locally compact Hausdorff group bundle and the bundle 
map for T can be identified with p. 

Proof. It follows from Proposition 2.56 that T has the appropriate topological con- 
ditions. Furthermore, it is easy to see that, using the operations defined in the 
statement of the proposition, T is an abelian group bundle with unit space X and 
that the bundle map is exactly p. After all, algebraically T is just the disjoint union 
of the groups T„. 

All that is left is to show that the operations on T are continuous. Suppose 
{mijXm) — > (xn) and (m^,x„J — > {m' ,xn) in T. We would like to show that 

{mi,Xni) + {m\,Xni) (jn,XN) + {m',XN), and 
-(mj,a;„,) -{tu^xn)- 

It will suffice to show that for each subsequence, a sub-subsequence converges in 
the above fashion. So pass to a subsequence. Using Lemma 2.55 we can pass to 
another subsequence and either assume that Ui = N for all i or that = and 
— > oo. Suppose the former is true. Then, eventually rrii = m and m'j = m' so 
that eventually (mj,x„.) -|- (m^,a;„.) — (m,xjv) + (m', xjv). Similarly in this case 
— (mj,x„.) = — (m,xjv) and at this point convergence is clear. Now suppose we are 
in the second case so that Ui oo, Ui ^ for all i and A^ = 0. As before we have 
nii = m and m[ = m' eventually so that, for large i, \mi + m[\ = \m + m'\ < Ui. 
However, when this is true m + m' mod Gn^ + 3 = m + m' . It follows that for large 
enough i 

{rrii: + (m-, x^) ^ {m + m\ 

and it is clear that (m -|- m',j:„.) — > (m -|- m', xq) = (m, xo) + (m',xo). Since 
—{mi, Xm) — {—TTii, Xm) for all i it is easier to see that, assuming i is large enough, 

-{mi,Xni) = {-m,Xni) {-m,xo) = -{m,xo). 

It follows that the operations on T are continuous and that T is a topological groupoid. 
However, we can now conclude that T is continuously varying, since the bundle map 
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p is open. □ 

Remark 2.58. Since T is clearly r-discrete the Haar system on T is given by A"^" = 
jj, X Sx„ where fi is counting measure and 6x„ is the Dirac delta measure at a;„. 

Next we define the total space of our other bundle and show that it is well behaved 
topologically. 

Proposition 2.59. Let An = { — 1/n, 0, 1/n} and Sn — AnX '^2n+i x {^n} for n > 1. 
Let Aq = {0} and Sq ^ Aq x Z x {xq}. Define 

oo 
n=0 

and give S the relative topology as a subset o/R x Z x X. Then S is closed and is 
therefore a second countable locally compact Hausdorff space. Furthermore, the map 
Ps : S ^ X defined by projection onto X is continuous and open. 

Proof. Suppose {ai,mi,Xni) — ^ {a,m,XM) in S. Using Lemma 2.55, pass to a subse- 
quence, relabel, and assume that either Ui = N for all i or that Ui oo, Ui ^ for 
all i and = 0. Consider the first case. Observe that eventually either N ^ and 
rui = m ^ 1'2ni+i = ^2Ar+i or = and rrii = m ^ Z. Furthermore, we also have, for 
large i, ai E = A^. Since A^ is a closed set (it consists of at most three distinct 
points), a — limaj G Aj^. Thus {a,m,xj^) E C S. On the other hand suppose 
that nj — > cx) and Ui ^ for all i. Since — l/n^ < < l/ui for all i we can conclude 
that = limoj = a. Hence {a,m,XN) E So <Z S. It follows that S is closed. 

Let ps '■ S ^ X , often denoted by p, be defined by ps{o,, m, x) = x. Since p is the 
restriction to of a continuous map it must be continuous. We will show that it is 
open. Suppose —>■ x^ and that {a,m,xr^) e -S". Then, using Lemma 2.55, we pass 
to a subsequence, relabel, and assume that either Ui = N for all i or that Ui ^ oo, 
Ui ^ for all i, and = 0. Suppose the former is true. Then either N ^ 0, m E 
^2Af+i = '^2ni+i, and a E An = A^. for alH or iV = 0, m e Z, and a = 0. It follows 
that (a,m, e for all i and we clearly have (a, m,x„.) — > (a,m, xjv). On the 
other hand suppose the latter case is true. Since = we know a = 0. Furthermore 
\m\ < Ui eventually, so we might as well pass to a subsequence and assume that this 
is always true. It follows that m G ^2n,+i for all i and that (0,m,a;„-) G Sn, for all i. 
Furthermore it is clear that ( ) — >■ {a,m,XN)- It follows that p is open. □ 

Lemma 2.60. Given m E 1, and n > there exists a unique d E 1 and r E Z 
such that m — d{2n + 1) + r and —n < r < n. Furthermore if \m\ < 6n + 3 then 
-l<d<l. 
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Proof. This is a straightforward modification of the division algorithm where we di- 
vide by 2n + 1 and allow the remainder to take on values between —n and n. Fur- 
thermore if \d\ > 1 then, as long as —n < r < n, we have \m\ > 6n + 3. □ 

Lemma 2.61. For d e Zg let a"(d) = d/n for all n > and let a^{d) = 0. Then 

every element of An is of the form a^{d) for d ^ Z^. Furthermore, given n > we can 
define a bijective map (f) : Tn ^ Sn such that 0„(m, = {a"'{d),r,Xn) where d and r 
are as in Lemma 2.60. Finally, the map 4>q : Tq ^ Sq such that 4>{m,XQ) = (0,m, xq) 
is a bijection. 

Proof. First, it is clear from the definition of An that every element is of the form 
a"((i) for d = —1,0, 1. Let n > 0. Given (m,a;„) G Sn we know \m\ < 6n + 3 by 
definition. Let r G Z be as in Lemma 2.60. Then r G 1^2n+i and, since \d\ < 1, 
we know a"'{d) G An- Hence (pnim^Xn) = {a^{d),r,Xn) G Tn and 0„ is well defined. 
Furthermore, if 0n(m, x„) = (a"((i), r, Xn) — (f){m', Xn) then m = d{2n + 1) + r — m' 
so that {m,Xn) = {m',Xn)- Next, given (a,r, G Sn choose d G Z3 so that a = 
a^{d). Then m = d{2n + 1) + r G Zgn+a and, by the uniqueness of the factorization, 
(j){m,Xn) = {a,r,Xn)- It follows that (pn is a bijection. Finally, it is clear that 4>o is a 
bijection. □ 

Next, we use the above maps to define the group structure on the fibres. 

Proposition 2.62. Endow Sq with the operations of integer addition and negation 
in the second factor. For n > define operations on Sn via 

- {a,r,Xn) ^ {-a,-r,Xn) (2.18) 
{a''{d),r,Xn) + {a''{d'),r',Xn) = (2.19) 

(a"((i + (i' + l mod 3),r + r' - (2n + l),x„) r + r'>n 

{a"'{d + d' mod 3), r + r', Xn) —n<r + r'<n 

{a"'{d + d' — 1 mod 3), r + r' + {2n + l),Xn) r + r' < —n. 

With these operations Sn is an abelian group for all n >0 and (pn is a group isomor- 
phism for all n > 0. 

Proof. First observe that the topologies on Sn and T„ are discrete for all n so that (pn 
is a homeomorphism for all n. All we need to do is show that each (pn preserves the 
operations. Then the operations on Sn will automatically make Sn into an abelian 
group and (pn will be an isomorphism. This is trivial for (pQ. 

Let n > 0. Verifying that (pn is a homomorphism is straightforward but tedious. 
For example, if (a"(ci), r, x„), (a"(ci'), r', x„) G Sn such that r + r' > n then let m — 
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d{2n + 1) + r and m' = d'{2n + 1) + r'. Observe that 2n > r + r' > n so that 
—n < r + r' — {2n + 1) < n. Next we compute 

m + m' = (d + d'){2n + 1) + r + r' ^ {d + d' + l){2n + 1) + {r + r' - {2n + 1)). 

Suppose d' = d = 1. Then m + m' = 3{2n + 1) + (r + r' — (2n + 1)) > 3n + 1 since 
r + r' — (2n + 1) > —n. It foUows that, using our version of modulo addition on Zg^+s, 

m + m' mod 6n + 3 — m + m' — (6n + 3) 

= (d + d' + 1 - 3)(2n + 1) + (r + r' - (2n + 1)) 
^{d + d+1 mod 3) {2n + 1) + (r + r' - {2n + 1)). 

The cases for the other possible values of d and d' are similar and in general we have 

m + m' mod 6n + 3 = (ci + ci' + 1 mod 3)(2n + 1) + (r + r' - (2n + 1)). 

Now, observe that in r„ 

(m, Xn) + {m', Xn) — {m + m' mod 6n + 3, 

By our construction —n < r + r' — {2n + 1) < n and —l<d + d' + l mod 3 < 1 so 
that, by the definition of 0„ and (2.19), 

(f)n{m + m' mod 6n + 3, = (a"'((i + (i' + 1 mod 3), r + r' — (2n + 1), a;^) 

= (a"(o?),r,a;„) + (a"((i'), r', a;„). 

Of course, wc have only shown that 0„ preserves addition when r + r' > n. However, 
the computations for the other cases are analogous and it is straightforward, but 
tedious, to see that (pn respects the multiplication operations on Sn and T„. 

Proving that (pn preserves inversion is much easier. Suppose (m, Xn) G Tn- Then 
if m = d{2n + 1) + r is the decomposition given by Lemma 2.60 we have —m — 
—d{2n + 1) — r. Since — a"(d) = a"(— d) we have 

(t)n{-m,Xn) = {a'\-d),-r,Xn) = -{a"'{d),r,Xn). 

Thus (pn respects the inverse operation. Since is a bijection which respects the 
operations on Sn and T„ the fact that T„ is an abelian group implies that Sn is also 
an abelian group and that (pn is an isomorphism. □ 

We have been stepping around it for the last few propositions, but it is time to 
put everything together and show that we can form a group bundle out of the Sn- 

Proposition 2.63. With the operations on Sn defined in Proposition 2.62 S is an 
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abelian, continuously varying, second countable, locally compact Hausdorff group bun- 
dle with bundle map ps- 

Proof. First, it follows from Proposition 2.59 that S is second countable, locally 
compact Hausdorff. It's easy to see from the way we defined S as the disjoint union 
of groups over X that is a group bundle with unit space X and bundle map ps- 
Furthermore, each Sn is abelian so that S is abelian. All that is left is to show 
that the operations are continuous. Suppose (a'*'((ij), r^, x^j.) — > (a^((i), r, x^v) and 
{a'"^{d'j),rl,Xni) — > {a^ {d'),r' ,xm) in S. We would like to show that 

(a"'(o?i),ri,x„.) + (a"'«),r^,a;„J {a^{d),r,XN) + {a^ {d'),r',XN), and 
-{a'''{di),ri,Xni) -{a^{d),r,XN)- 

It will suffice to show that for every subsequence, we can pass to a sub-subsequence 
and obtain the required convergence. So, pass to a subsequence and use Lemma 
2.55 to pass to another subsequence and assume that either Ui = N for all i or that 
Ui — >■ cxo, nj 7^ for all i, and = 0. Consider the first case. Eventually rj = r and 
r[ — r'. Furthermore, since is a discrete space containing {a"'((ij)} and {a"*((i-)} 
we also eventually have a'^^{di) — a^{d) and a"'(d9 = a^{d'). Hence, eventually, 
di — d and d\ — d'. However, this implies that for very large i 

(a"'((ii),ri,a;„,) + (a"^«), r^, a;„J = (a^(rf), r, xjv) + {a^ {d'),r' , xn), and 
-{a'''{di),ri,Xni) = -{a'^{d),r,XN) 

and at this point convergence is clear. 

Next, consider the second case so that — cxo and 7^ for all i. Given any 
arbitrary sequence {q} C Z3 we know that — l/n^ < a"'(cj) < l/n^ and this implies 
that a"'(ci) 0. Since ri — r eventually it follows from (2.18) that 

-(a"*((ii),ri,XnJ = {ar-'{-di),-ri,Xni) (0, -r,a;o) = -(a°(ci), r, xq). 

Next, eventually ri — r and = r' and |r + r'| < rii so that we can pass to a 
subsequence and assume this always holds. Furthermore, let Ci — di-\- d'^ mod 3 for 
all i. Then, by (2.19), we have 

{aJ'\di),ri,Xni) + {aJ'\d'-),r[,Xni) = (a"'(Q), r + r , 

As before, whatever the Cj, we know that a"*(ci) 0. This implies that 

(a"'(ci),r + r',a;nj ^ {0,r + r',xo) = {a^{d),r,xo) + {a\d'),r' ,xo). 

Thus, both of the required sequences converge and it follows that the operations on S 
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are continuous. This makes S into a topological groupoid, and since we have shown 
that ps is open, S is continuously varying. □ 

Remark 2.64. It is easy enough to see that S is r-discrete so that the Haar system for 
S is given on Sn by ^ x Sx„ where fi is counting measure on An x Z2„+i (or Aq x Z) 
and Sx„ is the Dirac delta measure at Xn- 

We now prove the main result of the section. 

Proof of Theorem 2.53. Let S be as in Proposition 2.59 and T be as in Proposition 
2.56. Define (f) : T ^ S such that (f){m,Xn) = (f)niiTi,Xn) for all {m,Xn) G T. Alge- 
braically everything is straightforward. It is clear that we can define such a map on T 
and that, since each (pn is a group homomorphism, the resulting (p will be a groupoid 
homomorphism. Furthermore, each 0„ is bijective so is bijective. Let us show that 
it is continuous. Suppose (mj, x„.) — > (m, xat). As before it suffices to show that given 
a subsequence of </)(mj,a;„J we can find a sub-subsequence converging to (f){m,xi\f). 
So let us pass to a subsequence, and then do so again to assume that rrii = m for all 
i. Now use Lemma 2.55 to pass to yet another subsequence and assume that either 
Tbi — N for all I or that — > oo, rij 7^ for all i, and that = 0. When the 
former is true {rrii^Xrn) is a constant sequence so of course (f){mi,Xrn) converges to 
(j){m,Xi\f). Suppose the latter is true. Eventually \m\ < Ui and when this happens 
(j){m, XnJ = (0, m, Xrii). Clearly (0, m, x„J — ^ (0, m, xq) and therefore (f) is continuous. 

Now consider the sequence (2n + l,Xn)- It is easy to see that 0(2n -|- l,Xn) = 
{l/n,0,Xn) so that clearly 

4>{2n + l,Xn) = 0, x„) (0, 0, Xq) = 0(0, Xq). 

However, the sequence (2n -|- does not converge to anything in T. It follows 

that (f) is not a homeomorphism. □ 
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Chapter 3 

Groupoid Crossed Products 



In this chapter we give the definition of a groupoid dynamical system and construct 
the groupoid crossed product. Unfortunately, many elements of the construction are 
rather technical and we will need to draw upon a wealth of existing mathematics. In 
Section 3.1 we give a brief overview of upper-semicontinuous bundles and their rela- 
tion to Co(X)-algebras. In Section 3.2 we define a groupoid dynamical system and 
construct the function algebra from which we will build the crossed product. Section 
3.3 concerns covariant representations. In order to properly define a covariant repre- 
sentation we will need to deal with both groupoid representations and decompositions 
of representations of C*-algebras. After developing these tools we then construct the 
crossed product in Section 3.4. The most important result in this section is Renault's 
Disintegration Theorem which will free us from having to deal with covariant rep- 
resentations directly. In particular, the beginner should not be discouraged if they 
don't understand all of Section 3.3 on their first read through. 



3.1 Upper-semicontinuous Bundles 

This section is essentially a collection of the important results concerning upper- 
semicontinuous bundles that we will need for the study of groupoid crossed products. 
Those readers unfamiliar with Co(X)-algebras and their related bundles are referred 
to [Wil07, Appendix C]. This reference is self-contained and does a very good job of 
covering the basics of Co(Ar)-algebra theory. In fact, for the most part, the definitions 
and theorems in this section are lifted from [Wil07] and we will cite a number of results 
from this reference without proof. All of this theory has its roots in [DG83] . 

Our main concern will be to develop a theory of bundles of C*-algebras. However, 
in order to define our induction techniques in Section 6.1 we will need to start with 
something a little more general. 
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Definition 3.1. An upper- semicontinuous Banach bundle over a locally compact 
Hausdorff space X is a topological space A together with a continuous, open surjection 
p = p_A : A X and complex Banach space structures on each fibre Ax '■= p~^{x) 
satisfying the following axioms. 

(a) The map a i— > [|a|| is upper-semicontinuous from A to M"*". (That is, for all 
e > 0, the set {a E A : \\a\\ > e} is closed.) 

(b) If ^ * ^ := {{a, h) e ^ x ^ : p{a) — p{b)}, then (a, 6) i— > a + 6 is continuous 
from A* A to A. 

(c) For each A e C, a i— > Aa is continuous from A to A. 

(d) If {tti} is a net in A such that p{ai) — > x and such that ||ai|| — > 0, then — > Oa, 
(where 0-^ is the zero element of ^a,). 

The following proposition is something of a utility belt for dealing with upper- 
semicontinuous bundles. In particular, the fourth part gives us a handle on the 
topology of the total space, which can be difficult to deal with. 

Proposition 3.2. Suppose A is an upper-semicontinuous Banach bundle over X with 
bundle map p. Then the following statements hold. 

(a) If Qi ^ Ox in A then \\ai\\ — > 0. 

(b) For all X & X the topology of Ax as a subset of A is exactly its norm topology 
as a Banach space. 

(c) The map (A, a) i— >• Xa is continuous from C x ^ into A. 

(d) Let {ai} be a net in A such that p{ai) — > p{a) for some a & A. Suppose that for 
all 6 > there is a net {ui} in A and u & A such that 

(i) Ui ^ u in A, 

(ii) p{ui) = p{ai) for all i, 

(iii) ||a — u\\ < e, and 

(iv) eventually \\ai — Ui\\ < e. 

Then ^ a. 

Proof. Part (a): Since the norm is upper-semicontinuous on A the set {a & A : 
\\a\\ < e} is open for all e > 0. Thus we eventually have ||ai|| < e for all e > and the 
result is proved. 
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Part (b) : Suppose that ai ^ a in A with p{ai) = p{a) for all i. Then — a ^ ^p(a) 
by the continuity of addition and ||aj — a|| ^ by part (a). Conversely, if ||aj — a|| ^ 
then Gi — a ^ Op(a) by the last axiom of Definition 3.1, and aj a by the continuity 
of addition. 

Part (d): Since X is Hausdorff we must have p{u) — p{a) so that condition (iii) 
makes sense. Pass to a subnet of {oj}. It will suffice to show that there is sub-subnet 
converging to a. Since p is open, we can pass to a subnet, relabel, and find q G Ap(^ai) 
such that Q —>■ a. Fix e > and choose Ui as in part (d). Since addition is continuous, 
Ci — Ui ^ a — u in A. Since ||a — m|| < e by assumption, and since {b ^ A : \\b\\ < e} is 
open, we eventually have ||cj — iti|| < e. The triangle inequality then implies that we 
eventually have ||ai — Ci|| < 2e. As e was arbitrary, we've shown that ||ai — Ci|| — > 0. 
Therefore axiom (d) implies that — Cj ^ Op{a)- Thus 

di = (oj - Ci) + Ci^ Op(a) + a = a. 

Part (c): Suppose — >■ a in ^ and Aj — A in C. We will apply part (d) with 
Ui = Xtti and u = Xa. It is clear that p^Xitti) = p{ai) p{a) = p{Xa). Suppose 
e > 0. By axiom (c) we have Aoj — > Xa. Conditions (ii) and (iii) are both trivial. For 
condition (iv), first observe that the set {b E A : \\b\\ < \\a\\ + 1} is open by axiom 
(a). Since this set contains a, it eventually contains a^. It follows immediately that 
the set {||ai||} is bounded. Hence, because Aj A, we must have, eventually, 

WXiUi — XuiW — \Xi — A|||aj|| < e 

and therefore condition (iv) holds. Thus AjOj — > Xa. □ 

Rem,ark 3.3. What makes the proof of part (c) so complicated is that formulas like 
WXitti — Aa|| don't make sense because and a could possibly live in different fibres. 

Next, we can add structure to an upper-semicontinuous Banach bundle to make 
it a bundle of C*-algebras in the obvious way. 

Definition 3.4. An upper-semicontinuous C*-hundle is an upper-semicontinuous Ba- 
nach bundle p : A^ X such that each fibre is a C*-algebra and such that the following 
additional axioms hold. 

(e) The map (a, b) i— > ab is continuous from A* A to A. 

(f) The map a i— > a* is continuous from A to A. 

There is also the more restrictive notion of continuous bundles which deserves to 
be mentioned. 

Definition 3.5. An upper-semicontinuous Banach bundle (resp. C*-bundle) ^ is a 
Banach bundle (resp. C*-bundle) if the map a i— > ||a|| is continuous. 
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It may seem strange that we are working with upper-semicontimions bundles as 
opposed to continuous bundles. However, we will see that, at least in the C*-algebraic 
case, upper-semicontinuous bundles are the more natural object. 

Definition 3.6. Suppose A and B are upper-semicontinuous Banach bundles (resp. 
C*-bundles) over X with bundle maps p and q respectively. A continuous map (p : 
A ^ B is called a Banach bundle (resp. C*-bundle) homomorphism if g o = p and 
for each x & X the restriction (px '■ Ax —>■ Bx is a Banach space (resp. C*-algebra) 
homomorphism. A Banach bundle (resp. C*-bundle) isomorphism is a bijective, 
bicontinuous, Banach bundle (resp. C*-bundle) homomorphism. 

Given an upper-semicontinuous bundle the primary object of interest will be the 
space of sections. 

Definition 3.7. Suppose A is an upper-semicontinuous Banach bundle. Then we 
will denote the space of sections of the bundle map by T{X, A). Given / e r(X, A) 
we say that / vanishes at infinity if the set {x & X : ||/(a:)|| > e} is compact for all 
e > 0. We will denote the subspace of sections which vanish at infinity by rQ{X,A). 
Furthermore, we will let rc{X, A) be the subspace of sections which have compact 
support. 

We endow r(X, A) with the operations of pointwise addition and pointwise scalar 
multiplication. Furthermore we equip ro{X,A) with the uniform norm ||/||oo = 
supj.gj5f ||/(a;)||. If A is an upper-semicontinuous C*-bundle then we give T{X, A) the 
operations of pointwise multiplication and involution. Finally, given (p G C{X) and 
/ G r(X, A) we define the section • / via 4> ■ f{x) := 4>{x)f{x) for all x & X. 

Remark 3.8. It is not clear at the outset that there are any nontrivial sections in 
r(X, A). A bundle A is said to have enough sections if given x E X and a G Ax there 
exists / G r(X, A) such that f{x) = a. If we are dealing with a Banach bundle then 
it is a result of Douady and Soglio-Herault that there are enough sections [FD88, 
Appendix C]. Hoffman has noted that the same is true for upper-semicontinuous 
Banach bundles [Hof74], although the details remain unpublished [Hof77]. We will 
not need to worry about this because, as we show in Remark 3.28, in all of our 
examples there will obviously be enough sections. 

The point of all this is that the objects in Definition 3.7 have fairly nice algebraic 
properties and will fill roles analogous to C{X), Co{X) and Cc{X). 

Proposition 3.9. Suppose A is an upper-semicontinuous Banach bundle. Then the 
following hold. 

(a) r{X,A) is a vector space with respect to the natural pointwise operations. If A 
is a C* -bundle then T[X,A) is a *-algebra. 
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(b) ro(X, ^) is complete with respect to the uniform norm. Furthermore, Tq[X,A) 
is closed under the pointwise operations so that it is a Banach space. If A is a 
C* -bundle then ro(X, ^) is a C* -algebra. 

(c) Given G Cq{X) and f G Vq{X,A) we have • 7 G Vq{X,A) and in particular 
Tq[X.iA) is a Cq{X) -module. 

Proof. The algebraic statements are all straightforward to check. We will content 
ourselves with showing that ro(X,A) is complete. Suppose fi is a Cauchy sequence 
in TqIXjA). Since each Ax is complete we can at least define a section f : X ^ A 
by f{x) = limj/j(x). Now suppose e > and choose such that i,j > N implies 
Wfi — fjWoo < Given x E X pick ix > N so that \\fi^{x) — f{x)\ < e. Then for all 
X E X and i > N we have 

mx) - f{x)\\ < Uix) - fax)\\ + - f{x)\\ < 2e. 

It follows that II /j — / II 00 — ^ 0. We need to show / is continuous. Suppose — > x and 

fix e > 0. Choose N so that H/at — /|| < e. Since fN{xi) — ^ fN{x) we can let = f{xi) 
and Ui = fN{xi) and then part (d) of Proposition 3.2 implies that f{xi) f{x). Next, 
since x h- > ||/(a;)|| is the uniform limit of functions which vanish at infinity, it's easy 
to see that x^ ||/(a:^)|| vanishes at infinity and therefore / G ro(X, ^). □ 

The following proposition gives us another nice tool for dealing with the topology 
on the total space. It also shows that the topology on A is determined by its space 
of sections. 

Proposition 3.10. Let p : A ^ X be an upper-semicontinuous Banach bundle. 
Suppose that {ai} is a net in A, that a E A, and that f G To{X,A) is such that 
/(p(a)) = a. Ifp{ai) p{a) and if \\ai - f{p{ai))\\ then ai a. 

Proof. Wc have ai — f{p{ai)) — * by axiom (d) of Definition 3.1. However, since / is 
continuous wc also have f{p{ai)) f{p{a j) = a. Hence 

ai = {ai - f{p{ai))) + f{p{ai)) Op(„) + a = a. □ 

The following proposition is important because it gives a very convenient criterion 
for a subspace of Tq{X, A) to be dense. This will be useful because we will often want 
to use some dense subspace of particularly simple functions. This is proved for upper- 
semicontinuous C*-bimdlcs in [Wil07, Proposition C.24] and the extension to Banach 
bundles is basically the same. 

Proposition 3.11. Suppose p : A ^ X is an upper-semicontinuous Banach bundle 
over X and T is a subspace o/ro(-^, ^) such that 
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(a) / e r and e Cq{X) implies • / e and 

(b) for each x & X the set {f{x) : / e F} is dense in Ax- 
Then F is dense in Fo(X, .4.). 

Proof. Fix / G ro(.A) and e > 0. We need to find g eT such that ||/ — 5f||oo < £• Let 
K be the compact set {x E X : ||/(a;)|| > e/3}. Given x E K, there is a gi e F such 
that \\f{x) — g{x)\\ < e/3. Using upper-semicontinuity, there is a neighborhood U of 
X such that 

\\f{y)-g{y)\\<e/3 if yet/. 

Since K is compact, there is a cover Ui,...,Un of K by open sets with compact 
closure, and gi eT such that 

\\f{y) - gi{y)\\ < e/3 ilyEU,. 

Using [Wil07, Lemma 1.43] we can find a partition of unity {(pi\i^i C Cc(X) such 
that < (t)i{x) < 1 for all x E X, supp^j <Z Ui, if x E K then J24>i{^) = 1; and if 
X ^ K then < 1. By assumption, 9i Now, if x E K then 



i=l 



0i(a;)5(i(a;) 



i=l 
n 



<yMx)\\f{x)-g,{x)\\ 



i=l 



< e/3 < e. 

But if a; G t/j \ -fT, then ||gfj(x)|| < 2e/3. Since supp^j C Ui, for any x ^ K we have 
^^(a;)!^*!^;)!! < Thus if x ^ K, we still have 



< 11/(^)11 + 11^^(^)11 



e 2e 



Therefore sup^.^^ 11/(2^) ~ ' 9i){^)\\ < e as required. 



□ 



3.1.1 Co(X)-algebras 

The following objects play the same role for groupoid crossed products that C*- 
algebras do for group crossed products. They will eventually explain our preference 
for upper-semicontinuous bundles over continuous bundles. 



90 



3.1 Upper-semicontinuous Bundles 



Definition 3.12. Suppose that A is a C*-algebra and that X is a locally compact 

Hausdorff space. Then A is a Cq{X) -algebra if there is a homomorphism $^ from 
Co{X) into the center of the multiplier algebra ZM[A) which is nondegenerate in 
that the set 

^a{Co{X)) ■ A := span{$^(/)a : / e Co(X), a e A} 

is dense in A. 

Remark 3.13. Suppose ^ is a Co(-^)-algebra, B C A, and C C Co{X). We will use 
the notation 

C-B^ $a(C) • B := span{$A(/)a : / G C, a e S}. 

Our eventual goal is to show that there is a one-to-one correspondence between 
Co(X)-algebras and upper-semicontinuous C*-bundles. For starters, what follows 
next shows how we can view Co(X)-algebras as "fibred" objects. 

Proposition 3.14. Suppose A is a Co{X)-algebra and J is an ideal in Co{X). Then 
the closure of ^a{J) ■ A is an ideal in A. 

Proof. Let / be the closure of <1'a(^) ■ ^ and observe that / is just the closed linear 
span of Jo = {$(/)a : f E J,a ^ A}. Therefore it will suffice to show that given 
a e A and G Iq then a($(/)6), ($(/)6)a G Iq. However, $(/) is in the center of 

M{A) so that a($(/)6) = $(/)(a6) and ($(/)6)a = $(/)(6a). The result follows. □ 

Definition 3.15. Suppose A is a Co(X)-algebra. Given a; G X let Jx be the ideal 
of functions in Co{X) which vanish at x. Then we will denote the ideal ^a{Jx) - A 
by Ix and the quotient A/Ix by A{x). We think of A{x) as the fibre of A over x and 
given a E A wc write a{x) for the image of a in A{X). In this way we think of a as a 
function from X onto the disjoint union Ujjgx^l-^)- 

The following are some particularly nice examples of Co(X)-algebras. 

Example 3.16. If D is any C*-algebra and X is a locally compact Hausdorff space 
then A — Co{X, D) is a Co(X)-algebra in a natural way: 

^A{f){a){x) :=f{x)a{x) 

for all / G Co{X) and a E A. In this case each fibre A{x) is easily identified with D 
and the identification of the elements of A with functions on X is the obvious one. 

Example 3.17. Suppose that X and Y are locally compact Hausdorff spaces and that 
(f) : Y ^ X is a, continuous surjection. Then Co{Y) becomes a Co(-^)-algebra with 
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respect to the map defined by 

^co{Y)if)giy) := fi<i>iy))9iy). 

The only issue is to see that $Co(y) is non degenerate, but this is easy enough to 
do using the Stone- Weierstrass theorem. In this example, the fibres Cq{Y){x) are 
isomorphic to Cq{4>~^{x)). If / G Co{Y) then f{x) is just the restriction of / to 

Example 3.18. Let A be an upper-semicontinuous C*-bundle and A = To{X,A). 
Then A is a Co(X)-algebra with respect to the map defined by 

for (f) e Co{X) and / e A. This is really just [Wil07, Proposition C.23], however 
everything is fairly straightforward to prove. The only part that could be difficult 

is the nondegeneracy but this is taken care of by Proposition 3.11. It is also easy 
enough to show that in this case A{x) = Ax for all x E X. The isomorphism is given 
on A by evaluation at x so that ii f E A then f{x) as an element of Ax is identified 
with f{x) as an element of the quotient A{x). 

Next, we define the homomorphisms associated to Co(X)-algebras. In particular 
we will show that they preserve the "fibering" process. 

Definition 3.19. Suppose A and B are Co(X)-algebras. A map : A — > S is called 
Co{X) -linear ii (j){^A{f)a) = $B(/)0(a) for all / e Co{X) and a e A. 

Proposition 3.20. Suppose A and B are Co{X) -algebras and (p : A —>■ B is a 
Cq{X) -linear homomorphism. Then, for all x E X, (f) factors to a homomorphism 
(px : A{x) — > B{x) such that (f)x{a{x)) — (f){a){x). Furthermore, if (f) is an isomorphism 
then each (px is as well. 

Proof. Given x G X let Jx be the ideal of functions on Co{X) vanishing at x. Further- 
more, let and be the ideals in A and B, respectively, such that A{x) — A/I^ 
and B{x) — B/I^. We would like to show that C (t>{Ix)- Since is a homo- 

morphism and is the closure of the set .Jx ■ A it suffices to show that 0(/ ■ a) E Ix 
for all a e A and f E Jx- However (j){f ■ a) = f ■ (f){a) and the result follows. At this 
point we can compose (f) with the quotient map b i-^ b{x) and this will factor to a 
homomorphism (px '■ A{x) B{x) defined via (j)x{ci{x)) = (f){a){x). Furthermore, if (p 
is an isomorphism then is Co(X)-linear and we can construct {(px)'^. However, 
it is straightforward to check that {(f)x)~^ — <f>x^ so that in this case each (px is an 
isomorphism. □ 
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An essential fact about Co(X)-algebras is that their primitive ideal spaces are 
fibred over X, and that there is a tight relationship between the action and this 
fibration. 

Remark 3.21. Recall from the Dauns-Hofmann Theorem [RW98, Theorem A. 34] that 
given a C*-algebra A there is an isomorphism ^' : C^(Primy4) ZM[A) given as 
follows. For / e C^{FY\mA) and P e Prim A let 

(*(/)(a))(P):=/(P)a(P) (3.1) 

where a{P) denotes the image of a in the quotient A/ P. Then (3.1) defines a unique 
element of A which we denote \l/(/)(a). In this way ^(/) defines an element in the 
center of the multiplier algebra M{A). 

Proposition 3.22 ([Wil07, Proposition C.5]). Suppose A is a C*-algebra and that X 
is a locally compact Hausdorjf space. If there is a continuous map a a '■ Prim A^ X 
then A is a Co{X)-algebra with 

^A{f)a:^^{foaA)a (3.2) 

for all f G Co{X) and a E A. Conversely, if A is a Co{X)-algebra then there is a 
continuous map a a '■ Prim A — >• X such that (3.2) holds. 

In particular, every irreducible representation of A is lifted from a fibre A{x) for 
some X & X. More precisely, if tt E A then the ideal la Ai^ern) is contained in kervr 
and n is lifted from an irreducible representation o/ A((TA(ker tt)). In this way we can 
identify A with the disjoint union YLxex^i^)^- 

Thus, the map a a gives us our fibration of Primal. 

Corollary 3.23. Suppose A is a Co{X)-algebra and a a '■ Primal X is the map 
given in Proposition 3.22. We can view Prim A as a bundle over X and the fibre 
(j^^(x) can be identified with PrimA{x) for all x E X. 

Proof. This is nothing more than a restatement of the second part of Proposition 3.22 
in terms of primitive ideals. In particular, given P e Prim A choose any tt & A such 
that P — kerTT and it follows that /^(p) C P and that P is lifted from an element of 
Prim^(x). □ 

Proposition 3.22 allows us to present another example of a Co(X)-algebra that 
will be particularly important in Section 5.4. 

Example 3.24. Suppose A is a C*-algebra with Hausdorff spectrum A. Since the 
spectrum is always locally compact it follows that A is locally compact Hausdorff. 
It is straightforward to show [RW98, Lemma 5.1] that the map tt i— > kerTT induces a 
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homeomorphism of A onto Prim A. Therefore, if we identify Prim A with A via this 
map, then cta = id allows us to view ^4 as a Co(^)-algebra. Given / e Cq{A) we 
combine (3.1) and (3.2) to get 

^A{f)a{n) = /(7r)a(7r) 

where a(7r) is the image of a in A/kenr. From here it is straightforward to identify 
the fibres as A{7r) — A/ kern. It also follows from [RW98, Lemma 5.1] (and is 
easy to show directly) that each fibre A{x) is simple and has, up to equivalence, a 
unique faithful irreducible representation. Moreover, in the separable case each A{x) 
is elementary 

Moving on, the "fibration" of A given by a Co(X)-action is much more rig- 
orous than one might think. The key link between Co(X)-algebras and upper- 
semicontinuous C*-bundles is given by the following theorem, which is, more or less, 
a summary of the results in [Wil07, Appendix C] . It also justifies our preference for 
upper-semicontinuous bundles since there are many well behaved Co(X)-algebras for 
which the map a : Prim A ^ X is not open. 

Theorem 3.25 ([Wil07, Theorem C.26]). Suppose A is a C*-algebra. Then the 
following statements are equivalent. 

(a) A is a Cq{X) -algebra. 

(b) There is a continuous map a a '■ Prim74 X. 

(c) There is an upper-semicontinuous C* -bundle p : A ^ X over X and a Co{X)- 
linear isomorphism of A onto ro(^, ^). 

Moreover, A is a C* -bundle over X if and only if a a is open. 

The following corollary is nothing more than a basic rehashing of Theorem 3.25. 
It is important, however, because it presents the view of Co(X)-algebras and upper- 
semicontinuous C*-bundles that we will use from now on. 

Corollary 3.26. Suppose A is a Cq{X) -algebra. Then we can endow the disjoint 
union A — Y\.x^x ^{^) "^^ih a unique topology which makes it into an upper-semi- 
continuous C* -bundle such that the map which sends a & A to the section x ^ a{x) 
is a CQ{X)-linear isomorphism of A onto ro(X, ^). Moreover, every upper-semi- 
continuous C* -bundle can be obtained in this fashion. 

Proof. Suppose ^4 is a Co(X)-algebra and A is defined as above. Let B be an upper- 
semicontinuous C*-bundle such that there is a Co(X)-linear isomorphism : A — > 
To{X, B). First, we use the canonical action of Cq{X) on B — To{X, B) to view B as 
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a Co(X)-algebra. Given x E X let be the ideal in A generated by $^(J^) • A and 
the ideal in B generated by ^b{Jx) ■ B. For a little while we will use the notation 
a + := a{x) since we don't want to confuse elements of quotients with function 
evaluation. It follows from Proposition 3.20 that factors to an isomorphism (f)^ : 
A(x) B{x) which is defined via 0^(a + /^) = (l)(a) + I^ for aU a + I^ E A{x). Next, 
is not hard to check that := {/ G To{X, B) : f{x) = 0} and that i/j^if+I^) = f{x) 
defines an isomorphism of B{x) onto B^- 

Now we can define Q : A ^ B hj Q{a) = ipp(a){4>p{a){0')) ior all a G A. Once we 
sort out all of the definitions it is easy to see that f2 is a bijection and that restricted 
to a fibre Q,x — ipx° 4>x is a C*-algebra isomorphism. It follows that we can pull back 
the topology from ,B to .4 and, with this topology, A will be an upper-semicontinuous 
C*-bundle. Furthermore, in this situation Vt will be a C*-bundle isomorphism. 

Now we have to see that sections have the right form. It is straightforward to show 
that the bundle isomorphism VL induces an isomorphism ui : Tq{X, B) — > Tq{X, A) by 
oj{f) — o f for all / e ^o{X, B). We can compose u; with to conclude that A 
is isomorphic to rQ{X,A) and, furthermore, we can calculate 

uj o 0(a)(a;) = cj(0(a))(a;) = n-\(t){a){x)) 
= a + I^. 

However, reverting back to our former notation, this implies that cu o 0(a) is exactly 
the section which sends x to a{x). 

Next, let T : A — > ro(X, ^) be given by T{a){x) = a{x) for all a G A and 
X E X. Suppose that A' is equal to ^ as a set but has a different topology such 
that T is a Co(X)-isomorphism onto ro(X,A'). We will use T' to denote this new 
isomorphism. It follows from Proposition 3.20 that for each x E X both T and T' 
factor to isomorphisms from A{x) to Ax and A^, respectively. Thus, fibrewise A and 
A have the same norm. Suppose a.j — ^ a in ^ and let Ui = p{ai) and u = p{a). 
Choose b E A such that b{u) = a. Observe that Ui ^ u and that, by viewing 6 as a 
continuous section of A we have Oj — h{ui) — > 0. It follows from Proposition 3.2 that 
lloj — h{ui)\\ — > 0. However, by using T' to view 6 as a section of A, it follows from 
Proposition 3.10 that Oj — > a in A . Since the situation is entirely symmetric this 
implies that the topology on A is unique. 

Finally, the fact that every upper-semicontinuous C*-bundle can be obtained in 
this fashion is an implication of the equivalence in Theorem 3.25. □ 

Definition 3.27. Given a Co(X)-algebra A we define the upper-semicontinuous C*- 
bundle associated to A to be ^ = ll^ex ^(^) with the topology from Corollary 3.26. 
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Remark 3.28. Observe that if A is a Co(X)-algebra and A is the upper-semicontinuous 
bundle associated to A then A has enough sections. Indeed, if a G A{x) then we can 
view A{x) as a quotient of A to find b & A such that b{x) = a. However, we can also 
view 6 as a section in Tq{X, A) which takes on the value a at x. 

Remark 3.29. We will need to make sure we don't confuse the Co(X)-algebra A with 
its associated bundle A. One reason we must do this is because the topology on A is 
not at all straightforward and we will need to be extra careful in dealing with it. For 
instance, A may not even be Hausdorff [Wil07, Example C.27]. (Although it turns 
out that A has to be Hausdorff if it is a continuous bundle.) 

This duality between upper-semicontinuous bundles and Co(X)-algebras allows us 
to construct a similar duality between the homomorphisms of these two categories. 

Proposition 3.30. Suppose A and B are Cq{X) -algebras and A andB are the associ- 
ated upper-semicontinuous bundles. Then a Cq{X) -linear homomorphism (f) : A ^ B 
induces a C* -bundle homomorphism (f) : A ^ B via (f){a{x)) — 0(a) (x) for all 
a{x) G A. 

Conversely, a C* -bundle homomorphism (j) : A ^ B induces a Cq{X) -linear ho- 
momorphism (j) : A ^ B where (j){a) is uniquely determined by the relation (j){a){x) — 
0(a(a;)) for all x & X. 

Proof. This is really a matter of sorting out definitions. Given a Co(X)-linear map 
(f) : A ^ B \t follows from Proposition 3.20 that, for each x G X, there is a well 
defined homomorphism : A{x) — > B{x) defined by (t)x{a{x)) — 0^(a)(x). We can 
glue each of these homomorphisms together to get the map (f) : A ^ B. It is clear 
that (f) preserves fibres and that restricted to fibres is a homomorphism. All we 
need to do is show that 4> is continuous. Suppose bi ^ b m. A and let Xi = pipi) and 
X — p{b). Lift b from the quotient A{x) to find a & A such that a{x) = b. First, 
observe that because p is continuous Xi x. Next, observe that bi — a{xi) — > O^ so 
that by Proposition 3.2 — a(a;j)|| 0. Since (p^ is contractive for all x, we have 
\\(i>xi{h) - (t>xi{a'{xi))\\ < \\bi - a{xi)\\ so that, using the definition of 0^., 

U.Ah)-4>{a){xi)\\^Q. 

However, (j){a) is a section of B such that 0(a) (x) = (j),j.{a{x)) = (j)x{b) so that it 
follows from Proposition 3.10 that (pxAh) ~^ 4>x{b). For the reverse direction, identify 
A and B as the section algebras of A and B respectively and define : A — > S by 
0(a) = o a. The result follows without too much difficulty. □ 

CoroIIciry 3.31. Suppose A and B are Cq{X) -algebras and A and B are the associ- 
ated upper-semicontinuous bundles. If(f) : A ^ B is a Co{X)-linear isomorphism then 
(f) is a C* -bundle isomorphism. Conversely, if (f) : A ^ B is a C* -bundle isomorphism 
then (j) is a Cq{X) -linear isomorphism. 
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Proof. For the first direction, use Proposition 3.30 on both and Then use 

the characterization of and to show that these maps are inverses. The other 
direction is exactly the same. □ 

Remark 3.32. It follows from Corollary 3.31 that two Co(X)-algebras are Co{X)- 
isomorphic if and only if their associated bundles A and B are isomorphic. Thus, 
citing Theorem 3.25, the map sending A to its associated bundle is a bijection between 
isomorphism classes of Co(X)-algebras and upper-semicontinuous C*-bundles. 



3.1.2 Pull Back Bundles 

The last bit of Co(X)-algebra theory that we need is the notion of a pull back. 

Definition 3.33. Suppose X and Y are locally compact Hausdorff spaces, A is an 
upper-semicontinuous Banach bundle over X, and that r : F — > X is continuous. 
The pull back of A is defined to be the set 

r*A^{{y,a) eY xA: T{y) = p{a)}. 

In this case t*A is equipped with the relative topology and the bundle map q : t*A — > 
Y defined by q{y, a) — y. 

Of course, we made this definition with every intention of proving the following 

Proposition 3.34. Suppose X and Y are locally compact Hausdorff' spaces, A is 
an upper-semicontinuous Banach bundle, and t : Y ^ X is continuous. Then the 
pull back T*A is an upper-semicontinuous Banach bundle. What's more, t*A is an 
upper-semicontinuous C* -bundle if A is, and if A is a continuous bundle then t*A is 
as well. 

Proof. First, observe that T*Ay can be easily identified with Ar{y) so that we can give 
T*Ay whatever structure Ar{y) has. Next, note that the bundle map q : t*A — > F is 
continuous since it's the restriction of a continuous map. Let us show that it is open. 
Suppose 2/i — >• y in y and a G AT{y)- Then r(|/j) — >• T{y) and we can use the fact that 
the bundle map for A is open to pass to a subnet, relabel, and find Oj e Ar^yi) such 
that Qi a. It follows that {yi, ai) {y, a) so that q is open. 

All that is left is to verify the various bundle axioms. The axioms concerning the 
continuity of the operations are straightforward, as is axiom (d). We will content 
ourselves with showing that axiom (a) holds. Suppose e > 0. We would like to show 
that the set C = {{y,a) G t*A : ||a|| > e} is closed. Suppose {(2/1,0,)} is a net in 
C and that {yi,ai) — > {y,a). Since A is an upper-semicontinuous bundle ||a|| > e 
and we are done. Finally, if a 1— > ||a|| is continuous then clearly its composition with 
(y, a) I— > a is continuous. □ 
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Proposition 3.35. Suppose X and Y are locally compact Hausdorff spaces, A is 
an upper- semicontinuous Banach bundle, and t : Y X is continuous. Then f G 
r{Y,T*A) if and only if there exists a continuous function f : Y ^ A such that 
p{f{y)) = T{y) CLi^d f{y) = {y,f{y)) for all y E Y. Furthermore, f is compactly 
supported if and only if f is as well. 

Proof. Given / e r(F, t*A) we define / to be the composition of / with the projection 
from T*A onto A. Given a continuous f -.Y ^ A such that p{f{y)) — T{y) we define 
/ by f{y) = {y, f{y))- Given / and / as in the statement of the proposition it is clear 
that ||/(y)|| = ||/(|/)||- It follows immediately that / is compactly supported if and 
only if / is as well. □ 

Remark 3.36. We will often times denote the element (y, a) e t*A by just a and will 
usually not distinguish between the maps / and /. 

Definition 3.37. Let X and Y be locally compact Hausdorff spaces, A be a Cq{X)- 
algebra, A its associated upper-semicontinuous C*-bundle, and r : X — > F a contin- 
uous map. We define the pull hack of A to be t*A := Tq{Y, t*A). 

Proposition 3.38. Let X and Y he locally compact Hausdorff spaces, A he a Cq{X)- 
algehra, and t :Y ^ X a continuous map. Then there is a natural identification of 
r*A{y) with A{r{y)) for all y eY. 

Proof. This is really just working out the definitions. Let A be the bundle associated 
to A so that r*A — ro(Y,r*^). Then, as we have seen in Example 3.18, r*A{y) — 
T*Ay. It follows, almost by definition, that T*Ay — Ar{y) — ^(r(y)) and we arc 
done. □ 

Remark 3.39. When r is a surjection, t*A is usually defined to be the balanced tensor 
product Co{Y) ®Co(x) ^ where we view Co{Y) as a Co(X)-algebra as in Example 3.17. 
We will show that this is equivalent to our definition in Section 5.3.1. However, the 
following proposition captures an important aspect of this identification. 

Proposition 3.40. Suppose X and Y are locally compact Hausdorff' spaces, A is a 
Cq{X)- algebra, A is its associated upper-semicontinuous bundle, and t : X ^ Y is 
continuous. Given f e Cc{Y) and a & A define f <S>a{y) — f{y)a{T{y)) for all y &Y. 
Then f a er^Y, r*A) and 

Cc{Y) QA:= span{/ ® a : / G Cc(F), a G A}. 

is dense in t*A. 

Remark 3.41. We will often refer to elements of the form f <S)a as elementary tensors, 
because, as we will see in Section 5.3.1, they correspond to elementary tensors in a 
tensor product. 
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Proof. Given / and a as above view a as a section of the associated bundle. Now 
define g{y) = {y, f{y)a{r{y))). Since everything in sight is continuous, it is clear that 
g G T(Y,r*A). Furthermore, given y E Y we have = so that 

suppgi C supp/. Thus g e Tc{Y,t*A). Once we make the identification mentioned 
in Remark 3.36, this shows / (g) a e ^c{Y, t*A). 

We would like to see that the set Cc{Y) Q A = span{/ ^ a : f E Cc{Y), a e A} is 
dense in t*A = To{Y,t*A). First observe that if 5- G Co{Y), f G Cc{Y), and a e A 
then g ■ [f ® a) = gf ® a. It follows that CciY) A is closed under the Cq{Y) action. 
Now suppose h G t*A. Choose a G .4 so so that a{T{y)) ~ b and / G Cc{Y) so that 
f{y) — 1. Then / (8) a{y) — b. We can now conclude from Proposition 3.11 that 
Cc{Y) © A is dense in t*A. □ 

Of course, we don't need to be working with pull backs for Proposition 3.40 to 
hold. 

Corollary 3.42. Suppose A is a Co{X) -algebra, and let A be is its associated upper- 
semicontinuous bundle. Given f G Cc{X) and a & A define f (8) a{x) — f{x)a{x) for 
all X & X. Then / © a G rc{X, A) and 

Cc(X) QA:= span{/ ® a : / G Cc{X), a G A}. 

is dense in A. 

Proof. This result follows immediately from Proposition 3.40 with r = id. □ 

This is a good opportunity to introduce something that will be fundamental to 
our study of crossed products. 

Definition 3.43. Suppose X is a locally compact Hausdorff space and A is an upper- 
semicontinuous Banach bundle over X. Given a net {fi}iei C r(X, ^) and / G 
r(X, ^) we say that fi ^ f with respect to the inductive limit topology if and only 
if /j — > / uniformly and there exists a compact set K in X such that, eventually, all 
the fi and / vanish off K. Furthermore, we will say that a function F : r(X, A) ^Y 
is continuous in the inductive limit topology if F{fi) — > F{f) whenever /j — > / with 
respect to the inductive limit topology. 

Remark 3.44. First, we will often use Definition 3.43 in the degenerate situation where 
X is locally compact Hausdorff and A is the trivial Banach bundle X x C. In this 
case there is actually a topology T on Cc{X) such that a function from Cc{X) into 
a convex space is continuous with respect to T if and only if it respects nets which 
converge in the inductive limit topology [RW98, Lemma D.IO]. However, we are not 
claiming in general that there is actually a topology on r(X, A) which is characterized 
by these convergent nets and even in the scalar case there may be nets which converge 
in Cc{X) with respect to T and do not satisfy Definition 3.43. 
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Corollary 3.45. Suppose X and Y are locally compact Hausdorff spaces, A is a 
Co{X)' algebra, A is its associated upper- semicontinuous bundle, and t : X ^ Y is 
continuous. Then Cc{Y) QA is dense in Tc{Y, t*A) with respect to the inductive limit 
topology. 

Proof. Suppose g G rc{Y,T*A). We know from Proposition 3.40 that there exists a 
net fi G Cc{Y) A such that fi^g uniformly. Let K be a compact neighborhood 
of supp g and choose (p G Cc{Y) such that (j) is one on supp g and is zero off K. We 
showed in the proof of Proposition 3.40 that Cc{Y) © A is closed under the Co{Y) 
action so that (j) ■ fi & Cc{Y) A for all i. Furthermore, it follows immediately from 
the fact that = 1 on supp (7 that we still have 4> ■ fi ^ g uniformly. Since clearly 
supp0 ■ fi G K we conclude that 4> ■ fi ^ g with respect to the inductive limit 
topology. □ 



3.2 Groupoid Dynamical Systems 

We are finally at a point where we can define what it means to be a groupoid dynam- 
ical system. The reason we needed to introduce Co(X)-algebras in the last section 
is because, just like groupoid actions on spaces, groupoids must act on fibred C*- 
algebras. 

Definition 3.46. Suppose G is a locally compact Hausdorff groupoid with a Haar 

system. Let A be a Co(G'''°-') -algebra and A its associated upper-semicontinuous 
bundle. An action a of G on /I is a family of functions {ct^j-yeG such that, 

(a) for each 7 G G the map : A{s{'y)) — > A{r{'y)) is an isomorphism, 

(b) a^ri = a-y o a^^ for all (7, r]) G G^'^\ and 

(c) 7 • a := aj{a) defines a (strongly) continuous action of G on A. 

The triple (A, G, a) is called a groupoid dynamical system. We say that {A, G, a) is 
separable if A is separable and G is second countable. 

Remark 3.47. The bundle map associated to an upper-semicontinuous bundle A is 
assumed to be open and this is exactly the structure map for the action in Definition 
3.46. Thus, as long as G acts on A continuously, condition (c) above will be satisfied. 

Remark 3.48. The assumption that G has a Haar system is not really an integral part 
of Definition 3.46. However, we don't care about dynamical systems with no Haar 
system so it's useful to include it as part of the definition. 

We will use the following frequently and will not bother to reference it. 
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Proposition 3.49. Suppose {A, G, a) is a dynamical system. Then 

(a) au = idA(u) for all u e G^^\ and 

(b) CK^-i = a'^^ for all 7 e G. 

Proof. Given u e G^^^ we have = ay2 = o «„. Since is an automorphism of 
A{u)., the result holds. However, we can now conclude from the fact that 7~^7 G (7^°^ 
that id = CK^-i^ = a^-i o and the second half of the proposition follows. □ 

This next proposition gives an alternate characterization of groupoid dynamical 
systems which is often easier to work with given that the topology on A can be poorly 
behaved. However, there is no way to completely dodge this fact and continuity is 
almost always the hardest condition to verify. 

Proposition 3.50. Suppose {A, G, a) is a groupoid dynamical system. Then 

a{f){j)=a,{f{j)) 

defines a Co{G)-linear isomorphism of s*A onto r*A. 

Conversely, ifG is a groupoid, A is a Co{G^^^) -algebra, and there is a Co{G)-linear 
isomorphism a : s*A r* A then there are isomorphisms : ^(5(7)) A{r{'~f)) 
for all ^ E G. Furthermore, if for all (7, rj) G G^"^^ then (A, G, a) is a 

dynamical system. 

Proof. Given / G s*A observe that a^{f {'-))) G A{r{'-))) for all 7 G G. Therefore, if 
we define as in the statement of the proposition, it follows that «(/) is a section 
of r*A. If 7j — > 7 then /(7i) — > /(7). It follows from condition (c) of Definition 3.46 
that a-jiifi'Ji)) — > Q;-y(/(7)). Thus a{f) G r{G,r*A). Furthermore, each a-y is an 
isomorphism so that 

ll«(/)(7)ll = ll«.(/(7))ll = ll/(7)l|. (3.3) 

It immediately follows that «(/) vanishes at infinity if / does. Thus «(/) G r*A = 
ro(G, r*v4). Now we will show that a is a ^-isomorphism. Given f,g E s*A and 
7 G G we have 

«(/ + ^)(7) = «7(/(7) + ^(7)) = «(/)(7) + «(5)(7) 

where the second equality follows from the fact that is linear. It is just as easy 
to show that a preserves the rest of the operations. Furthermore, it follows from 
(3.3) that ||q;(/)||oo = ll/lloo and that a is isometric. Lastly, given / G r*A define 
g G s*A by g{j) — aj-i{f{'y)). It is easy enough to see that is a continuous section 
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which vanishes at infinity and that a{g) 
we compute, for / e s*A and (f) e Co{G), 



f. Thus a is a *-isomorphism. Finally, 
a(0 . /)(7) = a^(cf> ■ /(7)) = a^(cf>{l)m) = 0(7)«7(/(7)) = ' «(/)(7)- 



Now we prove the opposite direction. Suppose that a : s*A — » r*A is a Co{G)- 
isomorphism. It follows from Proposition 3.20 that for each 7 G G there is a *- 
isomorphism : 5*^(7) r*A{'y) such that a^{f{'y)) = a{f){'y) for aU / e s*A. 
It then follows from Proposition 3.38 that we can make the identification 5*^(7) = 
A(s(7)) and r*A{'y) = A{r{'y)). Thus we have satisfied condition (a) of Definition 
3.46. Condition (b) is satisfied by assumption. Suppose 7^ — > 7 in G and — >■ a in ^ 
such that p(aj) = 5(7^) for all i and p{a) = 5(7). Choose g G s*A such that (7(7) = a. 
Then a{g) G r*A and we have, using the fact that both Oj and gi^ji) converge to a, 



\ai-9{li)\\ 0. 



Since p{a^^{ai)) = r(7i) r(7) = p{a^{a)) it follows from Proposition 3.10 that 
7j • Oj — > 7 • a and that {A, G, a) is a groupoid dynamical system. □ 

Remark 3.51. Given a dynamical system we will construct a *-algebra structure on 
rc{G,r*,A). This algebra will eventually be completed into the groupoid crossed 
product. However, in order to define the convolution operation we will need to use 
vector valued integration. Most of the time vector valued integrals "just work" and 
can be treated like scalar valued integrals. Those readers looking for a good reference 
are referred to [Wil07, Appendix B] . The short version is that given a Radon measure 
/X on a locally compact Hausdorff space X and a separable Banach algebra B we 
define C^{X, B) to be the set of measurable functions f : X ^ B such that^ 



X 



Then there is a linear function 



/ 



/ f{x)dii{x) 
Jx 



from jC}{X, B) into B satisfying 



f{x)dn{x) 



< 



\\f{x)\\df,{x). 



Given b & B and / G Cc{X) we can define the elementary tensor f ®h & Gc{X, B) 



^ Since B is separable, this is just the usual definition of measurability. 
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by (/ <S> b){x) — f{x)b for all x. We then have 

/ / (g) b{x)dn{x) = [ f{x)dii{x)b. (3.4) 
Jx Jx 

Furthermore, if L : i? — > 5' is a bounded linear map onto another Banach space B' 
then 



L\^J^f{x)di2{x)j = j^L{f{x))d^{x) (3.5) 

for all / e C}{X,B). In fact (3.5) characterizes the integral when you allow L to 
be any bounded linear functional. Lastly, there is a Fubini's Theorem for vector 
valued integrals that is analogous to the scalar one. In particular, when integrating 
L} functions we will freely reorder the integrals. 

Remark 3.52. Suppose G is a locally compact Hausdorff groupoid with Haar system 
A and A is a. Co(G''°-')-algebra with associated bundle A. Given / e T(.{G,r*A) it is 
clear that 7(7) e A{u) for all 7 e G". Therefore, by Remark 3.51 we can form the 
integral f\c^d\'^. Since the support of A" is equal to G" there is no harm denoting 
this integral by /^/A". 

Proposition 3.53. Suppose {A, G, a) is a dynamical system. Given f e I'dG, r*A) 
the function 

[ /(7)rfA"(7) (3.6) 
Jg 

is continuous. Furthermore if g ® a & CdG) A then 



(<7®a)(7)rfA«(7)= / g{i)dX\^)a{u) 
a Jg 



for allue 



Proof. It follows from Remark 3.52 that (3.6) is well defined. We will address the 
second half of the proposition first. Let g ® a he an elementary tensor with g e 
Cc{G) and a E A. When we restrict 51 (8) a to we get a new elementary tensor 
g\G" ® o(ii) e Cc{G'^,A(u)) in the sense of Remark 3.51. However, the result then 
follows from (3.4). 

Now suppose / G rc(G,r*^), that Ui ^ u in G^^\ and fix e > 0. Use Corollary 
3.45 to find a collection of elementary tensors {g^ ® a*} such that the net kj ~ 
Si 9j ® converges to / with respect to the inductive limit topology. Let K he a 
compact set which eventually contains the supports of the kj and /. Next, since K 
is compact and the A" vary continuously, we can find an upper bound M for \^{K). 
Now choose J so that supp/cj C K and ||/ — A;j||oo < e/M. Then for all v e G^^^ we 
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have 



/ fdX" - 1 kjdy 




[ f-kjdy 


JG JG 




JG 



< [ ||/-fcj|MA^ 

JG 



<\\f-kj\\^X'{K)<e. 

However, it is clear enough that 

f ^;.®a}(7)rfA^(7)= / gi(l)dX^(l)ai(v) 

JG JG 

is continuous for all j and i. Since sums of continuous functions are continuous we 
conclude that 

V ^ f k^dX^i^) 

JG 

is continuous as well. It now follows from the previous paragraph, and using the last 
part of Proposition 3.2, that /^/ciA^^ /g/c?A". □ 

We are now ready to turn Tc{G, r*A) into a *-algebra. This material is all worked 
out, in greater generahty, in [MW08, Section 4] and many of these proofs are copied 
from there. 

Proposition 3.54. Let G he a locally compact Hausdorff groupoid with Haar system 
{A"}; A a CQ{G^^^)-algebra with associated bundle A, and a an action of G on A. 
Then rc(G, r*A) becomes a *-algebra with respect to the operations 

f*g{l)- I f{r))aMr)-'l))dX<'\r)) and f {^) ^ a,{f {r'T) ■ 

JG 

Furthermore, these operations are continuous with respect to the inductive limit topol- 
ogy- 

We are going to need the following lemma, which is quite similar in nature to 
Proposition 3.53. It can also be proved in the same fashion, but we have presented a 
different way of approaching the situation. 

Lemma 3.55. Let G * G = {(7,^7) E G x G : r{j) = r{r))} and let r*A be the pull 
back of A to G*G. Given F e T^G * G, r*A) then 

/(7)= / F{7i,^)dX'-^^\r]) 

JG 
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defines a section in rc{G,r*A). 

Proof. First, observe that / is clearly a section. Now, it is straightforward to check 
that if Fi ^ F with respect to the inductive limit topology in Tc{G * G,r*A) then 
fi ^ f with respect to the inductive limit topology. Furthermore, observe that in 
this case if we show each /j is continuous and compactly supported then / must be 
as well. It follows then, that it suffices to show that the lemma holds for elementary 
tensors g <^ a where g e Cc{G * G) and a & A. We can use Lemma 1.71 to extend g 
to all of G X G. Now, sums of functions of the form {'~f,i]) i-^ hi{'~f)h2{i]) are dense in 
Cc{G X G) with respect to the inductive limit topology [RW98, Corollary B.17], and 
it is not hard to see that if /j — > / with respect to the inductive limit topology then 
/i (8) a — > / (8) a with respect to the inductive limit topology. Thus, using the above 
argument, we can assume without loss of generality that g{'y,r)) — hi{'j)h2{r]) where 
hi,h2 e Gc{G). However, we now have 

/(7)= / g{v,l)a{r{^))dV^^\v) = h2{7)a{r{^)) f hMdy^'\r]). 

JG JG 

It is clear that in this case / is a continuous compactly supported section, so we are 
done. □ 

Proof of Proposition 3.54.. First, we have to check that the operations are well de- 
fined. This is straightforward for /* since everything in sight is continuous. The 
fact that convolution produces a continuous section is exactly Lemma 3.55 once you 
realize that (77,7) 1— >• f{r])arf{r]~^'-f) is a section in Tc{G * G,r*A). 

At this point we have to show that the operations are well behaved algebraically. 
For the most part these computations are omitted. However, we will verify two of 
them as examples of how the rest should work. First, we will show that the convolution 
is associative. Suppose f,g,hE Tc{G, r*A) and 7 e G, then 

{f*g)* h{^) ^ f f* g{r))a,{h{r'l))dy^'\r)) 

JG 

JG JG 
JG JG 

where we switched the order of the integrals and used the left invariance of the Haar 
measure to get the last equality. Continuing the computation by using the fact that 
a respects the groupoid operations we get 

JG JG 
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JG 



f*{g*h){j). 



Notice that we used the fact that vector valued integrals are preserved by bounded 
linear maps to pass the integral through a. 



We will also show that (/ * g)* = g* * f*- Suppose f,ge Tc{G, r*A) and 7 e G. 



To get the last equahty we pulled both the a-y and the * operation out of the integral 
using the fact that they are bounded linear maps.^ Now, using left invariance, we get 



The rest of the algebraic computations are similar and it is apparent now why we 
would want to skip them. 

The only thing that remains to be verified is that the operations are continuous 
with respect to the inductive limit topology. This is clearly true for the involution 
since each is isometric. The convolution is only slightly more complicated. Suppose 
/j — s> / and gi ^ g with respect to the inductive limit topology in rc{G,r*A). Let 
Fi{r],l) = fi{r])adgi{r]-^-f)) for each i and let F{r],-f) = f{r])an{g{r]-^j)). Then 
it is easy to show that Fi ^ F with respect to the inductive limit topology in 
rc{G * G,r*A). For instance, if the support of fi is eventually contained in the 
compact set K and the support of gi is eventually contained in the compact set L 
then the support of Fi will eventually be contained in x KL, which is compact. 
But then fi * gi and f * g are defined via integration as in Lemma 3.55. It is now 
straightforward to show that fi * gi — > f * g with respect to the inductive limit 



^Technically the * operation is conjugate linear but it is linear when viewed as a map into the 
conjugate algebra. 



We have 





c^,{f*g{r'r) = {f*9ni)- 
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topology. 



□ 



If / G Tc{G,r*A) then 7 1— > ||/(7)|| is upper-semicontinuous and compactly sup- 
ported. Therefore this function is integrable on G with respect to any Radon measure. 
This allows us to define the following norm. 

Definition 3.56. If {G,A,a) is a dynamical system we define the I-norm of / e 



Recall that we define A„ := (A") ^. 

This norm structure interacts nicely with the existing structure on Tc{G,r*A). 
Actually, the 7-norm was defined to play along, so to speak. For example, we have 
to use both supremums in the definition of || • ||/ in order to make the involution an 
isometry. 

Proposition 3.57. Suppose {A, G, a) is a dynamical system. Then the I-norm is a 
norm onVc{G,r*A). Furthermore, for f,g &Vc{G,r* A) we have ||/*5'||7 < 
and II/* 11/ = II /II/- Finally, if fi ^ f in rc{G,r*A) with respect to the inductive limit 
topology then fi—>-f with respect to the I-norm. 

Proof. First we will show that ||/||/ < 00 for all / e rc{G,r*A). Since supp/ is 
compact, and since the A" vary continuously, we can find an upper bound M for the 
set {A"(supp/)}. Wc can also increase M, if necessary, so that it is also an upper 
bound for {A„(supp/)}. However, it is now clear that ||/||/ < M||/||oo- Showing 
that II ■ 11/ is a norm is straightforward. We will restrict ourselves to showing that 
it is positive definite. Suppose / e rc{G,r*A) and ||/||/ = 0. Then, in particular, 
Ig 11/(7) IM^^'It) = all u e G^°\ Suppose /(7) ^ 0,(^) for some 7 e G. When 
restricted to G"^(^') the function 77 1— ||/(77)|| is positive, continuous, and nonzero 
at 7. Since supp A'''^'''^ = this implies that ||/(7)|MA"(7) 7^ 0, which is a 

contradiction. 

Now, suppose f,g e rc{G,r*A). Then 



r^{G, r*A) to be 
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< \\9\\i [ WmWdX'^iv) < hUfWi 

Jg 

Similar considerations show that \\f* g{'y)\\dXu{'j) < IbH/H/H/- It follows that the 
7-norm is submultiplicative. Next, we compute 

/ lir(7)IMA"(7)= / i|a,(/(7-^)*)iMA"(7) 
Jg Jg 

= [ ll/(7'')IMA"(7)= / ||/(7)IMA„(7). 
Jg Jg 

Therefore, it is clear from the definition of the 7-norm that = \\f\\i- 

Lastly suppose that fi ^ f with respect to the inductive limit topology in 
rc{G,r*A). Let K he a compact set which eventually contains supp /j and supp/. 
Furthermore, let M be an upper bound for both {X^{K)} and {Xu{K)}. Fix e > 
and observe that eventually \\f — fi\\oo < e/M. It follows that, eventually, 

/ 11/(7) - /i(7)IMA«(7) < 11/ - /dlooA"(X) < e and, 
Jg 

[ 11/(7) - /i(7)IMA„(7) < 11/ - MooXuiK) < e. 
Jg 

for all u e Thus \\fi — f\\i and we are done. □ 

Remark 3.58. While the /-norm does make rc{G,r*A) into a *-algebra it does not, 
however, satisfy the C*-identity. This means that the completion of rc{G,r*A) is 
not a C*-algebra. We will instead use the "universal norm" to construct the crossed 
product in Section 3.4. 

Corollary 3.59. Suppose {A, G, a) is a dynamical system. Then Cc{G) Q A is dense 
in rc(G, r*A) with respect to the I -norm. 

Proof. This follows immediately from Corollary 3.45 and the last statement in Propo- 
sition 3.57. □ 

3.3 Covariant Representations 

Our goal is to define the notion of a covariant representation of a groupoid dynam- 
ical system because these are the representations we will use to define the universal 
norm. However, in order to do that we first have to discuss the notion of a groupoid 
representation. 
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3.3.1 Groupoid Representations 

Because groupoids are fibred objects they must be represented on fibred objects. 
The appropriate bundle in this case is a Borel Hilbert bundle. These objects are 

relatively classical and only those proofs that seem relevant will be included. All 
of the necessary technology can be found in [Wil07, Appendix F.l]. In particular, 
the following definition and remarks are lifted straight from there. Another good 
reference for this material is [MW08, Section 7] . 

Remark 3.60. The reader may also wish to consider [Arv76, Chapter 3] where you will 
learn about analytic and standard spaces. While it is important to understand the the 
difference between an analytic space and a standard space at some point, beginners 
are advised to just ignore these Borel considerations on their first pass through the 
material. 

Definition 3.61. Suppose Sj = {H{x)}xex is a collection of separable (non-zero) 
complex Hilbert spaces indexed by an analytic Borel space X. We define the total 
space to be the disjoint union 

X*Sj:= {{x,h) : heH{x)} 

and let TT : X * 5^ ^ X be the obvious projection map. Then X * is an analytic 
(resp. standard) Borel Hilbert bundle if X * has an analytic (resp. standard) Borel 
structure such that 

(a) TT is a Borel map and 

(b) there is a sequence {/„} of sections such that 

(i) the maps : X * — > C defined by 

fn{x,h) := {fn{x),h), 

are Borel for each n, 

(ii) for each n and m, 

X ^ {fn{x)Jrn{x)) 

is Borel, and 

(iii) the functions {/„} and n separate points of X * ^. 

The sequence {/„} is called a fundamental sequence for X * ^. We let B{X * S)) be 
the set of Borel sections of X * ij. 
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Remark 3.62. We are using the same notational trickery that is described in Remark 
3.36. In particular, a section / of X * is of the form f{x) = {x, f{x)) where / maps 
X into the disjoint union of the Tii^x) and f{x) G Ti^x) for all x & X. Of course, 
/ is completely determined by / and just as in Remark 3.36 we will not distinguish 
between the two functions. 

We collect some useful facts from [Wil07, Appendix F] into the next proposition. 

However, we must first prove a useful lemma, which is an immediate consequence 
of the Unique Structure Theorem [Arv76, Theorem 3.3.5] and modeled off [Wil07, 
Lemma D.20]. 

Lemma 3.63. Suppose that (X, B) is an analytic Borel space and that fn : X ^ K„ is 
a sequence of Borel functions on X which map into countably generated Borel spaces 
Yn, and which separate points. Then B is the smallest a-algebra in X such that each 
fn is Borel. In particular, g :Y ^ X is Borel if and only if fn° 9 is Borel for all n. 

Proof. Let Bq be the smallest cr-algebra such that each /„ is Borel. Let be a 
countable generating set for the Borel structure on Y^. Then {fn^{U^)} is a countable 
family that generates Bq and which separates points. Thus B = Bq hy the Unique 
Structure Theorem. The rest of the proposition is straightforward. □ 

The following is little more than a Swiss army knife for dealing with Borel Hilbert 
bundles, although the fact that all analytic Borel Hilbert bundles are, in some sense, 
trivial is interesting in its own right. 

Proposition 3.64. Let X * S) he an analytic Borel Hilbert bundle with fundamental 
sequence fn. Then the following are true. 

(a) We have f e B{X * 9)) if and only if x ^ {f{^)-i fn{x)) is Borel for all n. 

(b) If f,g e B{X then x ^ {f{x),g{x)) is Borel. It follows that x i-^ 
is Borel. 

(c) There exists a fundamental sequence {ek} in B{X * S^) such that 

(i) for each x E X the set {ek{x)}k, minus any possible zero vectors, is an 
orthonormal basis for T-C{x) and 

(ii) for each k there is a Borel partition X = and for each {i, k) finitely 
many Borel functions where 1 < j < /(i, /c) such that 

l{i,k) 

ek{x) = (a;)/j(a;) 

for all x e -Bf . 
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Such a sequence is called a special orthogonal fundamental sequence. 

(d) There exists a Borel partition X = U Xi U X2 U . . . of X such that, if 7id is 
a fixed Hilbert space of dimension 1 < < ^^O; then X * Sj is Borel isomorphic 
to the disjoint union Ll^I^-'^d x Hd- 

Remark. These are all results in [Wil07] and we will just reference their locations 
here. Part (a) is demonstrated in [Wil07, Remark F.3]. In particular it follows from 
Lemma 3.63 and the fact that the /„ and tt separate points. (Notice that tt o / = id 
is always Borel and that X is countably generated since it's analytic.) Parts (b) and 
(c) are proved in [Wil07, Proposition F.6] and Part (d) is [Wil07, Corollary F.9]. □ 

It is worth pointing out that Borel Hilbert bundles do not usually come equipped 
with an existing Borel structure. Usually we give them one using the following 

Proposition 3.65 ([Wil07, Proposition F.8]). Suppose that X is an analytic Borel 
space and that 9) = {'H{x)}xex is a family of separable Hilbert spaces. Suppose that 
{fn} is a countable family of sections of X * such that conditions (ii) and (Hi) 
of axiom (b) in Definition 3.61 are satisfied. Then there is a unique analytic Borel 
structure on X such that X*^ becomes an analytic Borel Hilbert bundle and {fn} 
is a fundamental sequence. 

Example 3.66. Suppose G is a locally compact Hausdorff groupoid with Haar system 
A. Let L2(A) := {^^(G'", A")}„gG(o) and form the bundle G^") * L'^{\). The Borel 
structure on G^°^ * -^^('^) is determined by a sequence of sections {^n}'^=i defined as 
follows. Choose a point separating sequence of functions {/n}^i in Cc{G) and define 
: G(o) ^ * L2(A) by the formula 

Uu){l)^fn{l) for7eG". 

It follows easily from Proposition 3.65 that there is a unique Borel structure on 
* L^(A) such that G^^^ * is an analytic Borel Hilbert bundle and ^„ is a 

fundamental sequence. 

Since Borel Hilbert bundles are fibred objects, they give rise to the following 
isomorphism groupoid. This groupoid will eventually form the range of a unitary 
groupoid representation. 

Definition 3.67. If X * is an analytic Borel Hilbert bundle then its isomorphism 
groupoid is defined to be 

Iso(X * i3) := {(x, V,y):Ve U{n{y),n{x))} 
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equipped with the weakest Borel structure such that {x, V, y) i— > {V f{y), g{x)) is Borel 
for all f,g e B{X * S^). We define the set of composable pairs to be 

{lso{X * := {{{x, V, y), {w, U, z)) e Iso{X * Sj) x lso{X * S)) : y ^ w} 

and the operations to be 

{x, V, y){y, U, z) := {x, VU, z), {x, V, y)-' := (y, V\z). 

Of course, we made a number of claims in Definition 3.67 which need to be verified. 

Proposition 3.68. Suppose X*S) is an analytic Borel Hilbert bundle. Then lso{X*9)) 
is a Borel groupoid. Furthermore, Iso(X*^) is an analytic Borel space and is standard 
if X*9) is. Finally, the unit space o/Iso(X*i^) can he identified with X and under this 
identification the range and source maps are given by r{x,V,y) — x and s{x,V,y) — y. 

Proof. It is clear from the definition of the groupoid operations that Iso(X * S)) is 
a groupoid, that (x,id, x) i— > a; is an identification of the unit space with X, and 
that the range and source maps have the appropriate form. All that remains is to 
demonstrate the statements concerning the Borel structure. 

Recall from Proposition 3.64 that there is a Borel partition {X^j'^Zo' of ^ such 
that X * is Borel isomorphic to the disjoint union C = lId=o° -^d x "^d where 
Ti.d is a Hilbert space of dimension d. It suffices to sec that Iso(C) has the required 
properties. However, it is easy to check that Iso(C) is Borel isomorphic to the disjoint 
union JJ^ lso{X(i x 7id)- It is also easy to check that the trivial bundle lso{Xd x TCd) is 
Borel isomorphic to the space X^xU (Hd) x X^ where U (Hd) is given the (standard) 
Borel structure coming from the weak operator topology. Thus, Iso(X * S)) is Borel 
isomorphic to the disjoint union 

d=oo 

Y[XdX UiHd) X Xd. 

d=0 

Now, U (Hd) has a standard Borel structure. It takes an apphcation of [Arv76, Theo- 
rem 3.34], but is otherwise straightforward, to show that a Borel subset of a standard 
space is standard and a Borel subset of an analytic space is analytic. The upshot 
is that the Xd are at least analytic and are standard if X is. Thus the product 
XdXU (Hd) X Xd is at least analytic and is standard if X is. As a result Iso(X * S)) is 
analytic and is standard if X is. Finally, it is easy to see that the groupoid operations 
are Borel on XdXU (Hd) x Xd and it follows quickly that they are Borel on the disjoint 
union. □ 

The following lemma is useful because it allows us to use a fundamental sequence 
to check when a map into Iso(X * S)) is Borel, as opposed to using every section in 
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B{X*S^). It will be particularly useful for groupoid representations because condition 
(a) will turn out to be trivial. 

Lemma 3.69. Suppose X * S) is an analytic Borel Hilbert bundle with fundamental 
sequence {/„}, that Z is some Borel space, and that U : Z ^ lso{X * S)). Then U is 
Borel if only if 

(a) r oU is Borel and, 

(b) t/'n,m oU is Borel for all n, m where ilJn,m{x, V, y) = {Vfn{y), fm{x)). 

Proof. First observe that if r o [/ is Borel then s o U is Borel since s is just the 
composition of r with inversion. Using Lemma 3.63, and noting that X is countably 
generated since it is analytic, it will suffice to show that {ipn,m}, f^, and s separate 
points. Suppose {x,V,y), {w,U, z) G Iso(X * i^) such that r{x,V,y) = r{w,U,z), 
s{x, V, y) — s{w, U, z) and ipn,mix, V, y) — ipn,miw, U, z) for all n and m. This implies 
that X = w, y = z, and that {V fn{y) , fm{x)) = ([//„(?/), /^(a;)) for all n and m. It 
follows by part (iii) of Definition 3.61 that V*fm{x) = U* fjn{x) for all m. However, 
given h e H-iy) we have 



As above, it follows that Vh = Uh. This is true for all h G 'H{y) so that U = V and 



We are almost at the point were we can define a groupoid representation, but first 
we need to deal with quasi-invariant measures. This will also be our introduction 
to the modular function which has so far been missing in our treatment of groupoid 
dynamical systems. 

Definition 3.70. Suppose G is a locally compact Hausdorff groupoid with Haar 
system A. Given a Radon measure fj, on G^^^ we define the induced measures v and 
to be the Radon measures on G defined by the equations 



for all / G Cc{G). We call the measure quasi-invariant if v and i/'^ are mutually 
absolutely continuous. In this case we write A for the Radon-Nikodym derivative 
dv/dv'^ and call it the modular function of //. If A = 1 i/-almost everywhere then // 
is said to be invariant. 



{VhJmix)) = {h,V*fM) = {h,U*fm{x)) = {UhJm{x)). 



we are done. 



□ 




and 
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Remark 3.71. Suppose G is a groupoid with a Haar system A. Given a measure // 
on we will often denote the measures on G induced from jj, by the suggestive 
notation 

u :— A"(i//(w), u"^ := / \udiJL{u). 

Jg Jg 

The reason for the terminology "modular function" is that A behaves like the 
modular function for a locally compact group. We will learn more about this rela- 
tionship in Section 4.1. Moving on, we can use the following theorem to choose A so 
that it is a groupoid homomorphism from G into R^. 

Theorem 3.72 ([llah78, Corollary 3.14]). Given a quasi-invariant measure fi on the 
unit space of a groupoid G with Haar system A it is possible to choose the modular 
function of ii, A, to be a Borel homomorphism from G to M!^. Moreover, if ii' is 
another quasi-invariant measure on G^^^ that is equivalent to fj, so that jj! — gji for 
a suitable non-negative function g, and if A' is the modular function of ji' , then 
A'(7) = g((r(7))A(7)5((s(7))~^ u-almost everywhere, where v is the measure induced 
by ix. 

It is not immediately clear that there are such things as quasi-invariant measures. 
However, the following proposition shows that they are easily constructed. The details 
are thanks to Dana Williams. It is also proved in [RenSO, Pages 24,25] and detailed 
in [Muh]. 

Proposition 3.73. Suppose G is a second countable locally compact groupoid with 
Haar system A. Given a Radon measure iiq on G'(o) let vo = j^X'diioiu) be the 
measure induced by /iq- Then vq is a a-finite measure on G (but not necessarily 
finite). Let v be a probability measure on G which is equivalent to fo and define /i to 
be the image of v under the source map, i.e. ji = s^v. Then ji is quasi-invariant and, 
if /Iq was quasi-invariant to begin with then /Iq is equivalent to /i. 

Remark 3.74. The measure /i is called the saturation of /iq and is denoted by \jio\- 

Proof. To see that uq is cr-finite it suffices to produce / e C^{G, z/q) such that 7(7) > 
for all 7 e C However, since G is second countable, G is cr-compact. Let G — [jKn 
with each Kn compact, and let /„ e C'^{G) be such that fn{l) > for all 7 e Kn. 
Define 

Kfn){u) = / fn{l)d\^{l) 
JG 

for all n. Then A(/„) G C+(G*^°^) and, because jiQ is a Radon measure. 
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for all n. Wc may as well assume that we have chosen /„ such that ||/n||oo < 2 " and 
an < 2-. Then / En fn will do. 

Now let v and /i be as in the statement of the proposition and note that, by 
definition, ^jl{E) — v{s~^{E)). Looking at the characteristic functions, we see that 

Jam Jg 

For convenience we let (p be the Radon-Nikodym derivative of dv/dvo and assume, as 
we can, that ^(7) e (0, 00) for all 7 e G. 

Next, we let v' = X^dfj,{u). Since is nothing more than the composition 

of 1/ with the inversion map, for the first part of the proof it will suffice to show that 
if / is a bounded non-negative Borel function on G such that 

Jg 

then 

/ fh)di^'h) = 

Jg 

where /(7) = f{'y~^)- We now compute as follows:^ 

0= / f(l)du'(^)= [ [ f{^)d\^{^)dix{u)^ I I f{^)d\<^\^)dv{ri) 
Jg Jg(o)Jg JgJg 

which, using the definition of 0, is 

= / / f{j)dy^^\^)(j>{v)diyo{7) = [ [ [ f{l)mdy'^''\l)d\^{r])dlio{u) 
JgJg Jg(°)JgJg 

= I II f{r'l)mdy'{l)dV{r])dii^{u), 
Jg(o) Jg Jg 

where we used left invariance to get the last equality. Now, switch the order of 
integration, and use left invariance again to get 

= / / / f{v-')<l>{^v)dX'^'\v)dX\^)di,o{u)= f f fm{^r^)d\<^\n)dv^{^) 
JgwJgJg JgJg 



^Technically we need Proposition 3.109 to do these calculations. However, in the interest of not 
getting sidetracked we will postpone these considerations until the next section. 
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which, using the fact that (f) ^ — diyo/dv, is 

0=/ f f{v)H^v)m-'dX'^'\v)diyi^)- (3.7) 
Jg Jg 

Notice that, since / is non-negative and 0(7) > for all 7, we have 

~fm{r}l)m''d\<^\^) = Q (3.8) 



G 



if and only if 



/ /(77)drW(77)=0. (3.9) 
Jg 



At this point it follows from (3.7) that there exists a z/-null set N such that 'j N 
implies that (3.8) holds. Clearly N is s-saturated: s~^{s{N)) = N. Thus s{N) is 
/x-nuU and, since (3.8) holds if and only if (3.9) does, we've established that 

f{v)d\\v) = 



G 



for //-almost all u. But then 

mdi^'iv) - / / f{v)dX''{v)dKu) = 0. 
Jgw Jg 



G Jgw Jg 

For the second assertion suppose that /iq is quasi- invariant. But then if / is a 
bounded non-negative Borel function on G^^^ 

M = f f{s{7))du{j) = f f{s{imi)dM7) 
Jg Jg 

which, using the quasi-invariance of /iq, is 

/(r(7))</'(7-')A(7)c?^o(7) = / / f{r{^mr')Hl)dX^h)dl^o{u) 
G Jem Jg 



f{u) ( / 0(7-^)A(7)c^A"(7) ) d/ioi 

G(0) \Jg J 



U . 



Since 

a{u) := / 0(7-^)A(7)ciA"(7) 
Jg 

is a non-negative, (extended) real- valued function it follows that /i <^ /iq. The argu- 
ment is symmetric in /i and /iq so /xq -C // and /i is equivalent to /iq. □ 
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Being able to restrict ourselves to finite quasi-invariant measures will be useful 
later on. 

Corollary 3.75. Suppose G is a second countable locally compact Hausdorjf groupoid 
with a Haar system. Then every quasi-invariant measure on G^^^ is equivalent to a 
finite quasi-invariant measure. 

Proof. This follows immediately from Proposition 3.73 since the measure /j, con- 
structed there is finite. □ 

We are finally ready to define the notion of a unitary representation of a groupoid. 
It is perhaps notable that, unlike the group case, groupoid representations are Borel 
creatures. 

Definition 3.76. Let G be a locally compact Hausdorff groupoid with a Haar system. 
A groupoid representation of C is a triple (//, G^^'' * S^,L) where // is a finite quasi- 
invariant measure on G^^\ G^^^ * is an analytic Borel Hilbert bundle, and L : G ^ 
lso{G^^^ * S)) is a Borel homomorphism such that L{'y) — (r(7), L^, 5(7)) for some 
unitary : 7^(5(7)) 7i(r(7)). 

Remark 3.77. We have taken the quasi-invariant measure /j to be finite. The reason 
we have done this is because it is convenient. However, there is no harm in working 
with (T-finite quasi-invariant measures either. Any such measure is, at least in the 
second countable case, equivalent to a finite one by Corollary 3.75 and Remarks 3.83 
and 3.87 address how the the theory could be expanded to include the cr-finite case 
using this fact. 

Example 3.78. Let be a finite quasi- invariant measure on the unit space of a second 
countable locally compact Hausdorff groupoid G equipped with a Haar system A. Let 
G^o) * L2(A) be as in Example 3.66. Define L : G ^ Iso(G(°) * L'^{X)) by L{-f) = 
(r(7), L^, 5(7)) where : L2(G'^(t), A^W) ^ L2(G"'W, A'^W) is defined by the formula 

All we really need to show is that L is a Borel map. We will use Lemma 3.69. First, 
observe that r o L — r is clearly Borel. We must show that the function 

Jg 

is Borel for all n, m where ^„ is the fundamental sequence constructed in Example 3.66. 
However, the ^„ are given by Cniujil) — fnil) where /„ is a continuous compactly 
supported function for each n. So in this case ipn,m is actually continuous for all 
n,m. Thus the triple (/i, 6'*^°-' * L^(A),L) forms a representation of G. This type of 
representation is called the left regular representation associated to /i. 
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3.3.2 Decomposable Representations 

Now that we have covered the groupoid half of a covariant representation we have 
to deal with the C*-algebraic half. Unfortunately this is not entirely straightforward 
since we have to deal with the fibred structure on the algebras and this means working 
with decomposable operators and representations. We will not present a self contained 
exposition of decomposable operators here. Instead we will only provide those proofs 
which seem relevant. For a more complete treatment the reader is referred to [Wil07, 
Section F.3] and [Arv76, Chapter 4]. 

Remark 3.79. We will always assume, unless exphcitly stated otherwise, that all of 
our representations are nondegenerate. 

We begin by forming a Hilbert space out of a given Borel Hilbert bundle. The 
definition is fairly straightforward. 

Definition 3.80. Suppose X * i5 is an analytic Borel Hilbert bundle and is a 
measure on X. Let 



and give £^(X * S^, fi) the operations of pointwise addition and scalar multiplication. 
Let L^(X*i3, /i) be the quotient of C'^{X*Sj, fi) where functions which agree //-almost 
everywhere are identified. Equipped with the operations coming from C'^{X * S),iJ,) 
and the inner product 



Jx 

L'^{X * S), /i) becomes a Hilbert space known as the direct integral of S) with respect 
to /I. 

Remark 3.81. The fact that the integral even makes sense follows from Proposition 
3.64 and an application of the Cauchy-Schwartz inequality. The rest of the asser- 
tions made in Definition 3.80 are straightforward to verify. In any case, they are all 
addressed in [Wil07, Appendix F.2]. It is worthwhile to point out that the direct 
integral is classically denoted 



Jx 

The following proposition, which we cite without proof, guarantees that we will 
not have to deal with any nonseparable weirdness. 

Proposition 3.82 ([Wil07, Lemma F.17]). If X * 9) is an analytic Borel Hilbert 
bundle and ^ is a finite Borel measure on X then L'^{X * S), /i) is a separable Hilbert 
space. 



C'^{X*^,fi) = {/ e B{X*fj) : X ^ ||/(x)f is integrable} 
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Remark 3.83. Proposition 3.82 is one reason why we chose to restrict ourselves to 
finite quasi-invariant measures in Definition 3.76. However, as noted in Remark 3.77, 
if jj, is (j-finite then it is equivalent to a finite measure. It is easy to see that, up to 
unitary equivalence, L^{X * S), fj.) only depends on the equivalence class of /i. Thus, 
L'^{X * Sj, Ijl) is separable in the cr-finite case as well. 

We take a moment to discuss pull back Borel Hilbert bundles. 

Example 3.84 ([[Wil07, Example F.18]). Suppose that X * is an analytic Borel 
Hilbert bundle with fundamental sequence {/„} and that a :Y ^ X is a Borel map. 
Then we can form the pull back Borel Hilbert bundle 

■.= {iy,h):henia{y))}. 

We use Proposition 3.65 to give a*{X * S^) the Borel structure coming from the 
fundamental sequence {/„ o a}. It follows that / G B{X * Sj) implies that f o a E 
B{a*{X * Sj)). If 1/ is a finite Borel measure on Y and if a^v is the push forward 
measure on X then it turns out that W{f){y) = f{a{y)) defines an isometry 

W : L\X * io, a,v) L\a*{X * S)), u) 

which is an isomorphism if u is a Borel isomorphism. 

Moving on, the basic idea will be that certain representations of C*-algebras on 
the direct integral L'^{X * S^, n) can be decomposed into representations on the fibres 
7i{x). In order to make sense out of this we will eventually need the following 

Definition 3.85. Suppose that X * is an analytic Borel Hilbert bundle and /i is a. 
finite measure on X. An operator T on L^{X * S), /i) is called diagonal if there is a 
bounded Borel function e B^{X) such that 

Th{x) = 4>{x)h{x) 

for /x-almost every x. The collection of diagonal operators on L'^{X * S), /i) is denoted 
by A{X*S), jj). If e B^{X) then the associated diagonal operator is denoted by T^. 

Proposition 3.86. [Wil07, Lemma F.15] Suppose that X * ^ is an analytic Borel 
Hilbert bundle and that /i is a finite Borel measure on X. Then A{X * S),ii) is an 

abelian von Neumann suhalgehra of B{L'^{X * S^,iJ,)), and the map (f) ^ T^f, induces 
an isomorphism of L°°{X, /i) onto A{X * Sj, /i). 

Remark 3.87. As discussed, we are assuming that the measure is finite, but these 
definitions and their theory can be extended to cr-finite measures by again using the 
fact that every cr-finite measure is equivalent to a finite one. We actually do this for 
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the theory of direct integrals of operators and representations. The key fact is that 
the unitary induced by the Radon- Nikodym derivative of two equivalent measures will 
intertwine the diagonal operators, and as such will respect the theory of decomposable 
operators. In short, the finiteness of // will not be an essential part of the theory of 
covariant representations and is, as stated in Remark 3.77, a convenience. 

Now, before we can decompose representations on L^(X * i^) we have to be able 
to decompose operators. In order to do this we must have some idea of what happens 
after such a decomposition. 

Definition 3.88. Suppose X*9) is an analytic Borel Hilbert bundle with fundamental 
sequence {/n}- A family of bounded linear maps T{x) : Ti{x) — > Ti.{x) is a Borel field 
of operators if 

X ^ {T{x)fn{x)Jrn{x)) 

is Borel for all n and m. 

Of course, we would hke to see how this relates to the Borel structure on X * 9j. 

Proposition 3.89. Suppose X * S) is an analytic Borel Hilbert bundle and that we 
have a family of bounded linear maps T{x) : Ti^x) Ti.{x). We can define a bundle 
map T: X*Sj^X*Sj such that T{x, h) = {x, T{x)h) . Then T is Borel if and only 
if {T{x)} is a Borel field of operators. 

Remark 3.90. Thus, a Borel field of operators is essentially nothing more than an 
endomorphism of a Borel Hilbert bundle. 

Proof. Let ei be a special orthogonal fundamental sequence for X * i^. Suppose T is 
Borel. Then o T o is clearly Borel and, tracing through the definitions, 

Cfe o T o ei{x) = ek{x, T{x)ei{x)) = {T{x)ei{x), ek{x)). (3.10) 

For the reverse direction, suppose x {T{x)ei{x),ek{x)) is Borel for all / and k. 
We want to show that Cjt o T is Borel for all k. Well, using the Fourier Identity, 

ekoT{x,h) = {ek{x),T{x)h) = y^(e;(x), h){T{x)ei{x), ekjx)). 

I 

However, {x,h) h- > {ei{x),h) is Borel since e/ is a fundamental sequence and x i— > 
{T{x)ei{x), ek{x)) is Borel by assumption. This suffices to show that o T is Borel 
and we are done. □ 

^For the curious reader, this was actually added in after much of the thesis was finished because 
it is needed in Section 6.3. 
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Given a Borel field of bounded linear operators we would like to be able to glue 
them together to form a bounded linear operator on the direct integral of the Hilbert 
spaces. 

Proposition 3.91. Suppose X*S^ is an analytic Borel Hilbert bundle and that /i is a 
(T-finite measure on X. Let {T{x)} be a Borel field of bounded linear operators such 
that 

A := ess sup ||T(a;)|| < oo. 
xex 

Then there exists a bounded linear operator T e B{L'^{X * S^, /i)) defined by Tf{x) — 
T{x)f{x) for all f e C^iX * ^, /x) such that \\T\\ = A. 

Remark 3.92. The classical notation for the operator defined in Proposition 3.91 is 




T{x)dfj.{x). 



This, of course, is in line with the direct integral notation for Borel Hilbert bundles. 
We will also occasionally refer to T as the direct integral of the T{x). 

Proof. Let us start by supposing that /x is actually a finite measure. The first thing 
we have to do is make sure that everything is well defined. It is not too difficult to 
show that if S is the countable family of rational linear combinations of some special 
orthogonal fundamental sequence ior X * !^ then {h{x) : h E S} is dense in H{x) for 
ell X E X. This implies that 

||T(a;)||= sup \\T{x)h{x)\\\\h{x)\\~\ 
heS,h{x)¥=o 

It then follows that the function x i-^ H^^la;)!! is Borel and that taking the essential 
supremum A makes sense. 

Given a Borel field of operators and / G B{X * Sj) we have T o /(x) = T[x)f{x) 
for all x E X. Since T is Borel, we have T o / e B{X * Sj). Now, define T on 
£^(X * Sj, ^) as in the statement of the proposition and observe that Tf = T o / so 
that Tf is a Borel section. Furthermore ||T/(a;)|| < A||/(a;)|| /^-almost everywhere 
so, because x i— >• was integrable, x i— >• ||T/(a;)|p must be integrable as well. 

Hence Tf e jC'^{X*Sj, ji). It is straightforward to show that T is a linear map. Finally 

r/ir=/ mx)f{x)rd^,{x)<K' j \\f{x)fd^,{x)^^'\\ff 

J X J X 

so that T factors to an operator on LF'{X * SS) and is bounded with norm at most A. 
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Next we will show the reverse inequality. First, because of the last part of Propo- 
sition 3.64 we can assume without loss of generality that X * Sj is trivial. If not, 
decompose X * Sj a.s a disjoint union of trivial bundles X = Yid^o -^d x ^d- Then 
if we show that esssup^^g^^ 11^(^)11 ^ ll^ll d it will follow that A < ||T||. So 

assume that X*9) — XxHis trivial and note that L'^(X * i^,//) = L'^(X,H, /jl). 
Suppose /?. G 7i is a unit vector and observe that, since /i is finite, we can view h as a. 
constant function in L'^{X,T-C, fi). It follows that x \\T{x)h\\ is a scalar function in 
L'^{X,ii). Now, take / G £^(X, /x) such that ||/||2 = 1. Observe that we can define 
the function /®/i(a;) = for all x G X, that G L^{X,n), and ||/®/i||2 = 1- 

It follows that 

/ \\T{x)h\mx)\'dpi{x)^ f \\T{f^h){x)rdpi{x)^\\T{f^h)r<\\Tr. (3.11) 
Jx Jx 

We then conclude from the following general nonsense that ||T(a;)/i|| < ||T[| every- 
where off a yU-null set Nh- Let (t){x) = \\T{x)h\\'^ and define to be the multiplication 
operator on L^{X). Now, given k G L^{X) such that = 1 let f{x) = ^/\k{x)\ and 
observe that / G L'^{X) with ||/||2 = 1. It follows from (3.11) that ||M^A;||i < \\T\\^. 
Hence ||0||oo = < ||Tp. Thus, as required, there exists a /i-null set Nh such 

that X ^ Nh implies ||T(a;)/i|| < ||T||. Next, let S be the set of all rational linear 
combinations of a countable basis for Ti such that \\h\\ = 1 for all h ^ S. We can find 
a new /x-nuU set N = IJ/ies ^^^^ ^^^^ given x ^ N we have ||T(x)/i|| < ||T|| for all 
h E S. It follows that ||T'(x)|| < //-almost everywhere and we are done. 

Now suppose /J, is cr-finite. Then in the usual fashion we can find a finite measure 
1/ which is equivalent to yU. Let du/dfi be the Radon-Nikodym derivative and define 
f/ : L2(X*f),/i) ^ L2(X*^,z/) by Uf{x) = {dii/duf'^{x)f\x). It is straightforward 
to show that U is a. unitary. Since v is finite we can form the direct integral 

r® 

T' = T{x)du{x) 
Jx 

on L^(X*i5, v). This allows us to define an operator T on L^(X*^, //) by T = U*T'U. 
We immediately have = ||T"|| = A. Furthermore, we can compute 

/I \ 1/2 /, X 1/2 

T!(x) = Vrufix) = l^(x)\ T'Ufix) = i^(x)\ nx)Uf(x) 

We can now "integrate" operators and will shortly describe how to integrate rep- 
resentations. Our eventual goal will be to show that Co(-^)-linear representations all 
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have this form. 

Proposition 3.93. Suppose X is a second countable locally compact Hausdorff space, 
A is a separable Cq{X)- algebra, X * is an analytic Borel Hilbert bundle and fi is a 
a-finite measure on X . Given a collection of representations : A{x) — > B(TC{x)) 
for all X E X such that given a E A the set {7Tx{a{x))} is a Borel field of operators 
then we can form a representation 

/■e 

TT = / 'K^dlji(x) 
JX 

of A on L^{X * Sj, /i) called the direct integral and defined for a & A by 

/•e 

7r(a) = / Tr^{a{x))dijL{x). 
Jx 

Remark 3.94. Of course, vr = n^dfi^x) is just the classic direct integral notation 
of representations. In fact, as long as you are willing to confuse tTx with its lift to 
A, Proposition 3.93 and the upcoming Proposition 3.99 are just the classic theory of 
decomposable representations. 

Proof. Let {tCx} be as above. Given a E A we assumed that {7ix{a{x))} is a Borel 
field of operators. Since ||7r3;(a(a;))|| < ||a(a;)|| < ||a|| for all x e X, it follows that 
{Trx{a{x))} is bounded by ||a||. Therefore we can form the direct integral 

/■e 

7r(a) = / 7rx{a{x))dijL{x). 
Jx 

All we need to do is show that tt preserves the algebraic operations. However, given 
/ e L^(X * i^, ij,) we have 

7r{a + b)f{x) = 7rx{{a + b){x))f{x) = 7r,(a(x))/(x) +7r,(6(x))/(x) = (7r(a) +7r(6))/(x). 

It is just as easy to show that the rest of the operations are preserved. □ 

Now that we know what "integrated" operators and representations look like we 

can define the decomposable ones. 

Definition 3.95. Given an analytic Borel Hilbert bundle X *Sj and a finite measure 
H on X, an operator T G B{L'^{X * S^,iJ,)) is called decomposable if there exists an 
essentially bounded Borel field of operators {T{x)}x&x such that 
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This lemma shows that the decomposition of an operator is unique almost every- 
where. 

Lemma 3.96 ([Wil07, Lemma F.20]). Suppose that X * S) is a Borel Hilhert bundle 

and that fi is a finite measure on X . Let {T{x)} be an essentially bounded Borel field 
of operators and let T be the direct integral operator on L'^{X * S), /i). 

(a) IfT — then T{x) — for ji-almost all x. 

(b) // {T'{x)} is another essentially bounded Borel field of operators such that T — 

T'{x)diJ,{x) then T'{x) — T[x) for ^-almost all x. 

Proof. Clearly it suffices to prove part (a). Let {e;} be a special orthogonal funda- 
mental sequence. Then ei e L^(X * i^, /x) for all / and for all I and k we have 

{T[x)ei{x)\ek{x)) = for //-almost all x. 

It follows that T{x) — almost everywhere. □ 
Now, if T is the direct integral of a Borel field of operators {T(a;)} then, for all 

0eL-(x,/i), 

TT^{f){x) = 4>{x)T{x)f{x) = Wfix). 

Thus, T is in the commutant of the von Neumann algebra A(X * i^, /x). It is a deep 
result that this characterizes the decomposable operators. 

Theorem 3.97 ([Dix81, 11.2.5 Theorem 1]). Suppose that X * is an analytic Borel 
Hilbert bundle and that /i is a finite measure on X. Let T e B{L'^{X * ^, //)). Then 
T is decomposable if and only if T is in the commutant of the diagonal operators 
A{X*Sj,pi). 

The reason we went through all of this is that we would like to use this decompo- 
sition theorem to decompose certain representations of Co(-'^)-algebras so that they 
are given by direct integrals as in Proposition 3.93. 

Definition 3.98. Suppose X is a second countable locally compact Hausdorff space, 
A is a Co(X)-algebra, X*^ is an analytic Borel Hilbert bundle and // is a finite Borel 
measure on X. We say a representation t: : A ^ B{L'^{X * S^, /j,)) is Co{X) -linear if 

Tr{(f) ■ a) = T^7r{a). 

for all a e ^ and e Cq{X). 

This definition tells us what kind of representations are decomposable, so now lets 
decompose them. 
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Proposition 3.99. Suppose X is a second countable locally compact Hausdorff space, 
A is a separable Co{X)'algebra, X * is an analytic Borel Hilbert bundle and fi 
is a finite Borel measure on X . Given a Cq{X) -linear representation of A on 
L^{X * S),IJ^) there exists possibly degenerate representations tt^ '■ A{x) — > B((H{x)) 
such that given a & A the set {7r-E(a(x))} is an essentially bounded Borel field of 
operators and 



J X 

Furthermore, the representations are nondegenerate fi-almost everywhere and are 
uniquely determined up to a ii-null set. 

Remark 3.100. Given vr and A as above we will generally refer to {vr^} as a decom- 
position of TT and call tt the direct integral of {kx}- 

Proof. Suppose a & A and let implement the Co(X)-action on A. Then 



where wc used the fact that is in the center of the multiplier algebra. Thus 

7r(a) G (A(X * S^)y and it follows from Theorem 3.97 that there exists a Borel field 
of bounded linear operators {7r^(a)} such that 7r(a) = 'n''j.{a)dfi{x). 

Define TT^ : A — > B{T-C{x)) such that 7r^(a) is given by the above decomposition. 
We would be done if not for the fact that each tt^ is only a representation "almost 
everywhere." Now, it uses the separability of A in a fundamental way, but we can 
actually make our choices so that each vr^ is a *-homomorphism. The details are 
worked out for a slightly different context in [Arv76, Section 4.2] and have also been 
included here. Suppose a,b E A. It is clear that {7r^(a) + 7r^(&)} is an essentially 
bounded Borel field of operators. As such we have the direct integral 



Thus T = 7r(a) + 7r{b) = 7r(a + b) and {vr^(a) + 7r^(&)} is another decomposition for 
7r(a + b). It follows from Lemma 3.96 that there exists a ^-null set Na^ such that for 
all X ^ Na^b we have 7r^(a + b) = n'^{a) + 7r^.(6). Now, by enlarging Na^ we can use 
similar arguments to assume that for x ^ Na^i, we have 




T^7T{a) = 7r($A(0)a) = 7r($A(0)a*)* = (T^7r(a*))* = 7r(a)r^ 




Furthermore, it is clear that for all f E L'^ 



{X * ^) we have 



Tf{x) = <(a)/(a;) + = 7r(a)/(a;) + 7r{b)f{x). 



7r;(a + 6)=<(a)+<(6), 



(3.12) 
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<(a6) =7r;(aX(6), 

<(a*)=<(a)*, and 
7r^(Aa) = A7r^(a) for all A e 



(3.13) 
(3.14) 
(3.15) 



Let {tti} be a countable dense sequence in A and let N = \JijNa^,aj- Then is a 
/x-nuU set and for ell x ^ N we know that the identities (3.12)-(3.15) hold for any 
elements of {oj}. Let S be the countable family of all finite sums of elements of the 
form rbi ■ ■ - bn where r G Q + iQ and 6i, . . . , 6„ G U {a^ }• It is straightforward to 
show that, for all x ^ N, (3. 12)- (3. 15) extend to all of S. It follows from Proposition 
3.91 that given a E S we have ||7r^(a)|| < ||7r(a)|| < ||a|| for /^-almost all x. Thus, 
by enlarging N by another countable family of null sets, we can assume that given 
X ^ N we have 

" " ^" < Hall 



for all a & S. Thus tt^ is a bounded *-homomorphism on the normed *-algebra S. 
Therefore, given x ^ N we can extend n'^ to a >K-homomorphism tTx A ^ B(7i[x)). 
If X & N we let tt^ be the trivial representation on Ti^x). 

Now we must show that {7tx{o,)} is also a decomposition of n{a) for all a G A. 
Suppose a G A, that Oj. a, and that {/„} is a fundamental sequence. Fix n and 



m and let : X 
defined by 0j(a;) 



C be defined by 0(,t) = {7rx{a)fn{x)\fm{x)) and 0j 
(7r^(aj,)/„(a:)|/m(a;)). Then forx^N we have 0(a;) : 



X C be 



Since the pointwise limit of Borel functions is Borel, it follows that (f)]^ is Borel. 
However, (j){N) = so that (p must be Borel everywhere. It follows that {nx{o,)} is a 
Borel field of operators that is clearly bounded by ||a||. Now, given a G ^ let {ai.} 
be a sequence in {at} converging to a. It is not difficult to use the fact that fcx is an 
extension of tt^ from S and the fact that each jt^ is a homomorphism to check that 



n'^{a)di^{x) 



X 



Ttx{a)diJ,{x) 



X 



< 



7r'^{a)d^{x) 



X 



X 



= ||7r(a) - 7r{ai.)\\ 
< 2\\a - a,-. II 0. 



7r'^{ai.)d^i{x) 



TTx{au - a)dii{x] 



nx{ai)dii{x) 



TXx{a)diJi{x) 



Hence 7r(a) = 7i'^{a)dn = nx{a)dfj. and, as claimed, we can decompose tt so that 
each TT-r is a homomorphism. 

Next, we show that the tTx are nondegenerate almost everywhere. This proof is 
taken from [Arv76, Proposition 4.2.2]. Let be an approximate identity for A and 
observe that, because tt is nondegenerate 7r(ai) id strongly. Let cj he a special 
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fundamental orthogonal sequence oi X * and note that ej e JC'^{X * S), /jl) for all j. 
Now, we compute 

lim ||7r(aj)ej — ej|p = lim / \\7rx{o,i)ej{x) — ej{x)\\'^diJ,{x) = 

i— >oo i— »oo J 

for all j. Since convergence in mean implies a subsequence converges almost every- 
where it follows that for each j we can find a subsequence i^. such that 



lim \\%^{ai )ej{x) - ej{x)\\ = 

K—*00 J 



for all X not in some null set Nj C X. By induction we can arrange that the {j + l)st 
subsequence is a subsequence of the jth. Then consider the diagonalization {^ik^}- 
As long as X ^ (J ■ Nj we have 



lim \\%^{ai )ej{x) - ej{x)\\ = 

fc— »oo " 



for all j. Since the {ej{x)} form a basis for 7i{x), this is enough to show that tTx is 
nondegenerate almost everywhere. 

Now, let Ix be the ideal in A such that A{x) — A/I^. We would hke to claim 
that Ix C kerifx for all x e X. However, we are going to have to deal with more 
almost everywhere nonsense. Recall that is generated by elements of the form ■ a 
where a E A and 4> £ Cq{X) such that 4>{x) = 0. Given a E A, (p E Cq{X) and 
f e jC^{X * S)) we have 

/■e re 
/ 7rx{(j) ■ a)djji{x)f = 7r(0 • a)f = T^n{a)f = TTx{o)djji{x)f 
Jx JX 

where is the diagonal operator associated to 0. This implies that there exists a 
null set N{(f),a, f) such that 

7rx(0 ■ a)f{x) = (f){x)7ix{a)f{x) 

for all x ^ N{(f),a,f ). However, if wc let {0j} and {aj} be countable dense subsets 
of Co{X) and A, respectively, and e/ a special orthogonal fundamental sequence of 
X * Sj then we can pick a single null set N — [J iV(0j, a^, e^) such that given x ^ N 
we have 

7f^(0j • aj)ei{x) = (f)i{x)7tx{aj)ei{x) 

for all Since each {ei{x)} forms an orthogonal basis for H{x) (plus some zero 

vectors) it follows that given x ^ N we have nx{(l)i ■ a.j) = (l)i{x)nx{aj) for all 
By continuity we get tTx{4> ■ a) — 4>{x)Tfx{a) for all 4> G Cq{^) and a e A as long as 
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X ^ N. Thus, for x ^ N, we get Ix C kcinx and we can assume that this is true 
ah of the time by setting vr^: = on A^. Furthermore, since we have only changed 
{^x{(i)} on a null set we still have 7r(a) = 7tx{a)diJ,{x) for all a E A. Now let tt^ be 
the factorization of tt^ to A{x) for all x E X. Then, since 'Kx{a{x)) = TTx{a) for all x, 
{7rx{a{x))} is clearly a bounded Borel field of operators for all a e A and we have 

7r(a) = / TTx{a)d^x{x) = / TTx{a{x))dn{x). 
Jx Jx 

This yields the required decomposition of tt to the fibres A{x). Furthermore, since 
the factorization of a nondegenerate representation is nondegenerate, the tt-t are non- 
degenerate almost everywhere. 

Finally, suppose px is also a decomposition of tt as in the statement of the propo- 
sition. Then it follows from Lemma 3.96 that for each a e A there exists a /x-nuU 
set Na such that for all x ^ A^^ we have Tixi^) = Pxi^)- Let be a countable dense 
set in A and let N = [jN^^. Then N is still yU-null and it follows from the fact that 
representations of C*-algebras are continuous that 7ix{a) = Px{cl) for all a G /I and 
all x^N. □ 

It is a useful fact that, at least in the separable case, every representation of 
a Co(X)-algebra is equivalent to a Co(X)-linear one. The following theorem is a 
restriction of [Dix77, Theorem 8.3.2]. 

Proposition 3.101. Suppose X is a second countable locally compact Hausdorff 
space, A is a separable Cq{X) -algebra and p is a separable representation of A on 
Hp. Then there is an analytic Borel Hilbert bundle X * and a finite measure p, 
on X such that p is unitarily equivalent to a Co{X)-linear representation of A on 
L\X*Sj,p). 

Proof. Suppose the Co(X)-action on A is given by ^a- Given p as above we can extend 
p to the multiplier algebra and obtain a representation p' = p o of Cq{X) on Hp 
which is nondegenerate because $^ and p are. It is a deep result ([Wil07, Theorem 
E.14],[Arv76, Pages 54-55]) that p' is unitarily equivalent to a representation of the 
form 

on 

{L'^iX^, Poo) ^ Woo) ® L'^{Xi,pi) ® {L^{X2, P2) ® 7^2) © • • • 

where each p^ is a finite Borel measure on X with pn disjoint from pm if n 7^ m, 
Pn„ is the representation of Co{X) on L'^{X,pn) given by Pn^{(f))h{x) — (f){x)h{x) for 
all (j) G Co{X) and h G L'^{X,pn), and Hn is a fixed Hilbert space of dimension 
< n < 00. Since there is no harm in replacing pn by a scalar multiple of pn we can 
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assume without loss of generality that < 1/2". Let X„, = supp //„ and observe 

that Xn is a Borcl partition of X. (If we are missing any bits just throw them into Xi 
and give them zero measure.) Let X * he the disjoint union U^l[^ Xn x 7i„. It is 
easy to see that is an analytic Borel Hilbert bundle [Wil07, Example F.5]. Now 

let II — /In and note that // is a finite Borel measure on X. It is straightforward 
to see [Wil07, Corollary F.12] that 



L^{X *^,ii) = (L^X^, fxoo) ® Hoo) ® L^iXi, fii) © (L2(X2, 112) ® 7i2) © • • • 



and that the isomorphism is given by sending a section in L^(X * Sj,ij,) to the sum 
of the appropriate restrictions to each subfactor. However, once we untangle all of 
the definitions it follows that this isomorphism intertwines p with the representation 

of Co{X) on L^(X * given by P/i(0) = for all (f) G Co(X) where is 

the diagonal operator associated to 0. (Notice that (0) is exactly the "diagonal" 
operator associated to in L^(X, /i„).) 

Next, let U : Tip L'^[X * Sj,fi) be the unitary intertwining p' and and let 
7r(a) = Up{a)U*. Then tt is unitarily equivalent to p by construction and we can 
compute that 



7r($^(0)a) = Up{^A{cl>))U*Up{a)U* = Up'{cj>)U*n{a) = p^(0)7r(a) = T^n{a). 



Remark 3.102. Of course, combined with Proposition 3.99, this implies that every 
separable representation of a separable Co(X)-algebra is unitarily equivalent to a 
direct integral of representations of the fibres. 

At this point we are finally ready to define what it means to be a covariant 
representation of a groupoid crossed product. 

Definition 3.103. Suppose (^4, G, a) is a separable groupoid dynamical system. A 

covariant representation (p, G^'^^*S),7r, U) of (A, G, a) consists of a unitary representa- 
tion (p, G''^°^*i3, [/) of G and a Co (G'-'^-')-linear representation TT : A B{L'^{X*Sj, /i)). 
Furthermore, if {tTx} is a decomposition of tt and u is the measure induced by p we 
require that there exists a i/-null set such that for all 7 ^ A^ we have 



Remark 3.104. To conserve notation we will sometimes denote a covariant repre- 
sentation by (tt, U) and will understand that the groupoid representation includes a 
quasi-invariant measure and a Borel Hilbert bundle. 

We end this section with an example of a very important class of representations. 
Unfortunately, the example is fairly technical and requires technology we have not 



Thus TT is Go(X)-linear. 



□ 



Uj7rs('y){a) — 7rr{j){oi^{a))U^ for all a e ^1(5(7)). 



(3.16) 
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introduced here. The following attempts to describe a coherent construction but 
certainly does not include all of the relevant details/'' One of the things to take away 
from this example is that dealing with covariant representations directly is messy. 
We will develop tools in the next section which will allow us to get around these 
difficulties. 

Example 3.105. Suppose {A,G,a) is a separable groupoid dynamical system and tt 
is a separable representation of A. Using Proposition 3.101 wc can assume without 
loss of generality that there exists a Borel Hilbcrt bundle X * 9) and a finite measure 
H such that tt is a Co(G*^°-*)-linear representation oi A on L'^{X * S^, /j,). As such there 
is a decomposition 

TT = TTudlJ,{u) 
Jg(0) 

coming from Proposition 3.99. Next, let [fj] be the saturation of /i and u — /^(o) X^d/i 
be the measure induced on G by fi. Wc use [Wil07, Theorem 1.5] to decompose v 
with respect to the source map to get measures Uu on Gu such that 

= / / f{x)duu{x)d[ii]{u). 
Jg(o) jg 

We denote the image of Vy, under inversion as i/". Observe that i/" is a Radon measure 
on G". Now, use Example 3.84 to form the pull back bundle s*{G^^^ * ^). We define 

]C{u) = L\s*{G^^Ks))\gu,u^) 

for all u e G^^\ In other words, lC{u) is the L^-space of maps from G^ into * 
such that /?.(7) G Ti.{s{j)) for all 7 G G". Since each z/" is finite, this is a collection 
of separable Hilbert spaces which we then form into the bundle G^'^^ * ^. Now, let 
fn be a fundamental sequence for s*{G^^^ * S^) and 0^ a sequence of point separating 
functions in Cc{G). We then define a fundamental sequence on G^^^ * ^ by 

9n,m{'^){l) ■■= 4>m{l)fn{l)- 

It is straightforward to show that Proposition 3.65 implies that we can use the gn,m 
to make G^°^ * ^ into an analytic Borel Hilbert bundle. 

Let A be the modular function coming from [/x]. Now, it takes a lot of work, is 
not at all obvious, and currently there is no decent reference,® but we can modify the 
I/" on a null set so that 7 • i/^^'"') = A(7)z/'''^'>') for all 7 G G. This allows us to define a 
unitary 

L, : L\s*{G^^U9i)\as,,,y^'^^) ^ L\s* {G^'U ^)\ar(,) y^^^) 

■^Many thanks to Jon Brown and Dana Williams for allowing me to use their notes as a reference. 
^There is a proof of this fact in the personal notes of Dana Williams. 



130 



3.4 The Groupoid Crossed Product 



by L^hij]) = A(7)^/i(7~-'-77) for all rj E G'^^'^\ This is just a souped up version of 
the left regular representation from Example 3.78 and it is not hard to see that 
L : G — >• Iso(G*^°) * ^ such that ^^(7) = (^"(7), -^^7, -5(7)) defines a representation of G. 
Finally, we define tt : A ^ L'^{G^°^ * ^, [fj]) by 

for a e A and ^ e L^(G(°) * [/x]). It takes some work but one can show that tt is a 
Co(G^°^)-hnear representation of A and that its decomposition is given by 

7r«(a)/t(7) = 7r,(^)(a-^(a))/i(7). 
for a e A{u) and h e }C{u). Finally, given 7 e G, we can observe that 

= A(7)57r,(,)(a-_\^(a))/i(7-S) 

= (7f,.(7)(Q;7(a))L^/i)(77) 

for a e A(s(7)), /i G /C(s(7)) and G G^W. Thus * Jl,7r,L) is a covariant 

representation of (^4, G, a) called the left regular representation. 

3.4 The Groupoid Crossed Product 

We start with a couple of useful propositions that are mildly interesting from a mea- 
sure theoretic point of view. The following proofs were communicated to me by Dana 
WiUiams.^ 

Definition 3.106. Suppose that X and Y are locally compact Hausdorff spaces. A 
family {p^j^gy of Radon measures on X is called a Radon family of measures on X 
if 

[ f{y)dpy{x) (3.17) 
J X 

is a bounded Borel function supported on a compact set for all / e Cc{X). 

Example 3.107. The most common example of a Radon family of measures will be a 
Haar system on a groupoid G. 



^Thanks Dana! 
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Remark 3.108. Suppose X and Y are locally compact Hausdorff spaces and {p^} is a 
Radon family of measures on X. Then if /i is any Radon measure on Y setting 

i^if) ■.= 11 f{x)dpy{x)d,i{y) (3.18) 
Jy Jx 

for all / e Cc{X) defines a radon measure v on. X called the induced measure. Our 
goal will be to see that (3.18) extends to a much wider class of functions. 

Proposition 3.109. Suppose X and Y are second countable locally compact Haus- 
dorff spaces and {p^} is a Radon family of measures on X. Let /i be a Radon measure 
on Y and let u = J p^fi^u) be the induced measure as in Remark 3.108. Given a pos- 
itive Borel function f we define p{f) on Y by 

p{f){y) ■■= f f{x)dpy{x) (3.19) 
Jx 

Then p{f) is a positive extended real valued Borel function on Y and we have 

f f{x)du{x) = / p{f){y)dp{y). (3.20) 
Jx Jy 

Furthermore if f is a u-integrable Borel function then we define p{f) on Y by 
(3.19) whenever f is p^ -integrable and p{f) = otherwise. Then in this case p{f) is 
a Borel function on Y and (3.20) still holds. 

Remark 3.110. When convenient we will use (3.18) instead of the more formal (3.20). 

Remark 3.111. We will use the following notation. Given a locally compact Hausdorff 
space X we will let B{X) denote the set of Borel functions on X and B^^{X) denote 
the set of bounded Borel functions which vanish off a compact set. We will let B^{X) 
denote the positive Borel functions and B'^'^{X) denote the set of positive extended 
real valued Borel functions. 

We will prove Proposition 3.109 via a series of lemmas. 

Lemma 3.112. /// e Bl{X) then p{f) e Bl{Y). Iff e B+{X) then p{f) e B+'%Y). 

Proof Note that p{f) is defined if / e Bl{X) or / e B+{X), although in the latter 
case the function may take infinite values. If / G Bl{X) then there is a e C+(X) 
such that I /I < g. Then 

|P(/)I<P(I/I)<P(^)- 

Since {p^} is a Radon family, p{g) e Bl{Y), and it follows that p{f) is bounded and 
must vanish off a compact set. Thus if / G Bl{X) then p{f) e Bl{Y) exactly when 
p{f) is Borel. 
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Now let U C X he a, relatively compact open set. Let 

A:={f e B\U) : p(/) is Borel}. 

Then Cc{U) C A. The Dominated Convergence Theorem imphes that A is closed 
under monotone sequential limits. Then [Ped89, Proposition 6.2.9] implies that A = 
B^{U) C i3^(X). Since this holds for any relatively compact open set we see that 
p{f) e Bl{Y) for any / e Bl{X). If / G B^{X) then, since X is (7-compact, we can 
find /„ e Bl{X)r\B+{X) such that /„ / /. We then see that p{f) e B+^%Y) by the 
Monotone Convergence Theorem. □ 

Lemma 3.113. We get a measure V on X via 

P{E) :^ I I XE{x)dpy{x)dM 
Jy j X 

for any Borel set E G X. 

Proof. Since p{xe) is in B'^'^{Y) we know P is defined on all Borel sets E. Clearly 
p(0) = 0. To see that u is countably additive requires only a couple applications of 
the Monotone Convergence Theorem. □ 

Lemma 3.114. For all f e B+{X) 

v{f) I f{x)dv{x) f{x)dpy{x)dp{y). (3.21) 

In particular, v is a Radon measure on X . 

Proof. By linearity, (3.21) holds for all nonnegative simple functions. But if / G 
B^{X) then there are nonnegative simple functions /„ /" /. Thus (3.21) holds for all 
/ G B^{X) by the Monotone Convergence Theorem. 

Since X is second countable, to see that P is a Radon measure just requires that we 
demonstrate that P(i^) < oo for all compact sets K (Z X [Rud66, Theorem 2.18]. But 
we can find g G C+(X) such that g{x) — 1 for all x e K. Then P{K) < V{g) < oo. □ 

Proof of Proposition 3.109. li f E B'^{X) then the assertions about p{f) are taken 
care of by Lemma 3.112. Furthermore, u and P are Radon measures that agree on 
Cc{X). Thus, V = v which implies that (3.18) holds as required. 

Now suppose / is i/-integrable. Then / is P-integrable and we can decompose / 
as the sum of four positive P-integrable functions f = fi — f2 + ifs — if a- However 
it now follows that, for each i, p{fi){y) < oo for //-almost all y. Therefore, / is p^ 
integrable and p{f) is defined by (3.19) /i-almost everywhere. The fact that (3.18) 
holds for / now follows from the fact that it holds for each fi and by linearity. □ 
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The following result is contained in [Ram71, Lemma 5.2] or [Muh, Lemma 4.9]. 
However, both of those references make use of measured groupoids, so a measured 
groupoid free proof is provided here for convenience. This result is particularly useful 
when dealing with the fact that the covariance relation for covariant representations 
only holds almost everywhere. 

Definition 3.115. Suppose G is a groupoid and iV is a G-invariant subset of G^^\ 
Then the restriction of G to N is defined to be 

G\m := r-\N) = {7 e G : r{j), 5(7) e N}. 

Lemma 3.116. Suppose G is a second countable locally compact Hausdorff groupoid 
with Haar system A and ji is a finite quasi-invariant measure on G^^\ Let v — 
/g(o) ^^dii{u) and suppose is a v-conull subset of G. IfE is closed under multipli- 
cation then there exists a G -invariant ji-conull set N C G^°^ such that G\n is conull 
and G\]si C S. 

Proof. Set El = EnE"-*^ = {7 e G : 7, 7"^ e E}. Then Ei is a groupoid contained in 
G (whose unit space may be smaller than G^^"*) and contains a z/-conull Borel subset 
B of G. It follows from Proposition 3.109 applied to the characteristic function of 
G \ B that if B is conull with respect to v then there must exist a yU-conull set U 
such that A"(G" \ 5) = for aU ueU. Now, let = rir'^iU) n s-^{U)). Clearly 
is a Borel set. It is straightforward to show that r~^{U) is i/-conull and s~^{U) 
is z/~^-conull. However, v is equivalent to i/"^ so that r~^{U) n s~^{U) is i/-conull. 
It then follows relatively quickly that N is ^u-conull and G-invariant. Furthermore, 
the previous argument also shows that G\n is conull. We would like to see that 
G\isi C El. Suppose 7 G G\n and let u = r(7) and v = 5(7). Then u,v E U so that 
G^nB and G'" (1 B are A"-conull and A^'-conuU, respectively. However, A is invariant 
so 7 • (G'' n B) is A"-conull. It follows that the intersection G" n 5 n 7 • (G^ n 5) is A"- 
conull and therefore nonempty. Thus there exists rj E B (ZT} such that r{r]) — 5(7) 
and 77; e 5 C E^. But E^ is a subgroupoid so therefore 7 e E^. □ 

This leads us, as promised, to the following proposition. This will be extremely 
useful when dealing with covariant representations because it will allow us to restrict 
our attention to a conull subgroupoid (what some people call an inessential contrac- 
tion) on which the covariance relation (3.16) holds. 

Proposition 3.117. Suppose {A, G, a) is a separable groupoid dynamical system and 
{fj,,G^^^ *Sj,TT,U) is a covariant representation of {A,G,a). Then there exists a G- 
invariant ji-conull set N C G^^-* such that (3.16) holds on all of the conull subgroupoid 
G\n- 
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Proof. Let S be the set of 7 G G such that (3.16) holds and let u — Jg,(o) \^diJi{u). 
By definition S is z/-conull. Since U and a are both homomorphisms, it is not hard 
to see that S is closed under multiplication. However the result then follows from 
Lemma 3.116. □ 

The following construction is a key aspect of crossed product theory. It is (mostly) 
developed in [MW08, Section 7] but is so fundamental that it has been reproduced 
here. 

Proposition 3.118. Suppose (A, G, a) is a separable dynamical system and that 
(/i, G^^'' * ^, TT, U) is a covariant representation. Let tt = J^(„) 7r„(i^ be a decompo- 
sition of TT. Then there is an I -norm decreasing, nondegenerate, * -representation 
n>^U ofrc{G,r*A) on L^{G^^U S^, fj,) given by 

TT X U(f)h(u) = / 7r„(/(7))C/^/i(s(7))A(7)-^^^A"(7) (3.22) 
Jg 

for f e rc{G,r*A), h G jC^ {G^^^ * Sj , /j.) , andu e where A is the modular function 
from Definition 3.70. 

Furthermore, given h,k E jC^{G^^^ dnd f G Tc{G,r*A) we have 



(tt X U{f)h,k) = / {nri^){f{^))U,h{s{^)),k{r{^)))A{^r-^du{^) (3.23) 
Jg 

where v is the measure induced by /i. 

Proof. Using the quasi-invariance of fi and the Cauchy-Schwartz inequality in T-C{x) 
and L\G, u) we have, for all / G T^{G, r*A) and h,k e C\G^^^ * i^, /^), 



|(7r,(,)(/(7))C/,M«(7)),MK7)))|A(7)-^M7) 
< / ||7r.(,)(/(7))||||t/,/i(.(7))IIIIMK7))l|A(7)-^ci^7) 



G 

< / ||/(7)IIIIM^(7))IIIIMr(7))l|A(7)-^ciK7) 
Jg 

<l^ll/(7)IIIIM5(7))irA(7)-^ciK7)''' 

1/2 

||/(7)||||fc(r(7))irdK7) 



G 

1/2 

2, 



Ig(o) Jg 
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(f [ ||/(7)IMA"(7)||A;(«)irrfM«) 
\Jg(o) Jg 

<(ll/l|/||^ir)'^'(ll/lkl|A:|r)'''' = ||/||/||/^||||A:||. 

Thus 7 H- >• (7r^(^)(/(7))t/-y/i(s(7)), A;(r(7)))A(7)~^ is an integrable function, and, using 
elementary tensors, it is straightforward to see that it is Borel. Equation (3.23) now 
follows quickly from Proposition 3.109. Let R — n >\ U. It then follows from the 
above calculation that 

\{R{mk)\ < [ |(7r.(,)(/(7))t/,M5(7)),Mr(7)))|A(7)-^ci^7) < ll/ll/ll/^llll^ll- 
Jg 

This is enough to show that R is /-norm decreasing. 

It is clear that R is linear. We show now that R is multiplicative. Using Propo- 
sition 3.117 we can assume that there is a /x-nuU set N such that the convolution 
identity holds on all of G|jv. If /, ^ e TdG, r*A), h e £^((-(0) ^ ^) emd u e N we 
have 

R{f*g)h{u)= f 7r.(/*^(7))t/,M^(7))A(7)-^dA"(7) 
Jg 

Jg Jg 

Jg Jg 

= / ^uifiv)) I n^{aM^mr,,h{s{^))A{r)^)-Ux^^^\-f)dX\rj). 
Jg Jg 

Recall that Theorem 3.72 says that we can choose A to be a homomorphism. Using 
the fact that C/ is a homomorphism, as well as the covariance relation, we get 

R(f*g)h(u)^ f nMvW, f nMl))U,h(<l))A(^)-"^dy^^\^)A(rj)-'^dX-{rj) 
Jg Jg 

= / nu{f{v))U,R{9)h{s{ri))A{n)-hx\ri) 
Jg 

^ R{f)R{g)hiu). 

Next, we will prove that R preserves the involution. It is straightforward to 
show that A{'y)~2du{j) is invariant under inversion. Using this fact we have, for 
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appropriate f,h and k, 

{R{nh,k)= f (7r,(^)(r(7))t/-,/i(s(7)),^(r(7)))A(7)-^c^z.(7) 
Jg 

= I (7r.(,)K(/(7-')*))^7/^(5(7)),fc(r(7)))A(7)-^cii^(7) 
Jg 

= / (7r,(,)«(/(7)))*C/;MK7)),M«(7)))A(7)-^rfW7) 
Jg 

= I (/.(r(7)),C/,7r,(,)(a-^(/(7)))M«(7)))A(7)-^rf^(7) 
Jg 

= I (/i(r(7)),7r,(,)(/(7))f/,^(s(7)))A(7)-^c^i.(7) 
Jg 

^{h,R{f)k). 

It follows that i? is a *-homomorphism. 

The last thing we have to prove is that R is nondegenerate. Suppose {R{f )h, k) = 
for all / G Tc{G,r*A) and h G L^{X * S^iii). Let e; be a special orthogonal 
fundamental sequence in Li^^X * S^, fi) and a countable dense set in A. Since G 
is second countable it is cr-compact and we can find a countable set of functions 
0n G Cc{G)^ such that for all 7 G G there exists such that 0n(7) = 1- Now let TYo 
be the countable set of rational linear combinations of ei and observe that 

Q = {R{(t)n®a,)h,k) = [ 0„(7)(7r,(^)(a,(r(7)))t/Xs(7)),A;(r(7)))A(7)-irfi/(7) 

Jg 

for all n,i and h G Hq. Since this is a countable family there exists a i/-null set N 
such that, for all 7 ^ A^, we have 

0n(7)(7rr(7)(«i('^(7)))^7^(s(7)),^(^^(7))) 

for all n,i and /i G Tio- Now = i'{N) = J^^;,,) \^{N)dfi{u) so that there exists a 
//-null set M such that A"(iV) = for all -u ^ M. Furthermore, by making M a little 
larger if necessary, we can assume that tt^ is nondegenerate for all u ^ M. Then given 
u ^ M choose some 7 G G" such that ^ ^ N and n such that 0„(7) = 1. Then 

(7r„(a,(ii))[/^/i(s(7)), = (3.24) 

for all i and /i G TYq- Now, observing that {e;(s(7))} forms an orthogonal basis for 
'H{s{'^)) (plus zero vectors) and that is a unitary, it follows that {U-yh{s{'^))}h&'Ho 
is dense in 7Y(r(7)). Furthermore, {aj(-u)} is dense in A{u) and 7r„ is nondegenerate so 
{7ru(ai(M))t/-y/i(s(7))} is dense in 7i(r(7)). It now follows from (3.24) that k{u) — 0. 
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Since this is true //-almost everywhere, we have k — and that R is nondegenerate. 

□ 

This brings us to the most important tool in the theory of groupoid crossed prod- 
ucts. The following theorem is a generalization of Renault's "Proposition 4.2" which 
we will discuss in Section 4.2. It is stated and proved in [MW08]. The reason it's so 
important is that it allows us to avoid dealing with covariant representations directly. 

Theorem 3.119 (Renault's Disintegration Theorem [MW08, Theorem 7.12]). Sup- 
pose that Ho is a dense subspace of a complex Hilbert space TC and that n is a homo- 
morphism from Vc{G,r*A) into the algebra of linear operators on Hq such that 

(a) span{7r(/)/i : / e ^c{G, r*A), h e Ho} is dense in H, 

(b) for each h,k & Hq, 

f^{n{f)Kk) 
is continuous in the inductive limit topology, and 

(c) for each f e Tc{G, r*A) and all h,k eHo 

(7r(f)h,k)^(h,7r(f*)k). 

Then each 7r(/) is bounded and extends to a bounded operator Il{f) on H such that 
n is an I -norm decreasing * -representation ofVc{G^r*A). Furthermore, there is a 
covariant representation {fi,G^^^ *S^,p,U) such that H is equivalent to the integrated 
representation p >iU . 

Remark 3.120. It is worth pointing out that at this point we arc deeply dependent 
on separability hypotheses. They were essential in disintegrating representations of 
Co(X)-algebras and they are also essential to proving the disintegration theorem 
above. This is still true if we restrict to groupoid algebras, so that separability 
assumptions will be required in that case as well. 

One easy application of the disintegration theorem is the following 

CoroUciry 3.121. Suppose (A, G, a) is a separable dynamical system and n is a 
(nondegenerate) * -representation ofVc{G, r*A) on some Hilbert space H. Ifir is either 
I-norm decreasing or continuous in the inductive limit topology then tt is equivalent 
to the integrated form of some covariant representation. 

Proof. If TT is 7-norm continuous then it is continuous in the inductive limit topology 

so that it suffices to address the case when tt is continuous in the inductive limit 
topology. We will apply Theorem 3.119 with Ho = H. Condition (a) holds since tt is 
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nondegencratc. Condition (c) holds because tt is a *-homomorphism. Given fi^f 
in the inductive Umit topology we know that 7r(/.;) 7r(/). However, this implies 
that 7r(/i) — > 7r(/) with respect to the weak operator topology and it follows that 
(b) holds as well. Hence, tt is equivalent to the integrated form of some covariant 
representation and we are done. □ 

This example presents a different manifestation of the left regular representation 
that is much easier to deal with. We have developed it here in more generality than 
is strictly necessary for our purposes. As a result there are some Borel subtleties that 
make things a bit more confusing. 

Example 3.122. Suppose {A, G, a) is a separable dynamical system and tt is a nonde- 
generate representation of A on a separable Hilbert space. Using Proposition 3.101, 
assume without loss of generality that tt is a Co -linear representation with de- 
composition 

n = ■KudijL{u) 

on L'^(G^^^ * -ft, A*)- Let Vy^ = /^.(o) XudiJ,{u) be the induced measure and s*{G^^^ * 
ft) the pull-back bundle as in Example 3.84. We define the integrated left regular 
representation L^, usually denoted L, of rc{G, r*A) on L^{s*{G^^^ * Sj), v'^) by 

LMKl) = / 7r,(,)(a;^(/(77)))/i(77-S)dA^(^)(77). 
Jo 

We will show that is a nondegeneratc, /-norm decreasing, *-representation of 
rc{G,r*A). It is relatively straightforward to see that L^{f)h e £^(s*(G''^°) *ft), z/"^) 
and that is linear. Suppose f,g e rc{G,r*A) and h,k e £^(s*(G'^°) * S^),p~'^). 
Then we compute 

/ / |(7r„«(/(77)))/i(77-S),A;(7))MA'^(^n^)rfA„(7)rf/^M 
Jg(o) Jg Jg 

< f n ll/(r')lll|/^MIIIIM7)IMA.(,)(r;)dA„(7)d/.(«) 
Jg(o) Jg Jg 

= / / / \\f{lr')\\\\hm\\m\\dK{v)d\u{l)d^^{u)^ 
JgC) Jg Jg 

Now, we define a measure /3 on Cc{G x G) by 

f3{g):^ [ [ gi^,ri)dXMdi^~\v)^ [If 9il,v)dXuil)dXuiv)dl^{u). (3.25) 
JgJg JgwJgJg 

Using the Cauchy-Schwartz inequality with respect to /? we get the following inequal- 
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ity. (Technically, need to know that (3.25) holds for positive Borel functions. However 
this follows from a straightforward application of Proposition 3.109.) 

1/2 

c <' ' ' ' 



G(0) 



£^ll/(7r')lll|/i(^)irc?A„(7)ciA„(7y)d/x(«)) (3.26) 

/ / \\f{ir')\\\\KlWdXu{l)dXMdt^{u) 
') JgJg 



Now observe that 



/ / \\f{lV-')\mv)fdXu{l)dK{v)dli{u) 

G(0) Jg JG 

\\f{ir')\\d\sUi)) iiM^)ir^^-'(^) 

G \JG / 

||/(7)|MA,(,)(7)) \\h{v)rdu-\rj) 

G \JG / 

2 



< II ; i|7| 

Using a similar computation for the term containing / and k in (3.26) we get 

C= f f f \{Tiu{a-\fmKr'l)Ml))\dy^'\v)dUl)dii{u) 
Jg(o) Jg Jg 

< ll/lkll^llll^ll- (3.27) 
This implies that the function 

7^ / |(7r,(^)(a;^(/(77)))/i(77-S),A;(7))MA^(^n^) 
Jg 

is i/~"^-integrable. Applying Proposition 3.109 to implies that 

{L,{f)h,k)= f f j {T:^{a-\f{r))))h{r'l)Ml))dy^'\ri)dK{l)dli{^^ (3.28) 
Jg(o) Jg Jg 

Hence (3.27) also implies that {Ln{f)h, k) < 11/11/11/^1111/^11 and therefore is /-norm 
decreasing. 

Next, we prove that is multiplicative by computing 

L,{f*9Ml)= [ [ 7r3(,)(si(/(C)ac(5(r'^))))/^(rS)rfA''^"^(C)rfA'<^H^) 
Jg Jg 
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= I vr.(,)(a7^(/(C)))(L,(^)/^)(C-S)rfA^^^HC) 
Jg 

= L,{f)L,{g)h{^). 

We follow up by showing that preserves involution. Observe that we have to use 

(3.28) again in order for this computation to hold. 

{L,{nKk)= [ [ /(7r,K-i,(/(ri)*))/i(ri7),M7))c^A'-W(^)c?A„(7)rf/.(«) 
JG(o) Jg Jg 

= / / / (/i(r7-^),7r„(a,(/(r?-S-')))A;(7))^^A"(r7)dA„(7)rf/xM 

JG(o) Jg Jg 

= / / / (/i(r?),7r„(a-i(/(r^7)))^(7-'))c?A"(7)ciA„(77)d//(K) 
Jgw Jg Jg 

-II (/i(r^),vr3(,)K-^(/(7)))fc(7-'r?))c?A'-('')(7)c^i/-^(r7) 

JGJG 

This shows that is a *-homomorphism. 

Finally, we prove that is nondcgcnerate. Suppose {Lf^{f )h, k) — for all 
/ e Tc{G,r*A) and h e C\s*{G^^U S^),!^-^). It follows from (3.28) that 

0^{LMh,k) (3.29) 

= / / /(7r,(a;i(/(r/)))/i(ri7),M7))c?A'-W(^)c^A„(7)ci/x(«) 
Jg(o) Jg Jg 

- / / / {Ma-\f{^v-'m{v),m)dXu{v)dXu(l)di^{u). 
Jg(o) Jg Jg 

Now, as in the proof of Proposition 3.118, let {aj} be a countable dense set in A and 
{0„} a countable collection of functions in Cc{G) such that for all 7 G G there exists 
n such that (pnil) = 1- Let {c;} be a special orthogonal fundamental sequence for 
* S) and let ^ be an arbitrary rational linear combination of the e^. Observe that 
0n <8) ^(7) = 0n(7)^(s(7)) defines an element in jC'^{s*{G^^^ * S^),^'^). By applying 

(3.29) to (pm ® Oi and (t)n®i for all n,m,i, and ^ we can, by taking a countable union, 
obtain a single /?-null set N such that given (7, rj) ^ N 

O = (/-„^(7ry-')0n(r/)(7r,(,)(«;i(a,(r(7))))e(s(7)),A;(7)) (3.30) 
for all n, m, i and ^ a rational linear combination of the e;. Now, it follows from (3.25) 
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that we can find a v -^-null set M such that given 7 ^ Af there exists 1] E G such that 
(77,7) ^ N. Pick n and m so that (pmilV'^) — 0n(^) — 1- Then (3.30) reduces to 

= (7r,(,)(a;^(a,(r(7))))e(«(7)), Mt)) (3-31) 

for all aj, and 7 ^ M. Next, we can extend M so that 7ir(^/) is nondegenerate for all 
7 ^ M. Since we have made our choices so that the set {'?rs(7)(a;^^(ai(r(7))))^(s(7))} 
is dense in H(s(7)), it follows from (3.31) that ^(7) — for all 7 ^ M. Thus is 
nondegenerate. 

Note that Corollary 3.121 implies that must be equivalent to the integrated 
form of some covariant representation. 

Remark 3.123. Readers may have observed that the computations in Example 3.122 
are very similar to those done in Proposition 3.118. This is because the representation 
is "close" to being the integrated form of the left regular representation from 
Example 3.105. In fact, is equivalent to the integrated form of the left regular 

representation. Let [/i] be the saturation of fi and G^^^ * be as in Example 3.105. 
Without going into too much detail, the equivalence is implemented by the unitary 
U : L2(s*(G'(o) * L'^{G^^^ * i^, [/x]) where Uh{u){-i) = h{^). We can then 

compute 

UL^{f)U*h{u){^)^L^{f)Wh{^) 
Jg 

= £7r,(,)(a;^(/(77)))M«(^))(^-S)A(77)^A(,7)-^dA«(77) 

= / 7ru{f{v))Lr,h{s{v)){^)A-'^rj)dX-{rj) 
Jg 

^fyiL{f)h{u)i^). 

Of course, we could have saved ourselves some trouble and started by proving that 
is equivalent to tt xi L and then used Proposition 3.118. However, the construction of 
(tt , L) was really only outlined in Example 3.105, and it is not entirely obvious that U 
is a unitary. The fact is that working with the integrated left regular representation 
Lfj, directly is easier. As we have said, one of the great things about Theorem 3.119 
is that it frees us up from having to work with covariant representations. 

It takes some effort, but we will show that we can separate points in Tc{G. r*A) 
with these integrated regular representations. Unfortunately, we will have to forward 
reference Lemma 5.10. This isn't a problem, however, since Lemma 5.10 is taken 
directly from [MW08]. 
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Lemma 3.124. Suppose {A,G,q) is a separable groupoid dynamical system. Then 
the (integrated forms of) covariant representations separate points of rc{G,r*A). 

Proof. Clearly it suffices to show that if /o 7^ in rc{G,r*A) then there exists a 
covariant representation such that 7rxiC/(/o) 7^ 0. However, once we consider Corollary 
3.121 it clearly suffices to show that there exists a (nondegenerate) /-norm decreasing 
representation L such that iv(/o) 7^ 0. Find 70 G G such that /o(7o) 7^ 0. Set u = s(7o) 
and let p be a faithful representation of A{u) on 7i. It is easy to see that the lift of p 
to A, denoted tt, is Co(G^''-')-hnear and that the decomposition is given on the trivial 
bundle G^o) xHhy 



where 7r„ = p and 71^ = for all v ^ u. Furthermore, observe that the induced measure 
is exactly in this case. Let us form the integrated left regular representation 
as in Example 3.122. After sorting through all the definitions we find we have a 
representation L^^, denoted L, of Tc{G,r*A) on L^(G„,7i, A„) given by 



Let Ci be an orthonormal basis for Ti, and for each g e rc(G, r*^) and 7 e G, 
define 



Then ^i{g) G Gc(G„, H) and $j : T^iG, r*A) L^{Gu, H, A„). What's more, suppose 
^i{g) — for all i. Then p{a~^{g{'y)))ei — almost everywhere for all i. Thus, we 
can find a single A„-null set N such that p{a~^{g{'y))) — for all ^ ^ N. Since p is 
faithful this implies that (7(7) = for all 7 A^. Using the fact that g is continuous 
and supp \u = Gu we conclude that g{j) = for all 7 G Gu- 
Next, given g G rc(G, r*^) we calculate 



Now suppose, to the contrary, that />(/o) = 0. It follows from Lemma 5.10 that there 
exists a left approximate identity {gj} in rc(G, r*A) with respect to the inductive limit 

^Notice that most of the measure theoretic difficulties of Example 3.122 disappear because = 
Xu and /? = A„ X A„. 





(3.32) 



*i(^)(7) =p(a/(^(7)))ei 




p{a'if*g{-f)))ei = $i(/*5)(7)- 
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topology. By replacing gj with g* we may assume that {gj} is a right approximate 
identity. Thus, /o * gj fo with respect to the inductive limit topology. However, 
we have L{fQ)^i{gj) = $j(/o * gj) = for all i and j. It follows from the previous 
paragraph that fo*gj = on G^- Since fo*gj — > fo uniformly, we must have /o(7) = 
for all 7 e Gu, but this is a contradiction since /o(7o) 0- Thus L{fo) ^ and we 
are done. □ 



Remark 3.125. We can actually make some considerable upgrades to Lemma 3.124. 
In particular, we can identify a class of representations of A for which the integrated 
left regular representation is faithful on rc(G', r*A). Suppose tt is a faithful CoiG^^^Y 
linear representation of A with decomposition 

r® 

■K = 7rudijL{u) 

on L^(X * Sj,fi) such that 7r„ is faithful for almost all u. Observe that this happens 
automatically if A has HausdorfT spectrum.^ It is straightforward to show that for 
TT to be faithful n must have full support. It then follows quickly that the induced 
measure has full support as well. Let be a special orthogonal fundamental 
sequence ior X * and given g e rc{G,r*A) define 

M9)i'y) = 7r.(7)K'(5(7)))ei(s(7)). 

It is straightforward to show that ^i{g) is a bounded Borel function supported on a 
compact set so that for each i we have : Tc{G, r*A) — * L'^ {s* {X * S^) , ly^^). Suppose 
^i(fl') = for ^- Using the usual trick, we can find a single i/~^-null set N such 
that 

7rs(7)(s^(£'(7)))ei(s(7)) =0 

for all i given j ^ N. Since is a special orthogonal fundamental sequence, this 
imphes that 7rs{'Y){a^^{g{'y))) — for all ^ ^ N. We may thicken N a bit and assume 
that 7rs(^) is faithful for all 7 ^ and hence ^'(7) = for all ^ ^ N. Since g is 
continuous and suppz/"^ = G this implies that g = 0. 

Now suppose / G rc{G,r*A) is such that L^{f) = 0. Then, just as in the 
previous lemma, it is a simple matter to prove that = L^{f )(^i{g) = * g) for 
all g e rc{G,r*A). Use Lemma 5.10 to find a right approximate identity {gj} with 
respect to the inductive limit topology. Then * gj) = for all i and j. By the 
above paragraph this implies that f * gj = for all j. Since f * gj ^ f uniformly 
this implies / = 0. Thus is faithful on Tc{G,r*A). This is related to [RenSO, 

^It is not clear if many such representations exist in the non-HausdorfF case. There seems to be 
no reason why the decomposition of a faithful representation should be faithful almost everywhere. 
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Proposition 1.11], which states that the left regular representation is faithful in the 
scalar long as v has full support. 

We are, at long last, ready to define the groupoid crossed product. This definition 
is slightly different than the definition given in [MW08] but, as will see, because of 
the Disintegration Theorem the universal norm can be obtained in any number of 
ways. 

Definition 3.126. Suppose {A, G, a) is a separable groupoid dynamical system. We 
define the universal norm on rc{G,r*A) by 

11/11 := sup{||7r XI U{f)\\ : (tt, C/) is a covariant representation of {A,G,a)}. (3.33) 

The completion of ^^{G, r*A) with respect to this norm is a C*-algebra called the 
groupoid crossed product of ^4 by G and denoted A xIq, G. 

Remark 3.127. To avoid clutter we will denote Ax^G hy A><\G whenever the chance 
of confusion is near zero. 

Remark 3.128. There is also the notion of a reduced groupoid crossed product which 
mimics the group case. Instead of taking the universal norm to be the supremum 
over all covariant representations, we take it to be the supremum over the left regular 
representations, either those in Example 3.105 or Example 3.122. While reduced 
crossed products are interesting, they are less well studied and we will not deal with 
them here. Those who would hke to know more are referenced to [Bro09] . 

Let us verify the claims made in Definition 3.126 and begin our exploration of the 
crossed product. 

Proposition 3.129. Suppose {A, G, a) is a separable dynamical system. Then the 
universal norm is a norm on r^lG, r*A) and is dominated by the I -norm. Further- 
more, the completion A ><\aG is a separable C* -algebra. 

Remark 3.130. It follows that convergence with respect to the 7-norm is stronger 
than convergence with respect to the universal norm. Furthermore, we have from 
Proposition 3.57 that convergence with respect to the inductive limit topology is 
stronger than convergence with respect to the /-norm, and therefore with respect to 
the universal norm as well. We will use this fact often. For example, we can extend 
Corollary 3.121 and conclude that any representation of A xi G is equivalent to the 
integrated form of a covariant representation. 

Proof. Since the integrated form of a covariant representation is 7-norm decreasing, it 
is clear that ||/|| < ||/||/ for all / e rc{G,r*A). Furthermore, given f,g e rc{G,r*A) 
we have 

Ik X U{f + g)\\< \\n X U{f)\\ + \\n x U{g)\\ < \\f\\ + \\g\\ 
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and it follows that ||/ + ^|| < ||/|| + ||^||. The fact that ||7r x [/(A/)|| = |A|||7r x C/(/)|| 
implies that ||A/|| = |A|||/|| for A G C. All that remains to show that || ■ || is a norm 
is to prove that ||/|| 7^ if / 7^ 0. However, this follows immediately from Lemma 
3.124. 

Moving on, it is straightforward to show that ||/ * S'H < ||/||||9'|| ior f,g e 
rc{G,r*A), and since A Xq, G is the completion, it follows that the norm is sub- 
multiplicative on the entire crossed product. Similarly we find that ||/*|| = ||/|| and 
||/*/|| = ||/||2 for all / e A G. It follows that Ay^^G isa C7*-algebra. The last 
thing we need to do is show that A'A^G is separable. Let {ui} be a countable dense 
set in A. Since G is second countable we can find a countable set {(f)j} which is dense 
in Cc{G) with respect to the inductive limit topology. Now, given a G Cc{G) A 
suppose Oij. — > a and (pj,^ — > with respect to the inductive limit topology. Then 

\\<Pjki^)aik{rb)) - 0(7)a(^(7))ll < Uj^ - 0lloo||aij| - ||0||oo||aife - a|| 

Since {llaj^ll} is bounded, this shows that (f)i^ ^ (f)^a uniformly. Furthermore, 

since the supports of the (pj^, are eventually contained in a fixed compact set, the same 
is true for (pj^^ ® a^^ . It follows quickly that the countable set D of rational sums of 
elements of the form (pj (8) Oj is dense in Cc{G) © A with respect to the inductive limit 
topology, and hence with respect to the /-norm. We conclude from Corollary 3.45 
that D is dense in Tc{G, r*A) with respect to the /-norm. Since the universal norm 
is bounded by the /-norm, this enough to show that A x G is separable. □ 

The following identities will be quite useful when dealing with crossed products. 
Both are immediate results of the Disintegration Theorem. 

Proposition 3.131. Suppose {A,G,a) is a separable groupoid dynamical system. 
Then the universal norm on r(.{G,r*A) is also given by 

. 71 is a (possibly degenerate) I-norm decreasing 1 , .^ 

^-representation of rc{G,r* A) J ' ^ ■ ) 



sup 

sup <i ||7r(/)|| 



71 is a (possibly degenerate) * -representation of rc{G,r*A) 
which is continuous in the inductive limit topology 

(3.35) 

It follows that any (possibly degenerate) * -representation ofrc{G,r*A) which is either 
I-norm decreasing or continuous with respect to the inductive limit topology is bounded 
with respect to the universal norm and extends to a representation of A XaG. 

Proof. Let || • ||i and || • II2 be defined by (3.34) and (3.35) respectively. Since every 
/-norm decreasing representation is continuous with respect to the inductive limit 
topology, we have || • ||i < || • II2. Furthermore, since each covariant representation 
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is /-norm decreasing, we have || • || < || • ||i. Now suppose / G Tc{G,r*A) and tt 
is a ^-representation which is continuous with respect to the inductive hmit topol- 
ogy. Let TTcss be the restriction to its essential subspace Hess = span{7r(/)/i : / e 
Tc^{G, r*A), h e H}. Let U be the unitary map from H onto Hess © ^is- Then given 
{h,k) e Hess © "^is ^^ve 

U7:{f)U*{h,k) = U{7T{f)h + 7:{f)k) = (7ress(/)/i + 7ress(/)A;,0). 

However, given I e observe that 

(7r(/)fc,/) = (fc,7r(r)/) = 

since /c e "^is- follows that 7r{ f)k — so that 

[/7r(/)t/*(/i,A;) = (7ress(/)/i,0). 

It follows that 71 is unitarily equivalent to the representation 7ress©0. Hence ||vr(/)|| = 
IKess © 0(/) II = ||7rcss(/)|| for all / G Tc{G,r*A). Furthermore, it is straightforward 
to show that, by construction, TTess is a nondegenerate ^-representation of Tc{G, r*A) 
which is continuous with respect to the inductive limit topology. It follows from Corol- 
lary 3.121 that TT is equivalent to the integrated form of a covariant representation 
{p,U). Therefore 

lkess(/)IH Hp xW)ll< 11/11- 

Since tt was generic, it follows that || • ||2 < || • || and we have demonstrated (3.34) and 
(3.35). The second half of the proposition is clear from the first half. □ 

Remark 3.132. This shows that A >ia G is the "universal enveloping algebra" of 
rc{G,r*A) with respect to the 7-norm, bringing us in hue with [MW08]. 

We end this section with a proposition that we will use liberally. It also hints at 
the author's general philosophy for working with crossed products, which is "stick to 
the inductive limit topology whenever possible." 

Proposition 3.133. Suppose {A,G,a) is a separable groupoid dynamical system, D 
is a C* -algebra, and that $ : Vc{G,r*A) D is a *-homomorphism such that $ 
is either continuous with respect to the inductive limit topology or I-norm decreas- 
ing. Then $ is norm decreasing with respect to the universal norm and extends to a 
homomorphism of A XaG into D. 

Proof. Clearly we can restrict to the case where $ is continuous with respect to the 
inductive limit topology. Suppose i? is a faithful representation of D. It follows that 
i? o $ is continuous with respect to the inductive limit topology. Therefore (3.35) 
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implies that ||$(/)|| = ||i?($(/))|| < ||/|| for all / e r,(G',rM). Thus $ is norm 
decreasing. The remainder of the proposition is clear. □ 

We usually apply this proposition via the following corollary. 

Corollary 3.134. Suppose {A,G,a) and {B,H,(3) are separable groupoid dynamical 
systems and that $ : rc{G,r*A) — > rc{H,r*B) is a *-homomorphism. If ^{fi) — > 
$(/) with respect to the inductive limit topology whenever fi ^ f with respect to 
the inductive limit topology then $ extends to a *-homomorphism from A into 
B XfsH. 

Proof. This follows immediately from Proposition 3.133 and the fact that convergence 
with respect to the inductive limit topology is stronger than convergence with respect 
to the universal norm. □ 
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In this chapter we show how groupoid crossed products generahze group crossed 
products in Section 4.1, groupoid C*-algebras in Section 4.2 and transformation group 
algebras in Section 4.4. In addition, we will deal with the special case where the 
groupoid is actually a group bundle in Section 4.3, and when the action arises from a 
continuous G-space in Section 4.4. However, one thing this chapter, and indeed the 
whole theory, lacks is natural examples of groupoid dynamical systems which do not 
come from one of these special cases. The material in this section is essential for two 
reasons. First, it provides a testing ground for the theory developed in the last chapter 
and many of the arguments we will use later can be found here in simpler form. 
Second, the connections made in this chapter provide a paradigm for transporting 
existing theory to the groupoid case. 

4.1 Group Crossed Products 

This section deals with group crossed products as defined and developed in [Wil07]. 
In particular it is assumed that the reader is familiar with at least [Wil07, Chapter 

!]• 

Groupoid crossed products are an extension of group crossed products in two 
different ways. Both are important. The first is the situation where the groupoid 

G is a actually group. Start by observing that in this case the unit space of G is a 
single point {e} and that any C*-algcbra A can be viewed as a Co({e})-algebra. In 
this case A only has one fibre, the bundle associated to A is just A, and the axioms 
of a dynamical system are reduced to the following 

Definition 4.1. Suppose G is a locally compact Hausdorff group and A is a C*- 
algebra. An action a of G on A consists of a family of maps {as}seG such that 

(a) as is an automorphism of A, 
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(b) ast — (XgO at for all s,t & G, and 

(c) s ■ a := as{a) defines a continuous action of G on A. 

Of course, this can be simplified a great deal. 

Proposition 4.2. Suppose G is a locally compact Hausdorff group and A is a C*- 
algebra. Then a is an action ofG on A if and only if a : G ^ Aut(A) is a continuous 
homomorphism where Aut{A) is equipped with the topology of pointwise convergence. 

Proof. Suppose a is an action of G on A. It is clear that a : C — > Aut(A) is a 
continuous homomorphism. Suppose a is a continuous homomorphism. Obviously 
the first two conditions of Definition 4.1 are satisfied. Now if Sj ^ s and ^ a then 

||Q;5,(ai) - as{a)\\ < \\asXai - + \\oisiia) - as{a)\\ < \\ai - a\\ + ||Q;5,(a) - Q;5(a)||. 

Since a is continuous into the topology of pointwise convergence it follows that a is 

an action of G on A. □ 

This shows that the restriction of Definition 3.46 to groups is exactly the classical 
definition of a group action on a C*-algcbra as given in [Wil07, Definition 2.6]. 

Remark 4.3. Let us consider covariant representations. First recall that any group G 
has a Haar system given by the Haar measure on G. Furthermore, any measure on {e} 
is trivially quasi-invariant and the modular function is always given by the classical 
modular function of G with respect to its Haar measure. It is also worth noting that 
the modular function of a group is always continuous. Now, according to Definition 
3.76 a (Borel) representation of G is just a Borel homomorphism from G into the 
unitary operators on some separable Hilbert space equipped with the Borel structure 
coming from the strong topology. However it follows from [Wil07, Theorem D.3] that 
in this case U is actually (strongly) continuous. Any representation tt of A is trivially 
Co({e})-linear and, since there is only one fibre, vr is its own decomposition. Thus, 
in the group case, a covariant representation of {A, G, a) is given by a representation 
IT of A and a representation U of G such that 

Us7T{a) = n{a,{a))U, (4.1) 

for almost all s E G. However, U is continuous so that (4.1) holds for all s E G. Thus 
a covariant representation of {A, G, a) in the groupoid sense is exactly a covariant 
representation of {A,G,a) as defined in [Wil07, Definition 2.10]. 

It seems reasonable that, since the covariant representations are the same, then 
the crossed products of A by G as a group and as a groupoid must be the same. 
Unfortunately there is the problem of the modular function. First, observe that 
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r*A = G X A and that Tc{G,r*A) can be identified with Cc{G,A). Recall from 
Proposition 3.54 that we defined the operations on Cc{G,A) to be given by 

f*g{s) = J f{t)at{g{t-h))dX{s), and (4.2) 

r{s) = aMs-'T) (4.3) 

where A is the Haar measure on G. In [Wil07, Section 2.3] the convolution operation 
on Cc{G,A) is also defined by (4.3). However, the involution operation is defined by 

fis) = A{s-')aM-{s~r)- (4.4) 

Notice that this definition of involution only works in the group case because for 
groupoids the modular function depends on the choice of the quasi-invariant measure, 
while for groups the modular function only depends on the Haar measure. This is 
compensated by the fact that the integrated form of a covariant representation (tt, U) 
as a groupoid dynamical system is given by 

TT X [/(/) = / n{f{s))UA{sr'^dX{s) 
Jg 

while the integrated form as a group dynamical system is defined in [Wil07, Propo- 
sition 2.23] to be 

TTX' [/(/)= / n{f{s))UsdX{s). 
Jg 

Of course, when we refer to a group crossed product we will use (4.3) and the 
universal norm coming from Definition 3.126. However, it is important to see that this 
group crossed product is naturally isomorphic to the one defined in [Wil07, Section 
2.3], and to sort out the differences described above. 

Proposition 4.4. Suppose {A, G, a) is a separable dynamical system and that G is 
a group. Let A ><\a G be the crossed product as defined in Definition 3.126. Let 
AW^G be the crossed product as defined in [Wil07, Lemma 2.27]. Then the map 
$ : Cc{G, A) CciG, A) given by ^{f){s) — A(s)~2 J(s) extends to a ^-isomorphism 
of Ay\aG and A xi^ G. 

Remark 4.5. The point of Proposition 4.4 is that for a group dynamical system the 
modular function can be either included in the formula for involution, or in the 
formula for the integrated form of a covariant representation. Either way we end up 
with isomorphic crossed products. We will view group crossed products as special 
cases of groupoid crossed products. 
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Proof. Let (A, G) and $ be as above. Let C denote Cc{G, A) given the operations 
coming from (4.2) and (4.3) so that A Xq G is the completion of C. Let D denote 
Cc{G, A) given the operations (4.2) and (4.4) so that A W^G is the completion of D. 
Let us calculate 

$(/)*$(^)(s)= / ^f)(t)atmg)(t-h))dX(t) 

JG 

= / ^{t)-'^^{t-h)-'^f{t)a,{g{t-'s))d\{t) 

JG 

= A(s)-^/ * g{s) = $(/ * ^)(s). 

We also have 

$(/)*(«) = A(.-^)a,($(/)(5-^)*) = A(5-^)A(5-^)-^a,(/(5-^)*) 
= A(s)-^r(.)=$(r)(5). 

Thus $ is a *-homomorphism. Furthermore, it is clear that $ is a bijection with 
inverse given by $~^(/)(s) = A(s)2/(s). 

Remark 4.6. We would like to see that $ is bounded and as such extends to the 
entire crossed product. A valid approach to this problem would be to use the fact 
that the sets of covariant representations of (A, G, a) as both a group and a groupoid 
dynamical system are the same and to show that $ intertwines the two different forms 
of the integrated representation. Since the universal norms of A x G and AWG are 
both given by supremums over the covariant representations, the result would follow. 
However, it is easier, and instructive, to use Proposition 3.131. 

Suppose fi^f with respect to the inductive limit topology so that fi^f uni- 
formly and supp fidK eventually, for a fixed compact set K. Since A is continuous 
in the group case we can find M such that A(s)~2 < M for all s E K. Then we have 

mms) - m{s)\\ = a(.)-^ii/,(.) - /(.)ii < mu - /lu 

and it follows quickly that $(/i) ^{f) with respect to the inductive limit topology. 
Suppose TT is faithful representation of ^4 x' G. We know from [Wil07, Corollary 2.46] 
that 

ll/IUx'G = sup{||7r(/)|| : 71 is continuous in the inductive limit topology}. (4.5) 

It follows that TT is continuous in the inductive limit topology so that the composition 
TT o $ is continuous in the inductive limit topology. It is clearly a *-homomorphism. 
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Hence Proposition 3.131 and (3.35) imply that 

ll*(/)ll = H*(/))ll< 11/11- 

Thus $ is bounded and extends to A x G. We can use exactly the same argument in 
reverse to see that is bounded and extends to A x' G. Since the extensions of $ 
and are inverses on a dense set they are inverses everywhere and $ extends to 
an isomorphism. □ 

Now, Proposition 4.4 is theoretically important but it is not the "right" way to 
view groupoid crossed products as a generalization of group crossed products. The 
following construction is much more useful in that regard, as we will see in Sections 
5.4 and 6.2. 

Example 4.7. Suppose A is a separable C*-algebra with Hausdorff spectrum A and 
recall from Example 3.24 that we can view A as a Co(v4)-algebra with fibres A^tt) — 
A/ kern. Let A be the corresponding upper-semicontinuous bundle. Suppose a is 
an action of a second countable locally compact Hausdorff group H on A. Recall 
from [Wil07, Lemma 2.8] that there is a jointly continuous action of G on A given by 
s ■ TT — TT o aj^ and let G be the corresponding transformation groupoid G — H \K A. 
Observe that the unit space of G can be identified with A as in Example 1.16. 

Our goal is to describe an action of G on A. Given (s, tt) e G define P{s,ir) '■ 
A{s~'^ ■ n) A{n) by 

P(s,^){a{s~^ ■ tt)) = as{a){7i). (4.6) 

We would like to show that (3{s,n) is a well defined isomorphism. First, suppose a,b & A 
such that a(s~^ • tt) = b{s~^ ■ tt). However, this just says that 

= • 7r(a — b) — 7r{as{a — b)) 

and hence as{a){7T) = as{b){n). Thus (3{s,tt} is well defined. Next, since each as is a 
*-homomorphism it is straightforward to show that (3(s,-k) is as well. Given (e, n) & G 
we have 

/3(e,^)(a(7r)) = ae{a){'K) = a{n) 
so that /3(e,7r) = id. Furthermore, given (s,7r), {t, • tt) e G we have 

A^.tt) o l3{t,s-^.n){a{t'^s-^ ■ tt)) = (3(s,n)iat{a){s'^ ■ tt)) = a^(at(a))(7r) 

= ast{a){TT) = P(st,n)ia{{st)~'^ ■ tt)) 

= /?(s,7r)(t,s-l-7r)(a(^~"^S"-^ • tt)). 

It follows that /?(s-i,s-i-7r) is an inverse to f3(^s,Tr) and that each (3(s,n) is an isomorphism. 
Furthermore, a byproduct of the above computation is that we have shown /? is a 
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homomorphism. At this point, all we need to do to show that /3 is an action of G on 
A is show that it is continuous. 

Suppose (sj, TTj) (s, tt) and that aj — a in ^ such that G A{s~'^ ■ VTj) for all i 
and a e A{s~^ ■ tt). Choose 6 e A so that b{s~^ ■ tt) = a. First, observe that 

P(P(si,7Ti){ai)) = TTj ^ TT = p(/3(s,^)(a)) 
by assumption. Next, observe that 

P{s,7:){a) = P(s,7r){b{s~^ • tt)) = 0£s{a){TT) 

by definition. Furthermore, — b{s^^ ■ TTj) ^ so that by Proposition 3.2 we have 
\\ai — b{s^^ ■ TTi)\\ 0. However, since each P{si,ni) is an isomorphism, it follows that 

\\P{s,,ni){ai) - as,{b){TTi)\\ = \\P(si,ni){ai - b{s;^ ■ TTi))\\ = \\ai - b{s;^ ■ TTi)\\ 0. 

Because a is continuous with respect to the topology of pointwise convergence we 
have Oisiib) — > as{b) so that 

||a,,(6)(7r,) - a.(6)(7r,)|| < - a,(6)|| 0. 

Combining the previous two calculations we can conclude that given e > eventually 

\\P{s,,ndai) - as{b){7Ti)\\ < e. 

Clearly as{b){TTi) as{b){TT) so that it follows from Proposition 3.2 that P{si,ni){0'i) 

P{s,n){a). 

Therefore we have an action j3 oi G on A and as such wc can form the crossed 
product y4 x^G as the completion of rc(G, r*A). We claim that A x^G is isomorphic 
to A xia H. Given / e Vc{G,r*A) define 

*(/)(s)W = /(s,7r) 

for all s e -H" and tt e A Fix s e H. It is clear that $(/)(s)(7r) G A{tt) for all 
TT & A and that $(/)(s) is continuous and compactly supported. Therefore, after 
identifying A with Tq{A,A), we get an element $(/)(s) G A. Suppose Sj — > s and, 
to the contrary, that ^{f){si) -/^ $(/)(s) in To{A,A). This implies that there exists 
e > and, after passing to a subnet and relabeling, TTi & A such that 

||/(s,,7r,)-/(s,7r,)||>e (4.7) 

for all i. Let K be the projection of supp/ onto A. If (4.7) is to hold we must have 
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TTi ^ K for all i. However, K is compact so that we may pass to another sTibnct, 
relabel, and find tt & K so that tt^ — > tt. However, we now have, using the continuity 
of/, 

fiSi, TTi) - f{s, TTi) f{s, it) - f{s, Tt) = 0. 

It follows from Proposition 3.2 that this contradicts (4.7) so that we must have had 
— > Since the support of $(/) is contained in the projection of 

supp/ to H we have $(/) e Cc{H,A). Next, suppose fi^f with respect to the 
inductive limit topology. Let K be the compact set which eventually contains the 
support of the /j. Then the projection of K to H eventually contains supp$(/j). 
Furthermore, we have, for all g e Tc{G,r*A), 

||^(i/)||oo = sup||<l>(y)(s)|| =supsup||$(y)(s)(7r)|| = sup ||^(s,7r)|| = ||c/||oo. (4.8) 

It follows that $(/j) — > $(/) with respect to the inductive hmit topology. 

Next, recall that the Haar system on G is given by A'^ = A x 5^ where A is Haar 
measure and is the Dirac delta measure at tt. We compute for f,gE Tc{G, r*^), 

Hf * 9){s){7r) = f * g{s, tt) = / f{t, p)Pit,pMit, p)-\s, 7r)))ci(A x 5^){t, p) 

JG 

= [ f{t,7i)f3^t,.Mt-'s,t-' ■7r))dXit) 

JH 

= / $(/)(0(7r)%.)($(y)(r^s)(r^.7r))dA(i) 

JH 

= ($(/) *$(^?))(.)(7r). 

Observe that since "evaluation at tt" is given by the quotient map A A{7r) and 
since this map is bounded and linear we may move it through the integral in the last 
equality of the above calculation. We also have 

mn{s){n) = fis, TT) = As,.)(/((^-\ ■ vr)*)) 

= Pis,.mf)is^%s-' ■ n)r = (a.($(/)(.-^))(7r))* 
= a,($(/)(.-^)*)(7r) = $(/)*(.)(7r). 

It follows that $ is a *-homomorphism which is continuous in the inductive limit 
topology. Therefore Proposition 3.133 implies that $ is bounded with respect to the 
universal norm and extends to a *-homomorphism from A x ^ G into A x „ if . We 
need to show that ran$ is dense in Cc{H,A). Let D — rc{A,A) be viewed as a 
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subset of A and observe that D is dense. Consider the set of sums of elementary 
tensors Cc{H) Q D G Cc{H, A). By viewing Cc{G, A) as a set of sections of a trivial 
bundle we can use Proposition 3.11 to show that Cc{H) Q D is dense in Cc{H,A). 
First, Cc{H) Q D is clearly closed under the action of Cq{H). Furthermore, given 
s e H choose cf) e Cc{H) such that (f){s) — 1. Then (g) d{s) — d for all d e -D and 
it clear that Cc{H) Q D is "fibrewise dense." It follows that Cc{H) Q D is dense in 
Cc{H, A) with respect to the uniform norm. However, if (pl ® dl ^ f then we 
can choose ip which is one on supp / and zero off a neighborhood of supp /. We then 
have ip(j)l ® dl ^ f with respect to the inductive limit topology. Alternatively 
we could just cite [Wil07, Lemma 1.87] and skip the previous argument. Now, given 
(j)® a E Cc{H) Q D we define /(s, tt) = 0(s)a(7r) and we have chosen and a so that 
/ G rc{G,r*A). Furthermore we clearly have $(/)(s)(7r) = 0(s)a(7r) = 0® a(s)(7r). 
It follows that Cc{H) Q D C. ran$ and therefore ran$ is dense in Cc{H,A) with 
respect to the inductive limit topology, with respect to the 7-norm, and with respect 
to the universal norm. 

We would like to show that $ extends to an isomorphism. First, observe that $ 

is clearly injective on rc{G,r*A) so that we can define an inverse map ^ = : 
ran$ rc{G,r*A) given for / G ran<I> by ^/(s,7r) = /(s)(7r). It is straightforward 
to use the fact that $ is an injective *-homomorphism to show that that ran $ is 
a *-subalgebra oi A >ia H and that ^ is a *-homomorphism. Furthermore, given 
/ e ran $ we calculate 



and it follows that ^ is /-norm decreasing.^ In particular, we have for all / G ran$ 



Since ran$ is dense in Gc{H,A) with respect to the /-norm we can extend \E' from 
ran$ to all of Cc{H, A). Notice that now maps into the crossed product A yip G. 
Furthermore, since the operations are /-norm continuous and ^ is a *-homomorphism 



^ Since we are viewing group crossed products as special cases of groupoid crossed products we 
use the /-norm on Cc{G,A) and not the /^-norm. 




It is a similar task to show that 




^(/)ll < 11/11/- 
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on ran $ it follows that ^ is a /-norm decreasing *-homomorphism on all of Cc{H, A). 
It follows from Proposition 3.133 that ^ is bounded with respect to the universal norm 
and we can extend it to a *-homomorphism from A yi^H into G. Furthermore, 
since ^ and $ are inverses on a dense subset, they must be inverses everywhere. It 
follows that $ is an isomorphism and A>\a H and A><\pG are isomorphic. 

Remark 4.8. We used some tricky arguments to show that the two crossed products 
in Example 4.7 are isomorphic. It is possible, and a useful exercise, to show that $ is 
an isomorphism by proving that given a covariant representation (tt, U) of {A, H, a) 
then TT XI t/ o $ is equivalent to a covariant representation of (^4, G, a) and vice-versa. 
To construct the covariant representation of {A, G, a) use tt as the representation of 
A. To get a representation of G, view C*{G) as the crossed product Cq{A) Xit H. 
Then extend tt to a representation of Cq{A), sitting inside the multiplier algebra of 
A, and form the covariant representation 7f x C/ of Cq{A) H = C*{G). Renault's 
Decomposition theorem then gives the desired representation of G. In order to go the 
other direction, basically perform this process in reverse, obtaining the representation 
of if as part of a covariant decomposition of the representation of Co{A) Xni/ coming 
from the representation of G. Of course, there are a lot of technicahties to work 
through and this could just be taken as another example of why it's preferable not to 
work directly with covariant representations. 

We also show that Example 4.7 has a nice converse, further strengthening the 
notion that Example 4.7 provides an alternate method for viewing groupoid crossed 
products as generalizing the group case. 

Proposition 4.9. Suppose A has Hausdorff spectrum X and that {H, X) is a trans- 
formation group. Let G — H \K X be the associated transformation groupoid. If P is 
an action of G on A then 

as{a){7r) = (3(s,7r){a{s'^ ■ tt)) 

defines an action of H on A. Furthermore A H and A ><\pG are isomorphic. 

Proof. We view A as sections of the associated bundle A. li a E A then it is clear 
enough that as{a) defines a continuous section of A. Now, if e > then 

{tt : ||a^(a)(7r)|| > e} = {tt : \\a{s-^ • 7r)|| > e} = s ■ {tt : ||a(7r)|| > e}. 

Since {vr : ||a(7r)|| > e} is compact, it follows that {vr : ||as(a)(7r)|| > e} is compact as 
well. Thus as{a) vanishes at infinity and «s(a) G A. Furthermore since each /? is a 
*-homomorphism it is straightforward to show that ag is a *-homomorphism. Next 
observe that if e is the unit of H then 

ae{a){7r) ^ /?(e,^)(a(7r)) = a(7r). 
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Thus ae — id. Furthermore for s, i e if we have 

ast{a){7i) = P(st,7T){a(t~^s~^ ■ n)) = (3(s,-K0{t,s-^-TT){a{t'^ s^'^ ■ tt))) 
= l3{s,TT){at{o){s'^ ■ tt)) = as{at{a)){'K). 

This shows that is an automorphism of A and that a : H ^ Aut(A) is a homo- 
morphism. FinaUy, fix a G A, let Sj ^ s in if and suppose 0:5^(0) does not converge 
to as{a). Then, by passing to a subsequence, there exists e > and Hi E X such that 

hMi'^i) - (ysia){7ri)\\ = ||/3(,.,^.)(a(s-^ • tt^)) - /3(,,^.)(a(s"^ • 7ri))|| > e (4.9) 

for all i. Consider the compact set K — {p : ||a(p)|| > e/2}. If both s^^ ■ tt^ and 
• TTj are not in K then 

\\asi{a){ni) - asia){7ii)\\ < ||a(s7^ • 7ri)|| + \\a{s~^ ■ Tii)\\ < e 

which contradicts (4.9). There are two cases to consider. If • ni E K infinitely 
often then we can pass to a subsequence, multiply by s, and find tt & X such that 
TTi 71. In the other case ■ tTj is in K infinitely often. Therefore we can pass to a 
subsequence, multiply by the sequence Sj — > s, and find tt E X such that tt^ — > tt. In 
either case we have 

P(s,n,){a{s'^ ■ TTi)) P(s,7T){a{s~'^ ■ tt)), and 
A^i,7ri)(a(^"^ • TTi)) ^ p^s,n){a{s-^ ■ tt)). 

It follows that 

lifts, (a) (TTi) - as{a){-Ki)\\ 

which contradicts (4.9). Thus o; is a strongly continuous map and is an action of H 
on A. 

Next, given n E X consider its factorization tt' to A{7r). Then 

s ■ 7r(a) = {s, s ■ n) ■ n{a) = 7r'(/5(s-i_^)(a(s ■ vr))) = n' {a^'^{a){'K)) = n{a'^^{a)) 

In other words, the action of G on X induced by a is exactly the original action of H on 
X so that G is the transformation groupoid associated to both actions. Furthermore, 
as in Example 4.7, there is an action P' of G on A induced by a. However it is easy 
to see that (3' — (3. Thus it follows from Example 4.7 that A>\pG is isomorphic to 
Axi^H. □ 

Remark 4.10. As was mentioned before. Example 4.7 and Proposition 4.9 arc an effec- 
tive way of viewing groupoid crossed products as generalizing group crossed products. 
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However, since we require the algebra to have Hausdorff spectrum, this is only a par- 
tial generalization. In order to make this work for general C*-algebras we would need 
to be able to work with the transformation groupoid associated to the action of the 
group on the primitive ideal space. This would require us to expand our notion of 
groupoid dynamical system to include non-Hausdorff groupoids with non-Hausdorff 
unit spaces that act on bundles over non-Hausdorff spaces, and that seems difficult. 

4.2 Groupoid Algebras 

In this section we explore another important special case of the groupoid crossed 
product. We start with the following observation. 

Proposition 4.11. Suppose X is a locally compact Hausdorff space. Then Cq{X) is a 
Co{X)-algebra with Co{X){x) ^ C for all x & X. Furthermore, the bundle associated 
to Co{X) is (isomorphic to) X x C 

Proof. It is straightforward to show that Co{X) is a Co(X)-algebra with the action 
given by left multiphcation. Let Ix be the ideal such that Co{X){x) — Co{X)/Ix and 
let Jx be the ideal of all functions which vanish at x. It is clear that C Jr. Let 
ei be an approximate unit for Co{X). Then given f ^ Jx have, by definition, 
f ■ ci & Ix for all /. It follows that f E Ix- Thus Ix = Jx and it is now straightforward 
to show that the map / i— > f{x) factors to an isomorphism of Co{X){x) with C. Let 
C denote the bundle associated to Co{X). We would like to show that C ^ X x C. 
It follows from Corollary 3.31 that it suffices to show that there is a Co(X)-linear 
isomorphism from Co{X) onto ro(X, X x C). However it is clear that ro{X,X x C) 
can be identified with Co{X) so that the desired isomorphism follows. □ 

Proposition 4.12. Let G be a second countable, locally compact Hausdorff groupoid 
with a Haar system. Then there is an action ofG on Co{G^^^) given by the collection 
of functions id^ : Co(G'(o))(s(7)) ^ Go{G^^^){r{-f)) such that 

id-y{z) — z 

for all z E C and 7 e G. 

Proof. First observe that the bundle associated to Co(G*^°^) as a Co(G*-°'')-algebra is 
xC. Let us be a bit more formal and define id^ : Co(G'("))(s(7)) ^ Co(G'(°))(r(7)) 
by id^{s{'y), z) — {r{'y),z). Observe that id.y is an isomorphism. Furthermore, it is 
clear that id^^ = id^ o id^ if 5(7) — r{r]). The only thing left to check is the continuity 
condition and this is obvious. □ 

Thus, given any groupoid we have a natural dynamical system associated to that 
groupoid. We make the following 
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Definition 4.13. Let G be a second countable locally compact Hausdorff groupoid 
G with Haar system A. We define the groupoid C* -algebra to be the crossed product 
Cq{G) Xid G and use the notation C*{G). 

Remark 4.14. While the notation doesn't reflect this, the groupoid algebra C*{G) 
depends on the choice of Haar system. When it matters the notation C*{G, A) is often 
used. Whether or not the groupoid C*-algebra is, up to isomorphism, independent 
of the choice of the Haar system is an open question. On the other hand, it is 
an immediate corollary to Theorem 4.26 that up to Morita equivalence C*{G) is 
independent of the choice of Haar system. 

Of course, since the groupoid C*-algebra is just a crossed product we immediately 
recover the following from Proposition 3.129. 

CoroUciry 4.15. Suppose G is a second countable, locally compact Hausdorff groupoid 
with a Haar system. Then the universal norm is a norm and is dominated by the I- 
norm. Furthermore, the completion C*{G) is a separable C* -algebra. 

The following remark shows how the groupoid C*-algebra is an extension of the 
group C*-algebra. 

Remark 4.16. Let G be a second countable locally compact Hausdorff group. Then 

the the "groupoid" C*-algcbra associated to G is just G*(G) — C G. However, 
it follows from Section 4.1 that this is just a group crossed product. We then cite 
[Wil07, Example 2.33] to see that this is exactly the group C*-algebra associated to 
G. Because the group C*-algebra is obtained in this way as a group crossed product 
with C, we often refer to group C*-algebras as the "scalar" case of group crossed 
products. The same terminology is used for groupoids. This is further justifled by 
the fact that Co(G''°'') is the simplest Co(G^°^)-algebra possible and that the fibres are 
all isomorphic to C. 

We make the following straightforward observations. 

Proposition 4.17. Given a separable locally compact Hausdorff groupoid G with 
Haar system X, the section algebra T(.{G,G^^^ x C) can be identified with Gc{G). 
Furthermore the operations on GdG) become 

f*9{l)= I f{r))g{r^-'l)dy^^\r]) and r{^) = J{^) 

JG 

and the I -norm reduces to 

11/11, = max ( sup / |/(7)|rfA"(7), sup / \f{^)\dK{l)\ ■ 
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Proof. In light of the identification made in Remark 3.36 it is clear that any section 
/ e T^{G,r*{G^^'> X C)) is of the form f{-f) = (r(7), /(7)) where / G 0^0). Thus by 
identifying / with / we can identify Cc{G) with T c{G , r* {G^'^^ x C)). The rest of the 
claims made in the proposition follow immediately once you recall that the action of 
G on Co(G*^°^) is given by the identity map. □ 

We continue by considering the covariant representations of (Co(G*^°''), G, id). 

Proposition 4.18. Let G be a second countable locally compact Hausdorff groupoid 
with a Haar system and (G^^^ * S),ij,,U) a unitary representation of G. Then the 
representation : Co{G^'^^) L^(G(°) * ^,1^) such that Li^{f )(t){u) = f{u)(f){u) for 
all f e Co(G(°)) and G ^^(^(o) ^ ^) GoiG'^^^) -linear and (G^ * Sj, /x, L^, U) is 
a covariant representation o/ (Co(G^°^), G, id). Furthermore, every covariant repre- 
sentation of {Co{G^^^),G, id) is of this form. 

What's more, given a unitary representation U of G as above, the integrated form 
of (G*^"^ * i^, /X, L^, U), also denoted by U , is given by 

UU)Kl) = f /(7)t/,/i(^(7))A(7)-^c^A"(7) (4.10) 
Jg 

for f e Gc(G) and h e >C^(G(°) *i3,/x). Finally, (4.10) is characterized by 

mf)h,k)= [ U\l)U,h{s{^)),k{r{l)))^{l)-'^dv{^) (4.11) 
Jg 

where v is the measure induced by /i. 

Proof. Since Ln{f) is just a multiplication operator it is straightforward to show 
that is a representation of Go(G'^°^). Let {e;} be a special orthogonal fundamental 
sequence for X*9) and view e; as an element of L^(X*i3, /x). Given (f) e L^(G*^°^*i3, ji) 
if {L^{f)ei,(P) = for all / and / e Gc(G(o))+ then 

/ f{u){ei{u), (p{u))dii{u) = 
7g(o) 

for all I and / e Cc{G^^^)^. However, it follows that {ei{u) , (i){u)) ^ almost every- 
where. We can choose a single null set N such that this is true for all I given u ^ N. 
Since {ei{u)} is a basis for TC{u) it follows that 0(m) = almost everywhere. This is 
enough to show that is nondegenerate. Finally, since L^{f) is exactly the diagonal 
operator associated to /, it is clear that is Go(G*^°'')-linear. Consider its associated 
decomposition 

I 7rudid{u). 
Jg(o) 
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Then, at least for //-almost every we know that 7r„ is a nondegenerate representation 
of Co{G'^^^){u) = C. However, any nondegenerate representation of C must map 1 
onto the identity operator 1. Thus, we have 7Tu{u,z) = zl almost everywhere. We 
may as well change the decomposition of on a null set and assume this is always 
true. However, we now have, given z & C and 7 G G, 

U^ns{j){s{'y),z) = zU^ = 7r^(^)(id^(s(7), 

Thus {L^,U) is a covariant representation of (Co(G^°^), G, id). 

Now suppose (fi,G^^^ * Sj,7r,U) is a covariant representation of (Co(G^°^), G, id). 
Then, by definition, {fi, G(°) * i^, U) is a unitary representation of G. All we have to 
do is show that tt = L^. Find a decomposition tt = J^(o) 7rudiJ,{u) and observe that tt^ 
is nondegenerate almost everywhere. Then as before we must have Tru{u,z) — zl for 
/x-almost all u. It follows that, given / e Co{X) and e JC'^{G^'^^ * i^, /x), 

7r(/)0(«) = 7r„(/(«))0(«) = /(«)0(«) = L.imu) 

//-almost everywhere. Hence 7r(/) = -^/i(/) and we are done. 

For the last part of the theorem suppose f/ is a unitary representation and is 
the associated representation of Go(G*-*'^) with = J^(o) Hudfi^u) as above so that 
TTuiz) = zl for all 2; G C and u E G^^\ Then the integrated representation x U, 
denoted by U in the statement of the proposition, is given by 

Uimu) = / 7r„(/(7))C/,/i(s(7))A(7)-^A"(7) = / /(7)C/,/i(s(7))A(7)-U"(7). 
Jg Jg 

The final part of the proposition follows from the fact that that xi [/ is characterized 
by (3.23). □ 

The last thing we will do is restate Theorem 3.119 for groupoids. This "special 
case" is actually Renault's Proposition 4.2 and is used to prove the more general 
Theorem 3.119 [MW08, Section 7]. 

Theorem 4.19 (Renault's Disintegration Theorem). Suppose that Ho is a dense 
subspace of a complex Hilbert space Ti. and that u is a homomorphism from Cc{G) 
into the algebra of linear maps on Hq such that 

(a) {u{f)h : / G Gc(G), h G 7io} is dense in Ti., 

(b) for each h,k E Hq, 

f^{u{f)Kk) 

is continuous in the inductive limit topology, and 
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(c) for each f e Cc{G) and all h,k & Ho 

{uif)h,k) = {h,u{nk). 

Then u{f) is bounded and eoctends to a hounded operator U{f) on H such that U 

is an I -norm decreasing * -representation of CdG). Furthermore, there is a unitary 
representation {fj,,G^^^ * Sj,V) such that U is equivalent to the integrated form ofV. 

Proof. This follows immediately from Theorem 3.119 once you identify unitary rep- 
resentations of G with covariant representations of (Co(G*^°^), G, a) via Proposition 
4.18. □ 

From here we obtain the following corollary, which is really just a restatement of 
Proposition 3.131. 

Corollary 4.20. Suppose G is a second countable locally compact Hausdorff groupoid 
with a Haar system. Then the universal norm on Cc{G) is also given by 

\ \\TT/ f\\\ . U is an I -norm decreasing 
sup II \J )\\ ■ ^.Y-gpj-QgQntation of Cc{G) 

I U is a * -representation of CdG) which is 
" ^ ' continuous in the inductive limit topology 

It follows that any (possibly degenerate) ^-representation of CdG) which is either I - 
norm decreasing or continuous with respect to the inductive limit topology is bounded 
with respect to the universal norm and extends to a representation of C* (G) . 

Now it's time for a simple example. 

Example 4.21. Suppose X is a second countable locally compact Hausdorff space 
and we view X as a "cotrivial" groupoid as in Example 1.14. Then X has a Haar 
system given by the Dirac delta measures as in Example 1.26. Thus we can form 
the groupoid algebra C*{X). However, since integration against is evaluation 
at X it is easy to see that ||/||/ = ||/||oo- Thus the /-norm is a C*-norm and the 
completion of Cc(X) with respect to the 7- norm is clearly Go{X). By choosing a 
faithful representation tt of Gq{X) it follows from Corollary 4.20 that 

= sup{||7r(/)|| : 71 is J-norm decreasing} 

>H/)II = 11/11/ = 



It follows that in this case the universal norm is the uniform norm and that the 
groupoid algebra G*{X) is just Co{X). 
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The point of all of this is twofold. First, groupoid C*-algebras are much easier to 
work with than groupoid crossed products because the associated functions are scalar 
valued and it will be useful to have the simplified operations and representation theory- 
written down. The second is the following remark. 

Remark 4.22. Groupoid C*-algebras have been around for much longer than groupoid 
crossed products have. It is important to show that viewing groupoid C*-algebras 

as special cases of crossed products gets us back to the older definitions. In [RenSO, 
Chapter 11] and [Muh, Chapter 3] the groupoid C*-algebra is defined to be a universal 
completion of Cc{G). In the first reference we complete with respect the norm 

11/11 = sup{||C/(/)|| : [/ is an 7-norm decreasing representation} (4-12) 

and in the second we complete with respect to the norm 



However, it is clear once one sorts through the references that the convolution algebra 
Cc{G) is the same in all three cases. In hght of Proposition 4.18, (4.13) is exactly the 
universal norm and Corollary 4.20 shows it is equal to (4.12). Thus, in both cases 
the completion of Cc{G) gives us the same algebra as Definition 4.13. 

Moving on, we would like to make a connection between groupoid isomorphisms 
and groupoid algebras. The following proposition is useful and also entirely unsur- 
prising. 

Proposition 4.23. Suppose G and H are second countable locally compact Hausdorff 
groupoids with Haar systems A and (3 respectively. If (p : G ^ H is a groupoid 
isomorphism such that (p^X^ = (3'^^^\ that is, such that 



for all f e Cc{H), then the map $ : Cc{H) Cc{G) defined by $(/) — f o cf) extends 
to an isomorphism ofG*{H) onto G*{G). 

Remark 4.24. The fact that has to intertwine the Haar systems is an annoyance. If 
G has a Haar system and H is isomorphic to G then H has a Haar system induced 
by the isomorphism. However, it has not been shown that the groupoid C*-algebra is 
independent of the choice of Haar measure so that we cannot assume without loss of 
generality that any two Haar systems on G and H are intertwined. It's also annoying 
that this proposition does not immediately extend to homomorphisms. The problem 
is that if is simply a continuous groupoid homomorphism then there is no reason 
that f o (j) should be compactly supported for a given / e Gc{G). 



11/11 = sup{||C/(/)|| : [/ is a unitary representation}. 



(4.13) 
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Proof. First, / o is clearly a continuous compactly supported function so that $(/) 
is well defined. It is easy to see that this map is linear and we can check that 



Jg 

= $(/)*$(^)(7) 

and 



G 



*(r)(7) = nm) = nm-') = *(/)(7-^) = *(/)*(7)- 

Thus $ is a *-homomorphism. Since is a homeomorphism it is easy to show that $ 
is continuous in the inductive limit topology. It follows from Corollary 3.134 that $ 
extends to a homomorphism from C*{H) onto C*{G). However, applying the same 
argument to (f)^^ gives us a homomorphism from C*{G) onto C*{H) which is clearly 
an inverse for Thus C*{G) and C*{H) are isomorphic. □ 

We end this section by citing a useful and interesting theorem which makes use of 
the fact that, as stated in Remark 4.22, viewing groupoid algebras as crossed products 
brings you back to the more classical object. 

Remark 4.25. We assume that the reader is familiar with Morita equivalence, im- 
primitivity bimodules, pre-Hilbert A-spaces and the like. A good reference for this 
material is [RW98, Chapters 1,2,3]. 

Theorem 4.26 (Groupoid Equivalence Theorem [MRW87, Theorem 2.8]). Suppose 
G and H are second countable locally com,pact Hausdorff groupoids with Haar systems 
A and (3. Then for any (G, H)- equivalence X, Zq = Gc{X) is a pre-G*{G) — G*{H)- 
imprimitivity himodule with operations defined for f e G^G), g G Gc{H), and & 
Cc{X) by 

f ■ m = / /(7)0(7-' • x)dy^^\^) (4.14) 
Jg 

(f>-g{x)= I (t){x ■ r])g{r]-^)di3'^''\r]) (4.15) 

JH 

(0,^)c*(H)(r]) = / 0(7-1 ■a;)t/;(7-^ • x ■ v)dy^''\l) (4-16) 
Jg 

c-(G)(0,V')(7)= / (t>{l-^-x-rm^d(3<^\r^) (4.17) 
Jh 
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where x in (4.15) is any element of X such that s{x) = r{ri) and x in (4.17) is any 
element of X such that r{x) = r^-f). In particular, the completion Z of Zq is a 
C*{G) — C*{H)-imprimitivity bimodule and C*{G) and C*{H) are Morita equivalent. 

Remark. This isn't so much a proof as it is an explanation of how this statement 
of the Groupoid Equivalence Theorem can be obtained from the statement in the 
reference. Those readers not interested in chasing down citations can skip ahead. 
Except for the exphcit description of the bimodule operations, Theorem 4.26 is as 
stated in [MRW87, Theorem 2.8]. The operations themselves can be deduced by 
scanning through the two pages following the statement of the theorem itself. □ 

This equivalence theorem is quite nice and is extended to groupoid crossed prod- 
ucts in Section 5.1. 

4.3 Group Bundles 

In this section we present another special case of groupoid crossed products which 
will play an important role in Sections 5.4 and 6.3. In particular, we will be interested 
in what happens when a groupoid group bundle S acts on a C*-algebra. Suppose S is 
a group bundle over S^^\ ^4 is a Co(5'^'^^)-algebra and A is the upper-semicontinuous 
bundle associated to A. Now suppose a is an action of S* on A and consider the 
restriction of a to Su for u G S^'^\ Given t G Su, since r(t) = s{t) = u, we have at : 
A{u) A{u). It follows from the fact that a preserves the groupoid operation that 
Oi\su ■ Aut{A{u)) is an automorphism. Furthermore the continuity condition on 

a implies that a\s^ is continuous onto the topology of pointwise convergence. Putting 
this all together we have the following 

Proposition 4.27. Suppose {A,S,a) is a separable groupoid dynamical system and 
S is a group bundle. Then {A{u), Su,cy\s ) is a group dynamical system for each 

Proof. This follows from the above discussion and Proposition 4.2. □ 

At this point we have a bundle of groups acting on a bundle of C*-algebras and 
it is not surprising that the resulting crossed product is a bundle of group crossed 
products. However, this proposition is not as easy as it looks and takes some effort 
to prove. 

Proposition 4.28. Suppose {A,S,a) is a separable groupoid dynamical system and 
S is a group bundle. Then A Xq, S* is a Cq{S'^^^) -algebra with the action defined for 
(j) G Co(5(o)) and f G Tc{S,p*A) by 

mf{s)^<l>-f{s) := 0(p(s))/(s). 
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Furthermore the restriction map from Tc{S,p*A) to Cc{Su,A{u)) factors to an iso- 
morphism of A Xq, S{u) onto A{u) Xa\sy, ^u- 

Remark 4.29. It follows that if is a group bundle acting on A then there is an 
upper-semicontinuous bundle associated to the crossed product A y<\ S such that, up 
to isomorphism, the fibres are the group crossed products A{u) x Su- For this reason 
we will sometimes refer to A x 5* as a crossed product bundle, a bundle crossed 
product, or occasionally, a crossed bundle product. 

Before we prove Proposition 4.28 we need a series of lemmas. 

Lemma 4.30 ([Wil07, Lemma 8.3]). Suppose A is a C* -algebra and T e M[A) is 
such that T{ab) = aT(b) for all a,b e A. Then T e ZM{A). 

Proof. Let S e M{A) and a,b e A. Then 

ST{ab) = S{aT{b)) = S{a)T{b) = T{S{a)b) = TS{ab). 

This suffices as is dense in ^4. □ 

Lemma 4.31. The uniform limit of a net of upper-semicontinuous functions is upper- 
semicontinuous. 

Proof. This is straightforward once you pick the "right" definition of upper semicon- 
tinuous. Recall that / : X — > M is upper-semicontinuous if and only if {x : f{x) < a} 
is open for all a e R. We claim this is equivalent to the condition that given xq E X 
and e > there exists an open neighborhood U of xq such that x & U implies 
f{x) < /(.To) + e. Let's start by proving the forward direction. Given Xq & X and 
e > the set {x : f{x) < /(xq) +e} is open by assumption and obviously gives us the 
desired neighborhood of xq. Now let's tackle the reverse direction. Suppose a e M 
and f{xo) < a. Then let < e < a — f{xo) and find a neighborhood U of xo as above. 
Then if x e C/ we have 

fix) < f{xo) + e<a 

This is enough to show that {x : f{x) < a} is open. 

Now suppose /j — > / uniformly and fi is upper-semicontinuous for all i. Then 
given e > and xq E X choose / such that ||// — /||oo < e/3 and U such that x E U 
implies that fi{x) < fi{xo) -\- e/3. We then have 

fix) = f{x)-fj{x)+fj{x) < j+fiixo) = j+fixo)+fiixo)-f{xo) < f{xo)+e. □ 

The following lemma is interesting in its own right. Notice that it holds for any 
groupoid, not just group bundles. 
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Lemma 4.32. Suppose (A, G, a) is a separable dynamical system and G has Haar 
system A. Then the function 



u 



f ll/(7)NA"(7) 
Jg 



is upper- semicontinuous for all f G Tc{G,r*A). 
Proof Given / e Tc{G,r*A) define A(/) : G'(o) ^ M by 



A(/)H= / ||/(7)IMA"(7). 
Jg 

If (8) a is an elementary tensor in Cc{G) Q A then 

A(0® / |0(7)|dA"(7)||aH||. 

It follows from the continuity of the Haar system and the fact that u h- ||a(?7,)|| 
is upper-semicontinuous that A(0 (g) a) is upper semicontinuous. Now suppose / G 
Tc{G,r*A). Then there exists a set of elementary tensors {(pl ^ aj} such that ki = 
J2j 'Pi ® ^4 converges to / with respect to the inductive limit topology and therefore 
with respect to the 7-norm. Now, A(/cj) = A(0] (g) a^), and it is straightforward to 
show that sums of upper-semicontinuous functions are upper-semicontinuous. Hence, 
X{ki) is upper-semicontinuous. It now follows quickly from the computation 

11/(7) |MA"(7)- / yrndX-h) < [ I 11/(7)11- 11^(7)11 MA'^(7) 
G Jg Jg 

< f 11/(7) -^(7)IMA"(7) 
Jg 

<\\f-9\\i 

that X{ki) A(/) uniformly and the result follows from Lemma 4.31. □ 

Proof of Proposition 4-28. Given G Co(5'(°)) and / G Tc{S,p*A) define $(0)/ as in 
the statement of the proposition. It is easy to see that $(0)/ G Tc{S,p*A) and that 
$(0) is linear as a function on rc{S,p*A). Next observe that given 0, £ Co(-S'^°)) 
and / G rc{S,p*A) we have 

$(0)$(t^)/(5) = 0(p(s))$(^)/(s) = 0(p(s))^(p(s))/(s) = $(0^)/(s). (4.18) 

Thus $ preserves the multiplication on Co(S'*-°^). We need to extend $(0) to an ele- 
ment of the multiplier algebra. The following slick proof is thanks to Dana Williams. 
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Recall that multipliers on A x S are adjointable operators on A x S where we view 
A XI 5" as a right A xi S'-module with the operations 

f-9^f*9: {1:9)^ f** 9- 

We start by showing that, for all f,g& Tc{S,p*A), 

mif*9){s) = ms)) f f{t)a,{g{t-'s))dP'^'^'\t) = ($(0)/) * ^(s). 

Jg 

Thus $(<^) is A x S'-linear on rc{S,p*A). Next we show that 

= (4.19) 

We compute for s e 5" and u — p{s) 

($(0)/,^)(s) = (0-/)**^(s)= / at(<l>-f(t-'y)at(g(t-'s))dnt) 

Js 

= / at{J{u)f{t-'r9{t-'s))dp^{t)^ I at{f{t-y4>-9{t-'s))dnt) 
Js Js 

= r*0.^(s) = (/,$(0)^). 

Now extend $ to the unitization Co{S''^^Y by setting $(0 + Al)/ = $(0)/ + A/. 
It is an easy computation to show that (4.18) and (4.19) extend to all of Co(5'''°^)^. 
Now suppose (j) E Co(G(°)) and / e Tc{S,p*A). It follows from the C*-identity that 
||(/,/)|| = ll/lp. If we want to show that ||$(0)/|| < ||0||oo||/|| then, because the norm 
respects the ordering in a C*-algebra, it suffices to show that as C*-algebra elements 
(0 ■ /, • /) < ||0||^(/, /)■ However, using (4.19) we find that this is equivalent to 
showing 

o<\mi{fj)-{mf,mf) 
-MLfj) + m)mfj) 

= (^(W^i -#)/,/)■ 

Since general C*-algcbra theory assures us that ||0||^1 — 00 is positive in Co{S^^'*Y 
it follows that there is some ^ G Co(5'^°^)^ such that = ll^ll^l ~ We now 
compute 
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It follows that $(0) is a bounded linear operator on rc{S,p*A) with norm less than 
II0IIOO and as such extends to an operator on A xia S. Since $(0) is A x ^-linear on 
a dense subset, it is A xi ^'-linear everywhere. Furthermore (4.19) implies that $(0) 
is adjointable with $(0)* = $(0). Hence $(0) e M{A x^^ S). It also follows from 
(4.18) and (4.19) that $ is a *-homomorphism. We would hke to show that $ maps 
into the center. Using Lemma 4.30, it suffices to show that $(0)(/ * g) — f * ^{4>)g 
for all /, 51 e Tc{S,p*A). We compute for s e 5* and u — p{s) 

*(0)(/*5) = 0-(/*5)(s)= / H^^)fit)atig{t-h))df3^{t) 

Js 

= / f{t)at{^-g{t-h))df3^{t) = f*^^)g{s). 
Js 

The last thing we need to do to show that ^4 xi 5" is a Co ( 5" (°^)- algebra is show that the 

set <l>(Co(S''^°))) ■ A X is dense in Ax\ S. However, given / e Tc{S,p*A) we can find 
G Cc{S^^^) such that is one on p(supp/) and in this case ^{(f>)f — /. It follows 
immediately that $ is nondegenerate. 

Now we tackle the second part of the assertion. Fix u e and define R : 
rc{S,p*A) — > Cc{Su, A{u)) by restriction. It is clear that i? is a well-defined linear 
map and it is trivial to show that is a *-homomorphism. Furthermore R is uniform 
norm decreasing and it is straightforward to show that it is continuous with respect to 
the inductive limit topology. Thus Corollary 3.134 implies that R extends to a map 
i? : A Xq, S* I— >• A{u) Xaisu ^u- Now, given e Cc{Su) and a e A{u) find b & A such 
that b{u) = a. Next, since 5" is second countable, we can use the Tietze Extension 
Theorem to extend so that e Cc{S). However it is clear that i?(0(8)6) = 0(8)a and 
therefore rani? contains the elementary tensors. Treating Cc{Su, A[u)) as sections of 
the trivial bundle it follows from Corollary 3.45 that rani? is dense in Cc{Su, A{u)). 
Since the range is dense, R must be onto. 

Let 

i„ = span{0 ■ / : G Co(^(°^ 0(x) = 0, / G T,iS,p*A)} 

and recall that, by definition, A x S{u) = A x S/I^- We would like to show that 
lu — ker R. This next part of the proof is inspired by [RW88, Lemma 2.3]. If 0(ii) = 
then for all s E Su we have • f{s) — (l){u)f{s) — 0. It follows that i?((/) • /) = and 
that i„ C keri?. Next, suppose that / G rc{S,p*A) and R{f) = 0. Since s t-^ ||/(s)|| 
is upper-semicontinuous, given e > we can find an open neighborhood U of Su such 
that ||/(s)|| < e for all s eU. Choose G CciS^^^) such that < < 1, 0(m) = 0, 
and is one on p(supp/ \ U). Then ||/ — • /||oo < ^ and supp(0 ■ /) C supp/. 
This is enough to show, after a straightforward argument, that / G i„. Now, let tt 
be a representation of A x S such that kervr = i^. It follows from the above that if 
/, G rc{S,p*A) such that R{f) — R{g) — then we have f — g e kern. Hence, we 
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can define a representation p of Cc{Su-i A{u)) by p{R{f)) = iT{f)- It is easy to show, 
using tlie fact tliat vr and R preserve the operations, that p does as weU. Furthermore, 
given / e Tc{S,p*A) for any e Co{S^'^^)~^ such that = 1 we have 

IIpW))II = = • /)ll < 110 • /II < 110 • fWi (4.20) 

Let B = {(f) e CoiS^^Y ■ 0(«) = 1}, M = inf^g^ ||0 • and observe that (4.20) 
imphes ||p(i?(/))|| < M. We make the following claim. 

Claim. Given / and M as above we have 

M = \\R{f)\U = max |^ \\f{s)\\d(3-{s), ^ \\f{s-')\\d(3-{s)^ . (4.21) 

Proof of Claim. First observe that, almost by definition, ||i?(/)||7 < M. Suppose 
e > 0. It follows from Lemma 4.32 that the function 

[ \\f{s)\\dp^{s) 
Js 

is upper-scmicontinuous. As such there exists a relatively compact neighborhood U 
of u such that v & U implies 

/ \\f{s)\\df3^{s) < I \\f{s)\W-{s) + e<\\R{f)\\: + e. 

Since s i— > f{s~^) defines an element of Tc{S,p*A) we can use Lemma 4.32 again to 
see that the function 

/ \\f{s-')\W^{s) 
Js 

is upper-semicontinuous. As such there exists a relatively compact neighborhood V 
of u such that v & V implies 

/ \\f{s-')\w\s) < [ ||/(.-^)||d/3"(.) + 6<||it:(/)||, + 6. 

Js Js 

Choose G Cc(5(°)) such that < < 1, (f){u) = 1 and (piv) = for all ^; ^ C/ n V. 
Now a V e U nV we have 

0(^;) / Wfis^dP'^is) < 0(^;)(||it:(/)||, + e) < ||i?(/)||, + e, and 
Js 

<t>{v) [ \\f{s-')W^is)<<Piv)i\\R{f)\U + e)<\\R{f)\\r + e. 
Js 
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li V ^ U r\V we have 

cl>{v) f \\f{s)\\d(3^{s)^0<\\R{f)\\i + e, and 
Js 

m I \\f{s-')\W^{s) = Q<\\R{f)h + e. 
Js 

In any case, we certainly have 

||0-/||, = ma^| sup ct^iv) f \\f{s)\\d(3''(s), sup / \\f(s-')\\d(3'{s) 

Ives(o) Js veesw Js 

<\\R{mi + e. 

Since we were able to find such a for any e it follows that M < ||it!(/)||7. The claim 
follows. □ 

At this point we have shown that \\p{R{f))\\ < \\R{f)\\i for any / e rciS,p*A) 
and as such p is bounded on Cc(S'„, A{u)) with respect to the /-norm. We have already 
asserted that p is a *-homomorphism. Thus, we can use Proposition 3.131 to extend p 
to the entire group crossed product A{u) xi S^- Furthermore since poR = tt on a. dense 
subset, this identity extends to all oi A'A S. It follows that keri? C kerTr = /„. This 
shows that ker R — 1^ and hence restriction factors to an isomorphism of ^ x S{u) 
onto A{u) x\ Su- □ 

Remark 4.33. One important consequence of Proposition 4.28 is that the irreducible 
representations oi A >\ S are well behaved. To elaborate. Proposition 3.22 and the 

second part of Proposition 4.28 says that, as a set, the spectrum {A x S)^ can be iden- 
tified with the disjoint union JJ^^^ (^('^) ^ Su)^- In other words, every irreducible 
representation of the crossed product bundle /I xi S* is lifted from an irreducible co- 
variant representation of the group crossed product A{u) x 5'„ for some u e S^^\ This 
will be an important theme in Section 6.3. 

We end this section with a restriction of Proposition 4.28 to the scalar case. This 
is the proposition used in Section 2.2 to give the total space of the dual bundle a 
topology. 

Proposition 4.34. If S is a locally compact Hausdorff group bundle with a Haar 

system then C*{S) is a Cq{S^^^) -algebra. Furthermore the restriction map from Cc{S) 
onto Cc{Su) factors to an isomorphism from C*{S){u) onto the group C* -algebra 
C*{Su) for allue S^°l 

Proof. The groupoid algebra C*{S) is defined to be the crossed product Co(5'*^°^) Xid-S". 
By Proposition 4.28 the crossed product is a Co('S'*-°-*)-algebra and the restriction map 
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factors to an isomorphism from C*{S){u) onto the crossed product Co{S^^''){u) Xid Su- 
However, Co{S^^^){u) = C and id is still the identity action so that C x is equal 
to C* {Su) by definition. The fact that C* {3^} is also the group algebra associated to 
S,, follows from Remark 4.16. □ 



4.4 Transformation Groupoid Algebras 

Our last special case of groupoid crossed products comes from the notion of a groupoid 
action introduced in Section 1.2. This section is particularly important because it also 
introduces a very natural groupoid action associated to any crossed product. We start 
with the following definition. 

Definition 4.35. Suppose a second countable locally compact Hausdorff groupoid G 

with a Haar system acts continuously on a second countable locally compact Haus- 
dorff space X. The transformation groupoid C* -algebra of (G, X) is defined to be the 
groupoid C*-algebra of the transformation groupoid G \x X. Furthermore, we use 
the notation G*{G,X) := C*{G k X). When G acts on the right of X the transfor- 
mation groupoid C*-algebra is defined in an analogous way and we use the notation 
C*{X,G) := C*{X X G). 

This definition makes sense because the transformation groupoid has a Haar sys- 
tem whenever G does, by Proposition 1.72. 

Remark 4.36. Definition 4.35 is slightly specious in that the notation C*{G,X) isn't 
any simpler than G*{G K X). However, it does connect back to the notation used for 
transformation group C*-algebras. Furthermore, although we won't address it here, 
G*{G,X) simplifies to the transformation group C*-algebra when G is a group, and 
of course is also the same as the C*-algebra of the transformation group groupoid in 
this case. 

The ultimate goal of this section will be to show that if G acts on X then G 
acts on Co(X) and that the groupoid crossed product in this case is the same as the 
transformation groupoid C*-algebra. However, before we can prove this result we 
need the following lemma. Basically, we need a tool to deal with the topology on the 
upper-semicontinuous bundles we will encounter later on. 

Lemma 4.37. Suppose X, Y and Z are locally compact Hausdorff spaces and that 
(7 : y — > X and t : Z ^ X are continuous surjections. Let Z *Y — {{z, y) & Z xY : 
r{z) = a{y)}. Then the map i : Co{Z*Y) t*{Co{Y)) such that L{f ){z){y) = f{z,y) 
is an isometric isomorphism. Furthermore L{f ) is compactly supported if f is and i 
preserves convergence with respect to the inductive limit topology. 
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Proof. Let C be the upper-semicontimious bundle associated to Co{Y) as a Co(X)- 
algebra and recall that Co{Y){x) = Coia-\x)). Define i : C^Z *Y) ^ Vc{Z,t*C) 
by i'{f){z){y) = f{z,y). It is clear that L{f){z) is a continuous compactly supported 
function on a^^{T{z)). Therefore t'{f){z) G Co{Y){t{z)) and i is a well defined section 
of T*C. It is also clear that has compact support. Notice that this also verifies the 
claim that is compactly supported if / is. We need to see that /.(/) is continuous. 
We start by demonstrating this in a simpler case. Suppose g G Cc{Z), h G Cc{Y) 
and define g h{z,y) = g{z)h{y) for all {z,y) & Z *Y. Let Zi — >• z. We would 
hke to show that i{g ® h){zi) i{g ® h){z) in C. Since h G Cc{X) we can view h 
as a continuous section of C with = ^|o-i(j;) for all x G X and it follows that 
h{T{zi)) — > h{T{z)) in C since r is continuous. Furthermore, scalar multiplication is 
continuous and g{zi) g{z) so we also have 

g{zi)h{T{zi)) g{z)h{T{z)) 

in C. However, it is clear with some thought that L{g (E) h){w) — g{w)h{r{w)) — 

g{w)h\o-i{T{w)) for any w E Z and therefore L{g ® h) E Tc{Z, t*C). 

Now suppose we have / G Cc{Z * Y). Since Z *Y is closed in Z x F we can use 
Lemma L71 to extend / to the product space. Next find gl G Cc{Z) and hi G Cc{Y) 
such that ki = qI ® hi ^ f uniformly. Now let Zi ^ z and observe that r{zi) —>■ 
r{z). We will show that i{f){zi) t'{f){z) using Proposition 3.2. Let e > and 
choose / such that || A;/ — /||oo < e- Since sums of continuous functions are continuous, 
i-{ki){zi) i{ki){z) by the previous paragraph. Furthermore given any w E Z we 
have 

\\L{ki){w) - L{f){w)\\^ ^ sup \ki{w,y) - f{w,y)\ <\\ki - f\\^ < €. 

Since this is true for all Zi and z as well it follows from the last part of Proposition 
3.2 that t{f){zi) ^ Thus i{f) G T,{Z,r*C). 

Suppose / G Cc{Z * Y). We calculate 

Ik(/)||oo = SUp||t(/)(z)||oo 

= SUp sup = ll/lloo- 

Hence l is isometric. Next we show that rani is dense in t*Co{X) = ro(Z, r*C). If 
/ G Cc{Z * Y) and g G Cq{Z) then observe that if we define h{z,y) = g{z)f{z,y) 
then h G Cc{Z * Y) and 

{g-i{f){z)){y)^g{z)f{z,y)^L{h){z){y). 



174 



4.4 Transformation Groupoid Algebras 



It follows that rani is closed under the action of Cq{Z). Next, fix z G G and / G 
Cc{cf^^{t{z))). Find g G Cc(Y) such that (jfl^-ij-^j-^)) = / and h G Cc{Z) such that 
h{z) = 1. Then clearly i{h®g){z) = / so that ran l is dense fibrewise. It follows from 
Proposition 3.11 that rani is dense in Vq{Z, t*C). Since l : Cc{Z*Y) — > t*Co{Y) is an 
isometry mapping onto a dense set we can extend l to an isomorphism l : Co{Z*Y) — > 
r*Co{Y). Furthermore, if / G Co{Z * Y) then we can find a sequence in Cc{Z * Y) 
such that /i — > / uniformly. However, it follows that ^(/j) L{f) uniformly. Thus 
i{fi){z) —>■ i(yf)(yz). This convergence takes place in Cq{Y){t{z)) = Co{a~^{T{z))) and 
is therefore convergence with respect to the uniform norm. Again this implies that 
for y G a''^{T{z)) we have 

<mz){y) = Mz,y) ^ i{f){z){y). 

However we also have fi{z,y) f{z,y). Thus u has the desired form on all of 

Co(z*y). 

Finally, observe that ii fi ^ f with respect to the inductive limit topology then 
i[fi) — > i[f ) uniformly. Furthermore if the supports of /j are eventually contained in 
K then the supports of are eventually contained in the projection of K onto Z. 
Thus i{fi) — > i{f) with respect to the inductive hmit topology. □ 

Proposition 4.38. Suppose a second countable, locally compact Hausdorff groupoid 
G acts on a second countable, locally compact Hausdorff space X . Then Cq{X) is 
a Co{G^'^^) -algebra and there is an action of G on Go{X) given by the maps It^ : 
Co{rx\sm ^ Coir^'irim where 

\t,{f){y) = f{^-'-y) (4.22) 

for all f G Co(^x^("5(7))) (ind y G r^^{r{'y)). Furthermore, the groupoid crossed 
product Cq{X) Xit G is isomorphic to C*{G K X) and the isomorphism is given on 
C,{GkX) byiif){j){x) = f{^,x). 

Proof. The fact that Co{X) is a Co(G*-'^'*)-algebra is really just Example 3.17 using 
the map rx '■ X ^ G^'^\ The action is given by ^{f){g){x) = f{r{x))g{x) and it is 
straightforward to use the Stone- Weierstrass theorem to show that this makes Co{X) 
into a Co(G'(°^)-algebra. Let be the ideal such that Go{X)(u) is defined to be 
Cq{X)/Iu and Ir-i(u) the ideal of functions which are zero on r^^{u). It is clear from 
the definition of that /„ C Ir-i(u)- However, given / G Ir-^(u) and e > since |/| 
is continuous the set O = {a; G X : |/| < e} is open. Choose g G Cc{G^^^) so that 
g{u) — and g is one on supp/ \ U. It's easy to check that \\^{g)f — /||oo < e- 
It follows quickly that f & lu and /^-^(u) — lu- However, /r-i(u) is the ideal of 
functions which are zero on some closed set and it follows from classical theory that 
Gq{X)/ — GQ{r~^{u)). Thus, we can view the upper-semicontinuous bundle 
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C associated to Co{X) as having fibres CQ(rj}{u)). We deal with the fact that the 
topology on C is mysterious by using Proposition 3.50. 

Use Lemma 4.37 to observe that there are two isomorphisms 

is : Co{G * X) ^ s*Co{X), : Co{G x X) ^ t*C^{X) 

where 

G * X = {(7, G G X X : 5(7) = r{x)}, and 
G^X = {(7, x)&GxX: r(7) = r{x)}. 

We use these isomorphisms to, perhaps foolishly, identify Cq{G * X) with s*Cq{X) 
and Cq{G k X) with r*Co(X). We define a map It : s*Cq{X) r*Co{X) by 

lt(/)(7,^) = /(7,7"'-^)- 

It is clear that It is a *-homomorphism and it is easy to construct an inverse for It 
using "right translation." Furthermore, if e Co{G) we have 

• lt(/)(7, x) = 0(7)/(7, 7"' • x) = \t(ct> . /)(7, x). 

Thus It is a Co(G)-linear ^-isomorphism. As such it defines a family of isomorphisms 
It^ : Co(X)(5(7)) ^ Co(X)(r(7)). Given / e Co(X)(s(7)) = Co(r^i(5(7))) extend / 
to a function g e Co{X) and pick h e Cc{G) such that /i(7) = 1. By construction 
h <^ g{'y) — f so that we have, by the definition of It-y, 

lt^(/) = lt^{h ® 5(7)) = lt(/i ® 5)(7). 

But now we can compute 

lt^(/)(a;) = lt(/i ® 5)(7, = /i(7)5(7"' • = fir' ■ 

Thus the action It has the desired form. Furthermore, it is now easy to verify that 
It^olt^ = It^^. It follows from Proposition 3.50 that (Co(-^), It) is a groupoid 
dynamical system. 

Now consider the restriction of the isomorphism tj. to l : Cc{G K X) — > rc(G, r*C). 
We already used the fact that l preserves the pointwise operations. Now we show 
that it preserves the convolution and involution as well. We compute 

^(/)*^(^)(7)(^)= / iif)iv){x)\t,{L{g)iv-'mx)dX'-^'\v) 
Jg 
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JG 

= / f{l,x)g{{r^,x)-\^,x))dX^^\r^) 

JG 

^ f*9{l,x) = i{f * g){-i){x) 

and 

i{frmx) = it,(6(/)(7- ^)*)(x) = f{i-\i-^-x) 

Thus is a *-homomorphism with respect to the crossed product operations as welL 
Furthermore we proved in Lemma 4.37 that l is continuous with respect to the in- 
ductive hmit topology. It then follows from Corollary 3.134 that i extends to a 
homomorphism I : C*{G K X) ^ Cq{X) Xit G. We would like to see that this 
map is an isomorphism. Let j : rant — > Cc{G K X) be the inverse of i so that 
jif){l:^) = fi.l)i.^)- Then j is clearly onto, injective, and a *-homomorphism. 
Given a; e X we have 

JG JG 

< I \\fmudy^^\^) < 11/11,. 

JG 

Similarly we calculate that 

/ \3{f){l-\l-' ■ x)\dy^-\l) < I ||/(7-^)||oorfA'-(^H7) < 11/11/. 

JG JG 

Once we recall the definition of the Haar system on G K X it follows immediately 
that j is 7-norm decreasing. It is straightforward to show, using the fact that v 
is an isomorphism, that rani is dense in Tc.{G^r*C) with respect to the inductive 
limit topology and with respect to the /-norm. Now, extend j to Tc{G,r*C). Then 
Proposition 3.133 implies that j extends to a *-homomorphism J : Co{X) G — > 
G*{G K X). However, J and / are inverses on a dense set so they must be inverses 
everywhere. It follows that / is an isomorphism of the transformation groupoid C*- 
algebra onto the groupoid crossed product. □ 

There is a "converse" to Proposition 4.38 in that we can identify those crossed 
products which arise from transformation groupoids. However, the following piece of 
this construction is necessary for what we will do in Chapter 6 and is very interesting 
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in its own right. 

Proposition 4.39. If {A, G, a) is a groupoid dynamical system then there is a con- 
tinuous action of G on A given by ^ ■ tt — tt o a~^. 

Proof. Since A is a Co(G''-°-')-algebra it follows from Proposition 3.22 that there is a 
continuous map r : A ^ G^'^K Furthermore, as in Proposition 3.22, we view A as 
being fibred over G^^^ so that if tt e A with r(7r) = u then 7„ C ker tt and we can factor 
TT to a representation tt' of A{u). Oftentimes we will not distinguish between tt and 
tt', but it is important to do so now. Given 7 G G we know : A{s{'y)) — > A{r{'y)) 
so that if r(7r) = 5(7) we can define 7 • tt e A by 

7.7r(a) = 7r'(a-^(a(r(7)))). 

Of course when we factor 7 ■ vr to A{r{'-f j) we get (7 ■ tt)' = tt' o as desired. Given 
u G G^^^ wc know = id so it is clear that r(7r) • tt = tt. Furthermore if 7 and rj are 
composable then 

7 • (77 • 7r)(a) = 7r'{a-^{a-\a{r{-f))))) = (777) • 7r(a). 

All that is left is to check that the action is continuous. Suppose 7^ — > 7 and tTj — > tt 
such that s(7i) = r(7ri) for all i and 5(7) = r(7r). Let Oj — {n E A : J g!: kerTr} 
be an open set in A containing 7 • tt. Recall that every open set is of this form 
[RW98, Gorollary A. 28]. Suppose, to the contrary, that 7^ ■ tTj is not eventually in 
Oj. By passing to a subnet and relabeling we can assume 'ji ■ Hi ^ Oj for all i. 
Let a G J and choose b E A such that 6(5(7)) = 0^7 ^(^(^(7)))- Since the action is 
continuous, a~^{a{r{'yi))) 6(5(7)). Since the norm is upper-semicontinuous, the 
set {a E A : \\a\\ < e} is open for all e > 0. Because {a{r {■ji))) — 6(5(7^)) — > we 
eventually have \\a~^^{a{r{'-fi))) — 6(5(7?)) || < ^ ^^r all e > 0. Hence 

lKKK%)))-&(5(7.))ll-o. 

Next, 7i • TTj ^ Oj for all i so we have 

7i • TTiia) = 7r'(a-/(a(r(7i)))) = 

for all i. Hence 

Ik.WII = IKmmW = ||<(6(5(7.)) -<(a(r(7.))))ll 

<IIKK7.))-<(a(r(70))ll-0. (4.23) 

It is shown in [RW98, Lemma A. 30] that the map tt i— >■ ||7r(6)|| is lower-semicontinuous 
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on A. In other words given e > the set 

{peA:\\pm<e} 

is closed. Now, given e > equation (4.23) imphes that eventually Tii E {p & A : 
||p(^)|| < e}- Since this set is closed and TTj ^ tt we know that ||7r(6)|| < e. This is 
true for all e > so that 

= n(b) = 7r'(6(s(7))) = n'(a-\a(r{^m = 7 • 7r(a). 

This is a contradiction since a E J was arbitrary and we assumed that 7 • tt e Oj. It 
follows that the action of G on A is continuous.^ □ 



This allows us to prove that every groupoid action on an abelian C*-algebra comes 
from a groupoid action on a space, which provides the promised "converse" to Propo- 
sition 4.38. 

Proposition 4.40. Suppose X is a locally compact Hausdorff space and (Co(X), G, oc) 
is a separable dynamical system. Then there is an action of G on X such that a is 
given by left translation. Consequently Gq{X) xi^ G = C*(G, X). 

Proof. We know from Proposition 4.39 that there is a continuous action of G on 
Cq{X)^ . We can identify Cq{X)^ and X via the Gelfand transform which takes 
X E X to "evaluation at x", denoted ev^;, and tt G Gq{X)^ to the element tx E X 
determined by /(tt) — 7r(/) for / G Gq{X). Thus, using Proposition 4.39, we can 
view G as acting on X via the formula 

7 • X = (7 • ev,)^ = (ev, oa-^f. (4.24) 

This action of G on X induces an action of G on Gq{X) via left translation as in 
Proposition 4.38. That is, given / G Co(X)(s(7)) = C'o(r^^(s(7))) we define for 
X G r^^(r(7)), 

lt^(/)(a:)=/(7-^-a;). 

However, we compute that 

lt^(/)(x) = /(7-^-x)=/((ev,oa,)^) 
= ev3;(Q;^(/)) = a^{f){x) 

Thus It^ = and a is given by left translation. It follows from Proposition 4.38 that 
C*(G',X) = Co(X) x„G. □ 

^The author finds it amusing that this proof uses both upper and lower semicontinuity. 
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4.4.1 Stone Von-Neumann Theorem 

While we are on the subject of groupoid actions and groupoid spaces we may as well 
discuss one of the most basic groupoid actions, the action of G on itself by translation. 
Recall from Example 1.64 that the action is defined by 7 ■ 77 = 777. This is a very well 
behaved example and we can give a nice description of its associated transformation 
groupoid C*-algebra. This theorem is a generalization of the Stone Von-Neumann 
theorem for group crossed products [Wil07, Theorem 4.24]. It is slightly surprising 
that it can be extended to groupoids with such generality. 

Theorem 4.41. Suppose G is a second countable locally compact Hausdorff groupoid 
with a Haar system and let G act on the left of itself by translation. Then there is an 
isomorphism $ from C*{G, G) onto JC{2) where Z is the completion of the pre-Hilbert 
Go{G^^^) -module Zq — Gc{G) given the operations 

z ■ = z{-f)(f){s{^)) {w,z){u)= / w{^)z{^)dXu{^). 

Jg 

Furthermore, given f G Cc{G k G) and z E Zq we have 

HMl)^ [ f{r),i)z{r^-'i)dX^^\ri). (4.25) 
Jg 

Proof. First, consider the fact that if we let G^^^ act on the right of G by the trivial 
action then G is a strong, principal, right G'^'^-'-spacc. As such we can form the 
imprimitivity groupoid H — G'^^°^ . Since the action is trivial, we have 

H^G*G^ {(7, rj)eGxG: 5(7) = s{rj)} 

and the operations arc just ij,i]){riX) = ilX) ^iid (7,77)^^ = (rj,^). It follows from 
Proposition 1.93 that H acts on the left of G and that with this action G is a 
equivalence. Furthermore, once we untangle the definitions, it follows that the action 
of if on G is defined by (7, rj) • r) — ^. Now G has a Haar system by assumption, 
and since the restriction of the range and source maps to G^'^^ arc obviously open it 
follows from Proposition 1.95 that H has a Haar system /j, defined by 

/ f{v,7)d^iHv,7) = f /(C,7)c?A,(c)(7). 
Jh Jg 

Furthermore, we saw in Example 4.21 that C*{G^^^) is just Go(G'^°)) and the Haar 
system is given by the Dirac delta measures {Su}- 

Since both G^°^ and H have Haar systems we can use Theorem 4.26 to view 
2o — Gc{G) as a pre-G*(i?) — Go(G('^))-imprimitivity bimodule. In particular Zq is 
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a pre-Hilbert Co(G*^°^)-module and we can compute that the operations are given for 
z e C^{G) and e Cq{G^^^) by 

z ■ 0(7) = / 2;(7 • u)4>{u~^)dds(^){u) 
= 2(7)0(5(7)), 
and by picking 7 e G such that 5(7) = 

Jh 



G 



ziOwiOdXuiC). 



G 



Thus Zq has the appropriate operations and defines the desired Hilbert Co(G^°^)- 
module Z. Furthermore, since Z is an C*{H) — Co(G'*^°^)-imprimitivity bimodule 
it follows from [RW98, Proposition 3.8] that C*{H) is isomorphic to the compact 
operators 1C{Z) and that the isomorphism is given by '^{f){z) — f ■ z. Thus we can 
compute for / e Cc{H) and z e Cc{G) that 



'^{f){z){i)=f-z{^)= / f{ilX)z{{ilXV-l)dl^\vX) 

JH 

- / /(7,C)^(C)^A,(,)(C). 

JG 

Now, consider the transformation groupoid G \x G. Define : if — >■ G k G by 
4>{l-i'n) — {l'n~^-il)- This map is clearly continuous and has a continuous inverse 
given by (7,77) 1— > i'r),l~^v)- Furthermore, we can check that 

= {lV~\l){vr^,v) = <P{l,v)4>{v,i), and 

= (7^"\7)"^ = 0(7, '?)~^- 

Thus is a groupoid isomorphism. Now recall that the Haar system on G K G is 
defined by 13^ = X"^^^ x 5^. We can then check that, for / e Gc(G k G) 

/ /(0(C,r/))rf/x^(C,r?)= / f{(t>{l,v))d\si,M= I f{lV-\l)dKi,){v) 

JH JG JG 
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Jg Jg^g 

Thus (j) intertwines the Haar systems on G x G and H. It foUows from Proposition 
4.23 that the map T : C*{G) C*{H) defined for / G by T(/) = / o 

is an isomorphism. But now we can define an isomorphism $ : C*{G) K,{Z) by 
$ = ^ o T. Furthermore, we can compute for / G Cc(G k G) and z G GdG) that 

$(/)z(7) = o 0)z(7) = / /o0(7,C)z(C)rfA,(^)(C) 

^G 

= / /(C,7)^(C-S)t^A'-W(C)- □ 

JG 

Theorem 4.41 is not just a generahzation of the Stone-von Neumann theorem in 
the thematic sense. The classical Stone-von Neumann theorem can be obtained as a 
corollary. 

Corollary 4.42. Suppose G is a second countable locally compact group. Let M he 
the representation of Gq{G) on L^{G) given by multiplication and let L be the left 
regular representation. Then M >\ L is a faithful representation of CoiG) Xit G onto 
1C{L\G)). 

Proof. Let us first use Proposition 4.38 to identify Gq{G) Xit G with G*{G,G) = 
C*{G K G). Once we perform this identification the representation M >i L becomes, 
for / G Cc{G K G) and G ^^(c;), 

M ^ L{f)ct>{s) = I M{f{t))Lt<f>{s)A{tr'^dt= [ f{t,s)<l>{t-'s)A{t)-'^dt. 
Jg Jg 

Now, since G is a group. G^^^ consists of a single point and GtxG = GxG. We can use 
Theorem 4.41 to construct an isomorphism $ of G*{G K G) with IC{Z) where Z is the 
completion of the pre-Hilbert Go(G(o))-module Zq = G,(G). However Go(G(o)) = C 
so that Z is a, Hilbert space. Furthermore, given 4>,ip E Gc{G) we have 

/ 0(^V(s)rfAe(s) = / W)i^{s)A{s)ds. 

Jg Jg 

Now define C/ : — > L'^{G) by U(f){s) — 0(s)A(s)'"^. It is straightforward to show 
that U extends to a unitary from Z onto L^{G) and thus U^U* is an isomorphism 
from G*(G, G) onto 1C{L\G)). Furthermore, given / G Gc(G K G) and cj) G Gc(G) we 
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have 

U^{f)U*<t>{s)= f f{t,s)U*(l>{t-h)A-Hs)dt 

JG 

fit, s)(j){t-^s)A-^t)dt = M X L{f)^{s). 



G 



It follows that M K L — U*^{f)U so that M is a faithful representation onto 
1C{L\G)). □ 
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Chapter 5 

Basic Constructions 



Half of this chapter consists of technical tools and the other half of capstone results. 
In particular, Section 5.1 is a mixture of both. We introduce some major results 
for groupoid crossed products in this section, but we also apply them and show 
that a transitive groupoid crossed product is Merita equivalent to a group crossed 
product. Section 5.2 is entirely technical but is essential for Section 6.2. In Section 
5.3 we introduce the notion of a unitary action and prove that for unitary actions 
the crossed product reduces to a tensor product. This result is to be expected. 
What's more interesting is the definition of locally unitary actions given in Section 
5.4. There we show that locally unitary actions give rise to principal bundles and 
that the exterior equivalence class of the action is characterized by the cohomological 
invariant of the associated bundle. Furthermore, we show that locally unitary actions 
can be constructed from any principal bundle. 



5.1 Transitive Groupoid Crossed Products 

In this section, we will compute the representations of crossed products by transitive 
groupoids. This work will be essential in Section 6.2 and also generalizes the latter 
half of [MRW87]. In order to accomplish our goal we will have to introduce the 
notion of an equivalence bundle for groupoid dynamical systems. These objects are 
intimidating because they are very complex. However, as we will see, in practice 
they are fairly easy to work with. Now, we won't do anything other than write down 
the definition and cite the major theorem for equivalences. The reader is referred to 
[MW08] for the whole story. It is also mildly helpful to keep in mind that this material 
is meant to be a generalization of groupoid equivalences, which were introduced in 
Section 1.2.1. 

Remark 5.1. In what follows we use the following notation. Given two bundles 
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p : E ^ X and g : F — > X we define 

E*F^{{eJ)eExF:p{e) = q{f)}. 

Definition 5.2. Suppose {A, G, a) and {B, H, (3) are two separable groupoid dynam- 
ical systems with associated upper-semicontinuous bundles A and B. An equivalence 
between the dynamical systems {A,G,a) and {B,H,(3) is an upper-semicontinuous 
Banach bundle^ Pi '■ ^ ^ ^ over a (G, i7)-equivalence X together with A{r{x)) — 
S(s(x))-imprimitivity bimodule structures on each fibre — P^^i^) ^-nd commuting 
strongly continuous actions of G and H on the left and right, respectively, of ^ such 
that the following additional properties are satisfied ior e, f & ^, a & A, b & B, j & G 
and T] & H: 

(a) (Continuity) The maps induced by the imprimitivity bimodule inner products 
from ^* ^ ^ A and ^ B arc continuous, as arc the maps »4 * ^ — > ^ and 
^* B ^ ^ induced by the imprimitivity bimodule actions. 

(b) (Equivariance) The bundle map is equivariant with respect to the groupoid 
actions. In other words, p^{'y • e) = 7 • p^ie) and p^{e ■ rj) — p^ie) ■ rj. 

(c) (Compatibility) The groupoid actions are compatible with the imprimitivity 
bimodule structure: 

a{i • e, 7 • /) = a^Uie, /)) {e-V,f ■ v)b = /3~^((e, /)a) 

7 • (a • e) = a^{a) • (7 • e) (e • 6) • 77 = (e • 77) • P;;\b). 

(d) (Invariance) The G-action commutes with the 5-action on ^ and the if-action 
commutes with the A-action. That is, 7 • (e • 6) = (7 • e) • 6 and (a • e) • 7 = a • (e • 7) . 

The only reason anyone is inspired to try and form an equivalence bundle is that, 
in the same vein as Theorem 4.26, we get the following useful theorem. This result is 
can be found, in French, in [Ren87, CoroUaire 5.4] or, in English, in [MW08, Theorem 
5.5]. 

Theorem 5.3 (Renault's Equivalence Theorem). Suppose G and H are second count- 
able locally compact Hausdorff groupoids with Haar systems Xq and respectively. 
Furthermore, suppose that {A,G,a) and {B,H,f3) are separable dynamical systems 
and p^ : ^ ^ X is an equivalence between (A, G,a) and {B,H,P). Then Zq = 
Tci^X,^) becomes a pre-A ><\aG — B H -imprimitivity bimodule with respect to the 

^The symbol ^ is pronounced "humpf" as in "Humpf-Humpf-a-Dumpfer" [Seu55]. 
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following operations for f e rc{G,r*A), g G rc{H,r*B) and z,w e TdX,^): 

f-z{x):= f /(7) • (7 • ^(7-' • ^))^a2^^ (7) (5.1) 
Jg 

z ■ g{x) := I {z{x ■ v) ■ V'') " PMv'mfHv) (5-2) 
Jh 

{{z,w))b>,i,h{v) — / {z{l~^ ■ X ■ 77"^), ^(7-^ • X) ■ B{r(r)))d\''^''\-l) (5.3) 

JG 

Ax„G{{z:w)){-f) :^ A(rm{z{l ■x-ri),-i ■w{x-ri))d\'lf\ri) (5.4) 
Jh 

where x in (5.3) is any element of X such that s{x) = s{ri) and x in (5.4) is any 
element of X such that r{x) = s{j). In particular, the completion Z of Zq is a 
A'ArxG—B'A^H-imprimitivity bimodule and A>^aG andBvipH are Morita equivalent. 

This theorem will be essential to our study of induced representations. We can 
also give a straightforward application in the case of transitive groupoid actions. We 
will start by citing a deep theorem by Ramsay. The following is a slightly trimmed 
down transcription of [Ram90, Theorem 2.1]. 

Theorem 5.4 (Mackey-Glimm Dichotomy). Let G he a second countable locally com- 
pact Hausdorff groupoid. Then the following are equivalent: 

(a) For each u E G^^\ the map ^ • Su ^ ^(7) of Gu/ Su to the orbit G ■ u is a 
homeomorphism. 

(b) G^/G is aTo-space. 

(c) Each orbit is locally closed in G^°^. 

(d) The quotient topology on G'^^^G generates the quotient Borel structure. 

(e) The quotient Borel structure on G^°^ /G is countably separated. 

(f) G^^VC almost Hausdorff? 

(g) G^^yG is a standard Borel space. 

(h) The quotient map tt : G^°^ — > G^'^^G has a Borel section. 

Remark. This isn't so much a proof as it is an explanation of how this statement of 
the Mackcy-Glimm Dichotomy can be obtained from the statement in the reference. 



^See Definition 6.18. 
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Those readers not interested in chasing down citations can skip ahead. The resuh in 
[Ram90] is for Pohsh groupoids. Since second countable locaUy compact Hausdorff 
spaces are completely metrizable the result clearly applies. Furthermore, in order to 
use the full power of [Ram90, Theorem 2.1] we need to know that the orbit groupoid 
is a Fg. subset of G^^^ x G^^\ However, G is second countable locally compact 
Hausdorff so that it is the countable union of compact sets, say {Ki}'^^. Consider 
the canonical map tt : G — > Rp. Since vr is continuous, Ti:{Ki) is compact (with respect 
to the product topology) and therefore closed in x G'^^\ Thus R = Ui^i ^(-^«) 
is F^. Therefore all fourteen (!) conditions listed in [Ram90] are equivalent and the 
conditions stated in the theorem are a subset of those. □ 

Theorem 5.4 is known as the Mackcy-Glimm Dichotomy because it says that either 
a number of nice conditions hold or none of them do. We will primarily be interested 
in the case where G^^^^G is To, but will spend some time on the "other side" of the 
dichotomy as well. As we will see in Section 7.1, things don't always work as smoothly 
as they do when Theorem 5.4 is satisfied. 

The next proposition makes more sense if you realize that given 7 G G conjugation 
by 7 defines an isomorphism from Sg^-y) onto Sri^)- Thus, in a transitive groupoid all 
of the stabilizer subgroups must be isomorphic. 

Proposition 5.5 ([MRW87, Example 2.2]). Suppose G is a transitive second count- 
able locally compact Hausdorff groupoid. Then given u e the space X — Gu is a 
{G , Su)- equivalence with respect to the natural actions of G and Su- 

Proof. Let G act on X = G„ by left translation and Su act on X by right translation. 
It is easy to show that X is a free continuous left G-space and a free continuous right 
(Su-space and that the actions commute. Now suppose 7^ — > 7 in X and rji'ji — > ^ in 
X. Then rji — > Ct"^ so that by Proposition 1.84 the action of G on X is proper. The 
same argument shows that the action of Su on X is proper as well. Furthermore since 
the source map Sx on X maps onto a single point it must be open. We also note that 
if 7, 77 e X then 7 and r]~^ are composable and that (777"^) -rj = •y. Thus the action of 
G on X is transitive so that sx factors to a bijection. Next, let rx '■ X ^ G*-*^^ be the 
restriction of the range map to X. Given 7, e X, if r{'y) — r{rj) then 7~^77 G Su so 
that 7 ■ 7~^?7 = r]. This shows that rx factors to a bijection from X/ Su onto G^^\ All 
that is left is to show that rx is open. This is not necessarily true in the nonseparable 
case, [MRW87, Example 2.2]. However, we assumed that G is second countable and, 
since it is transitive, the quotient space G^^^ /G is trivial. Clearly G^*^^ /G is Tq so that 
we may use Theorem 5.4 to conclude that the map p : Gu/ Su G ■ u — G^°^ such 
that p(7 • Su) = t(7) is a homeomorphism. However, rx is just the composition of p 
with the quotient map from Gu onto Gu/Su- Since both of these maps are open rx 
is open as well. □ 
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Remark 5.6. It is worth noting that you do not need to use the Mackey-Glimm Di- 
chotomy to prove Proposition 5.5. A more elementary proof can be found in [MRW87, 
Theorem 2.2A,2.2B]. This argument makes use of the Baire Category Theorem and 
is quite interesting. 

We can now use Proposition 5.5 to identify the Morita equivalence class of transi- 
tive groupoid crossed products. As before, observe that because G is transitive each 
of the stabilizer subgroups must be isomorphic. Furthermore, the guarantee that 
all of the fibres of A are isomorphic as well. 

Theorem 5.7. Suppose {A, G, a) is a separable dynamical system and that G is 
transitive with Haar system A. Fix u e G^^^ and let (5 he Haar measure on Then 
'^Q — Cc{Gu, A{u)) becomes a pre-A Xq, G — A{u) Xq|<, Su-imprimitivity himodule 
with respect to the following operations for f e Tc{G,r*A), g G Cc^Su, A{u)) and 
z,w & Xq: 



where ( in (5.8) is any element of Gu such that r(C) = -5(7). In particular, the 
completion X of Xq is an Ay\aG — A{u) x^Is^ Su-imprimitivity himodule and A xi^ G 
is Morita equivalent to A{u) >^a\s^ ^u- 

Proof. Suppose {A,G,a) is as in the statement of the theorem and that u e G^'^\ 
First, let X — Gu and recall that X is a (G, 5'„)-equivalence with respect to the 
natural actions of G and Su on X by Proposition 5.5. Next, consider the trivial 
bundle ^ = X x A{u). This is clearly a Banach bundle and the space of compactly 
supported sections can be identified with Xq = CdGu, A{u)). Given 7 G X we need to 
equip = A{u) with an A{r{;-))) — 74(M)-imprimitivity bimodule structure. However 
a-y : A{u) —>■ A{r{j)) is an isomorphism so that we can use [RW98, Example 3.14] to 
give the bimodule structure with respect to the following operations for a, 6 e ^{u) 
and c e A{r{'y)): 




(5.5) 



(5.6) 



(5.7) 



(5.8) 



(7, a) ■ b = {j,ab) 
((7,«), {'y,b))A{u) = a*b 



c- (7, a) = {j,a^\c)b) 
A(r(7))((7, «), (7, b)) = a^{ab*) 
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Next, we define the range and source maps, as well as the G and Su actions, on ^ in 
the following manner for (7, a) & ^, r] & G and s & Su 

rj|(7,a) =r(7) s^{-f,a)^u 
V ■ (7, a) = ivi, a) (7, a) • s = (7s, a'^a)). 

It is relatively obvious that these are continuous actions. Since Sjj, maps onto a single 
point it must be open. Furthermore, since X is a (G, 5'„)-equivalence we know that 
rx must be open. However, is just the composition of rx with the projection map 
from ^ onto the first factor and therefore must be open as well. Thus the actions of G 
and Su on ^ are strongly continuous in the sense of Definition 1.60. The computation 

iv ■ (7, a)) -3 = (ry7, a) • s = (7/75, aj^(a)) 

shows that the actions commute. Now we must verify the different requirements for 
equivalence. The continuity condition is clear once you recall that multiplication on 
A and the action a are both continuous. Furthermore, it is very easy to show that the 
bundle map : ^ ^ X is equivariant. Next, we must show that the groupoid actions 
are compatible with the imprimitivity actions. Fix 7 G X, a,6 G A{u), c G A{r{j)), 
s & Su and 1] E G. We can now perform the following computations without too 
much difficulty: 

A{r{v)){v • (7, a), ?7 • (7, b)) = ar,^{ab*) 

= Q;r,(A(r(7))((7,a),(7,&)», 
((7, a) • s, (7, b) ■ s)a{u) = {(is, a;\a)), (7s, q;7^(6))a(«) = a7\(^*b) 

= «r^(((7,a),(7,fc))A(«)), 
77 • (c • (7, a)) = 77 • (7, a-^{c)a) = (777, a-^{ar,ic))a) 

= ar,{c) ■ (77 • (7,0)), 
((7, a) • 6) • s = (7s, aj^{ab)) = (7s, aj\a)a-;\b)) 
= ((7,0) • s) ■ aj\b). 

The last thing to check are the invariance conditions. We compute 

77 • ((7, a) • 6) = (777, ab) = (77 • (7, a)) • b 

and 

(c • (7, a)) • s = (7, a~^{c)a) ■ s = (7s, aj^{a~^{c)a)) 
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= (7s, 0(^sic)ois \a)) = c • (7s, a, \a)) 
= c - ((7,a) -s) 

We have now verified all of the conditions for ^ to be an equivalence between {A, G, a) 
and {A{u), Su,Oi\s^)- We use Renault's Equivalence Theorem to conclude that Xq 
completes into an A x G — A{u) xi S'^-imprimitivity bimodule. What's more we can 

use (5.1) through (5.4) to compute the operations on Xq exphcitly. For instance, fix 
/ e rc{G,r*A), g G Cc{Su,A{u)) and z,w e Xq. Observe that if z{r]''^j) = {rj'^^j.a) 
then r] ■ z{r}~^'y) = (7, a) so that /(?]) ■ (77 • z{ri^^'yj) = (7, (/(?;)) a). Making the 
usual identification of a with z{r)~^j) we get 

Jg 

= / a-\f{r)))z{r]-'j)dX<^\r,). 
Jg 

In a similar fashion we obtain 

z-9(l)^ I {z{^ ■ s) ■ s'') ■ as{g{s-'))d(3{s) 

J Su 

= I as{zMg{s-'))dp{s). 

J Su 

Next, in (5.3) we may as well pick x — u so that we have 

{{z,w))a{u)>^Su{s) = / {z{r]-^ -u- s-^),w{r]-^ -u) ■ s-^)A{u)dX''{'n) 
Jg 

= I z{r}-h-yas{w{r]-^))dV{r]) 
Jg 

= [ z{r,-'ra,{w{rj-h))dX-{rj). 
Jg 

Finally, given 7 e G as in the definition of (5.4) we choose some C ^ -'^ such that 
r{Q — 5(7), and then observe 

Ax>g{{z,w)){^) = / A{r(^)){zi7-C-s),^-w{C-s))di3{s) 

= / a^cs{z{-fCs)w{Cs)*)d(3{s) 

J Su 

Thus, all of the operations on Xq have the correct form and we are done. □ 
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Remark 5.8. As we noted in the beginning of the section, equivalence bundles seem 
frightening because there are many different operations. However, in Theorem 5.7 all 
of the actions had natural definitions and working with them posed no real difficulty. 
This is often the case with equivalence bundles. 

We also take this opportunity, while we are on the topic of equivalence bundles, to 
introduce the following technical lemma. It may not seem important but approximate 
identities like this are very useful for proving nondegeneracy conditions. They can 
also be quite fiddly which is why we only reference this result. 

Remark 5.9. Recall from Definition 1.104 that given a groupoid G a neighborhood 
of G^^^ is called conditionally compact if for every compact K C G^^^ its intersection 
with r''^{K) is compact. 

Lemma 5.10 ([MW08, Proposition 6.7]). Suppose (A,G,a) and (B,H,P) are sepa- 
rable groupoid dynamical systems and p^ : ^ ^ X is an equivalence between {A, G, a) 
and {B,H,(3). Let {a;};gA be an approximate identity for A. Then for each 4-tupl^ 
{K,U,l,e) consisting of a compact subset K C G^^\ a conditionally compact neigh- 
borhood U of in G, I E A and e > there is an e — e(^K,u,i,e) £ ^c{G^ r*A) such 
that 

(a) suppe C U, 

(b) ||e(7)||dA"(7) < 4 for all u e K and 

(c) ||/ge(7)dA"(7) - ai{u)\\ < e for all ueK. 

Furthermore {e(^K,u,i,t)} directed by increasing K and I and decreasing U and e is an 
approximate identity with respect to the inductive limit topology for both the left action 
ofTc{G,r*A) on itself and the left action of rc{G,r*A) on Tc{X,^). Specifically, 
^(K,u,i,e) *9 ^ 9 with respect to the inductive limit topology for all g e I'dG, r*A) and 
^[K,u,i,e) ■ z ^ z with respect to the inductive limit topology for all z e ^c{X, ^|). 

Remark. This is just an explanation of how to extract this statement of the lemma 
from the reference. Those readers not concerned with chasing down citations can 
skip ahead. Lemma 5.10 is really a result of both [MW08, Lemma 6.6, Lemma 6.7]. 
Specifically, [MW08, Lemma 6.6] states that the net {e(^K,i,u,e)} given above is an 
approximate identity in the inductive limit topology. Then such a net is constructed 
in the proof of [MW08, Lemma 6.7]. The construction of this approximate identity 
is fairly complex and occupies the whole of [MW08, Section 6]. □ 
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5.2 Invariant Ideals 

This is mainly a technical section. We will investigate certain nice ideals of crossed 
products and show that they behave in a reasonable manner. This material is struc- 
tured along the lines of [Wil07, Section 3.4]. We start by considering what happens 
when we cut down upper-semicontinuous bundles. 

Definition 5.11. Let ^4 be a Co(X)-algebra, A its associated upper-semicontinuous 
bundle, and Y a locally compact subset of X. We define the restriction of ^4 to F to 
be 

A{Y) := ToiY,A). 

Proposition 5.12. Suppose A is a Cq{X) -algebra, A its associated upper-semi- 
continuous bundle, and Y is a nonempty locally compact subset of X. Then A{Y) 
is a Co{Y)-algebra with A{Y){y) = A{y) for all y E Y. Furthermore the upper- 
semicontinuous bundle associated to A{Y) is A\y —P~^{y)- 

Proof. Let B = p~^{Y). It follows immediately from the fact that A is an upper- 
semicontinuous C*-bundle that B is as well. Observe that, by definition, A{Y) is the 
space of sections of B which vanish at infinity. It follows from Example 3.18 that 
A{Y) is a Co(F)-algebra. Now, once we make the usual identification of A(Y){y) 
with the fibre By, we have A{Y){y) — By — Ay — A(y). Finally, still using this 
identification, it is vacuously true that B has the unique topology making A{Y) into 
the space of sections of B which vanish at infinity. Thus, by definition, B is the 
upper-semicontinuous bundle associated to A{Y). □ 

Now, the notation A{Y) is going to be subject to the same abuse that we subject 
a{x) to. Specifically, the next proposition shows that for closed sets A{Y) is (iso- 
morphic to) a quotient of A, bringing us back to definition of the similarly denoted 
A{x). 

Remark 5.13. In the same vein as Definition 3.15, if C is a closed subset of X and 
Jc is the ideal of functions in Co{X) which vanish on C then we will denote the ideal 

^a{Jc) ■ A by Ic. 

Proposition 5.14. Suppose A is a Co{X)-algebra and A is its associated upper- 
semicontinuous bundle. Let U be an open subset of X and C = X \ U. Then there 
are *-homomorphisms l : A{U) A and p : A ^ ^(C*) where l is the inclusion of 
ro{U,A) into ro{X,A) and p is the restriction map from Vq{X,A) into Vq{C,A). 
Furthermore, the sequence 

^ A{U) A A{C) ^ 

is short exact. Finally, rant = Ic so that A{U) is isomorphic to Ic and A{C) is 
isomorphic to the quotient A/ Ic. 
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Proof. Wc will identify A with the sections of A which vanish at infinity. Recall that, 
by definition, A{U) and A{C) are the sections on U and C which vanish at infinity. 
Our first goal is to see that l and p are well defined. Suppose / e A{U) and let <.(/) 
be the extension of / to X by letting i{f){x) = 0^ for all x ^ U. We claim that t{f) 
is continuous on X. Suppose — > x and x & U. Then, eventually, Xi & U so that 
L{f){xi) = f{xi) — ^ f{x) = L{f){x). Now suppose x ^ U. As wc have done before, we 
will pass to a subnet and show that a sub-subnet converges to i{f){x) = O^. If Xi ^ U 
infinitely often then pass to a subnet and assume this is always true. It follows from 
condition (d) of Definition 3.1 that i{f){xi) = Oj;. — > 0^;. If e C/ eventually then 
pass to a subnet and assume this is always true. If e > then, since / vanishes at 
infinity, K = {x & U : \\f{x)^ > e} is a compact subset of U and is therefore closed 
in X. Thus, X \ is an open neighborhood of x and therefore eventually contains 
Xi. However, this implies that eventually < e. Since e > was arbitrary we 

must have and it follows that f{xi) — > Oj,. Thus i{f) is continuous. This 

also shows that i{f) vanishes at infinity in X, since the set K above is compact as 
a subset of X. Finally, it is clear that t is a *-homomorphism under the pointwise 
operations and that l is isometric with respect to the uniform norm. It follows that 
i is injective and an isomorphism onto its range. 

Clearly p(/) is a continuous section on C . Furthermore \i K = {x : \\f{x) || > e} for 
some e > then flC is a closed subset of a compact set and is therefore compact. It 
follows that p{f) vanishes at infinity. Obviously, p is a *-homomorphism with respect 
to the pointwise operations and ||p(/)||oo < ll/lloo- Now consider ran p. We would 
like to show that ranp is closed under the Co(C)-action. Well, ranp is closed and if 
(pi ^ (p uniformly in Co(C) then (pi ■ a ^ (j) ■ a uniformly in A{C). It follows that 
it suffices to show that ranp is closed under the action of Cc(C). Given (p G Cc(C) 
use Lemma 1.71 to extend (p to Cc{X). We then observe that p{(p ■ f) — (p ■ p{f) for 
all f E A. Hence ranp is closed under the action of Co(C). Now, given x E C and 
a G A{C){x) = A{x) we pick f E A such that f{x) = a. Then p{f){x) = f{x) = a. 
Thus ranp is fibrewise dense. It follows from Proposition 3.11 that ranp is dense in 
A{C). Since ran p is closed it follows that p is surjcctive. 

All we have to do now is show that rant = kerp = Iq. If / G A[U) then 
p{i{f)){x) = i{f){x) = 0^ for all X G C = X \ U. Thus rani C kerp. Now 
suppose that / G ker p so that / is zero on C. (Note: The following argument is 
slightly easier if we are in the second countable case.) Given e > we know that 
K = {x E X : > e/2} is compact. Using the fact that K is a compact set 

which is disjoint from C we can find a relatively compact open neighborhood U of 
K which is disjoint from C. Use Urysohn's Lemma to find a function (p G Cc{U) 
such that (p is one K and zero on U \ U. Now extend to C/ U C by letting (p be 
zero on C. If — > x and x E U then Xi is eventually in U and (p{xi) <p{x) by 
construction. Suppose — > x and x ^ U. Then ii Xi ^ U infinitely often pass to 
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a subnet and assume this is always true. It follows that (j){xi) = — = (f){x). If 
eventually Xi E U pass to a subnet and assume that this is always true. But then 
X & U and ^(xj) —>■ 4>{x) by assumption. Thus, our extension is a continuous, 
compactly supported function on C U U. We can now use Lemma 1.71 to extend 
to a function in Cc{X). Since was constructed to be zero on C we have (p • f & Ic- 
Furthermore it is easy to check that — /||oo < Since e > was arbitrary 

it follows that / G /c and thus ker p C Ic- Finally, given G Cc{X) such that 
(j) is zero on C and / G A observe that • / is zero on C. Hence, if e > then 
K ^ {x e X : \\4> ■ f{x)\\ > e} C U. It follows that the restriction oi 4> ■ f to U, 
denoted g, vanishes at infinity. Since L{g) — (f) ■ f it follows that Iq C rant. Thus 
ran l — ker p — Ic and the rest of the proposition follows. □ 

As a corollary to the above we find that the spectra of these "restriction" bundles 
are well behaved. 

CoroIIciry 5.15. Suppose A is a Cq{X) -algebra, U is an open subset of X and C — 
X \U. Let a : A ^ X be the associated map on the spectrum. Then a~^{U) = 

{A{U))^ and a~^{C) = {A{C))^ . Furthermore, if we view both A{U) and a^^{U) as 
the disjoint union Yixeu ^i^)^ identification is given by the identity. The 

corresponding statement holds for C . 

Proof. The map l is an isomorphism of A{U) onto Iq and as such we may identify 
Ic and {A{U))^ via the map 0i(7r) = tt o t. Furthermore, since Ic is an ideal in A we 
can, and do, identify the set {n E A : Ic <^ kcrvr} with Ic [RW98, Proposition A. 26] 
via the map 02(71") = 7i\i^. We would like to show that Ic = a~^{U). If tt G a~^{U) 
then, by definition, I^ C kerTr for some x E U so that tt factors to an irreducible 
representation tt' of A{x). Since tt' is irreducible it must be non-zero, so there exists 
a G A{x) such that n{x) ^ 0. However, if we choose b E A such that b{x) — a and 
(j) G Cc{U) such that (f){x) — 1 then (f) - b E Ic and 

7r(0 • b) = 7i' {(j){x)b{x)) = 7i{a) 0. 

Thus TT G Ic- Next suppose tt G Ic- By construction, /^-(Tr) C kervr. If a{7r) G C then 
Ic C Ia{-K) C kervr but this is a clear contradiction. At this point we can form the 
homeomorphism = 02 o 0i mapping a~^{U) onto A{U) defined via 0(7r) = tt\i^ o l. 
Fix X E U and suppose tt G A{x)^. Let n' be the lift of tt to ^4 and tt" the lift of tt to 
A{U). Observe that 

0(7r')(a) = 7r'(<.(a)) = 7r(t(a)(a;)) = n{a{x)) = n"{a). 

It follows that if we identify both A{U) and a~^{U) with Ylxeu ^i^)^ then (f) is given 
by the identity map. 



195 



Basic Constructions 



Next, observe that the restriction map p factors to an isomorphism p of A/Ic 
onto A{C) and thus we can define a homeomorphism from {A/Ic)^ onto {A(C))^ by 
01 (tt) = tt o p~^. Furthermore we can, and do, identify the set {n E A : Ic C. kervr} 
with {A/ Ic)^ [RW98, Proposition A. 28] via the map 4>2{t^) = tt where tt is the fac- 
torization of TT to A/Ic- We would hke to show that (A/Ic)^ — a~^{C). Suppose 
n E A such that Ic C kerTr and suppose x — a{7r) ^ C. By definition tt factors to 
an irreducible representation vr' of A{x) and therefore there exists a G A[x) such that 
7r'(a) 7^ 0. Now find h E A such that h[x) — a and (j) e Cc{U) such that — 1. 
Then • 6 e so that 

= 7r((/) • 6) = 7r'(0(x)6(x)) = 7r'(a) 

which is a contradiction. Now suppose % E A such that cr(7r) e C. Then Ic C Ix C tt 
and we are done. Thus we can define a homeomorphism from a'~^{C) onto A{C)^ via 
(f) — (f)^o 02- Furthermore given tt G (J~-'^(C) we have 0(7r) = tt o p"-*^. Now fix x e C 
and suppose tt e Let vr' be the lift of tt to ^4 and n" the lift of tt to A{C). If 

5 : A ^ A/Jc is the quotient map and a E A then 

0(7r')(p(?(a))) = ^(?(a)) = 7r'(a) = 7r(a(:r)) = 7r(p(a)(:r)) = 7r"(p(a)) = 7r"(p(5(a))). 

Since p o g is surjective this implies that 0(7r') = tt". Thus we can view 4> as the 
identity map. □ 

Now we will extend some of this theory to groupoid crossed products. In particular 
we need to be able to cut down groupoids by restricting the unit space. 

Definition 5.16. Suppose G is a locally compact Hausdorff groupoid and F is a 
locally compact G-invariant subset of G^^K Then we define the restriction of G to F 
to be G\y :=r-i(F) = s'\Y). 

Proposition 5.17. Let G be a locally compact Hausdorff groupoid with Haar system 
A and Y a locally compact G-invariant subset of G^^\ Then G\y is a locally compact 
Hausdorff subgroupoid of G. Furthermore the restriction of the Haar system to G\y 
is a Haar system. We will always equip G\y with this Haar system. 

Proof. Since Y is locally compact in G^^'> it must be the intersection of an open set 
and a closed set [Wil07, Lemma 1.25,1.26]. It follows that G\y is locally compact 
and, since Y is G-invariant, that G|y is a subgroupoid of G such that (G|y)" = G"^ 
for all u eY . Consider the restriction of the Haar system to G|y. Because G|y is the 
restriction of G to a G-invariant subset, supp A" = (G|y)" = G" for all e y. Given 
a compactly supported function / e Cc{G\y) we can extend f to G using Lemma 
1.71 and then the continuity of the Haar system follows. Finally, left-invariance is 
immediate from the fact that A is a Haar system for G. □ 
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Of course, wc would like to be able to restrict a groupoid action to G\y, but this 
means restricting A as well. The result is the following 

Proposition 5.18. Suppose {A, G, a) is a groupoid dynamical system and Y is a 
locally compact G -invariant subset of G^^\ Then the restriction of a to G\y defines 
an action of G\y on A{Y). 

Proof. The fact that G\y is a groupoid with a Haar system follows from Proposition 
5.17 since Y is G-invariant. Since A(Y){y) = A{y), it is easy to see that a satisfies 
the first two conditions of an action of G\y on A(Y). On the other hand, since the 
bundle associated to A{Y) is just the restriction of the bundle associated to A, the 
continuity condition is easy to verify as well. □ 

Now that we can restrict actions we will show, similar to Proposition 5.14, that 
the crossed product respects the restrictions. In particular, we will have to work with 
the following object. 

Definition 5.19. Given a separable groupoid dynamical system (A, G, a) and an 
open C-invariant subset U of G'^^^ let Ex([/) be the closure in ^4 xi^ G of the set 

{/erc(G',r*^):supp/cG'|[;}. 

There are more elementary ways to prove the next result, however the following 
proof, inspired by [Cla04, Lemma 3.3.1], is pretty slick. 

Proposition 5.20. Given a separable groupoid dynamical system {A,G,a) and an 
open G-invariant subset U of then the inclusion map 

L:r,iG\u,r*A)^r,{G,r*A) 

extends to an isomorphism of A{U) Xq onto Ex{U). Furthermore, Ex{U) is an 
ideal in A >i G. 

Proof. First, observe that G\u is an open subset of G so that we can apply Proposition 
5.14 to r*A and see that is continuous for all / G rc{G\u,r*A). However, 
suppt(/) = supp/ and it follows that e Ex{U). Since the action of G\u on 
A{U) is just the restriction of the action of G on A, it is straightforward to show that 
t is a *-homomorphism. Furthermore, it is clear that l is continuous with respect 
to the inductive limit topology. Next, observe that ii f,g G rc{G,r*A) such that 
supp / C G\u then for all 7 ^ G\u we have 

/ * 5(7) = / fiv)aMv-'7))dy^'\v) = (5.9) 
Jg 
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since r(r/) = r{'y) G U implies r] G G\u- Similarly we find that g * /(7) = for all 
7 ^ G\u- This shows that g * f, f * g & Ex{U) and it is enough to imply that Ex{U) 
is an ideal in yl xi G. Furthermore, if / G Ec{G, r*A) such that supp/ C G\u then we 
can clearly view / as a compactly supported section on G\u and in this case = /. 
Thus L maps onto a dense subset of Ex(C/). 

Now, it follows from Corollary 3.134 that i is bounded and extends to a *- 
homomorphism on A{U) x Furthermore, it is clear that rant = Ex(C/). Next, 
suppose J? is a faithful representation of A{U) x G\u on a separable Hilbcrt space 
TC. Let Ho = span{i?(/)/i : / G Tc{G\u,r*A), h G H} and observe that Hq is dense 
in Ti. If / G rani and g G rc{G,r*A) then we know from (5.9) that / * g['y) = 
unless r(7) G r(supp/) C U. Thus r(supp/ * gf) C C/ so that supp / * g G G\i/. In 
particular, we can view /*gr as a function in rc{G\u, r*A). We define a representation 
of TciG, r*A) on Ho via 

ji n 

T{f) J2 R{9i)hi = ^ * 9i)K (5.10) 

i=l 1=1 

Of course, wc need to check that T is well defined. It will suffice to show that if 
J2iRi9'dhi = then T(/) = for all / G TciG,r*A). Let {e«} C T,(G\u,r*A) be 
the approximate identity from Lemma 5.10 so that e^* gi —>■ gi with respect to the 
inductive limit topology for all i. We now have, 

n n 

* 9i)hi = * * 9i)) 

1=1 1=1 

n 

= Vi?(lim(/*e^) *c/i)/ii 

i=l 

n 

^limR{f*e,)y^R{gi)hi = 

i=l 

where each limit, except for the last, is taken in the inductive limit topology. Thus 
T is well defined and it is easy to see that it is a homomorphism into the algebra of 
hnear operators on Hq. Next, observe that if / G rc{G\u,r*A) then T(i(/)) = R{f)- 
We now verify the conditions of Theorem 3.119. First, we have 

T{i{ek))R{f)h = R{ek * f)h ^ R{f)h 

for all / G rc{G\u,r*A) and h E Ti. Since R is nondcgcncratc this suffices to show 
that the set span{T(/)A; : / G Tc{G,r*A)ik G Ho} is dense in Ti. In order to verify 
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the continuity condition it clearly suffices to show that 

f^{T{f)Ri9)h,R{k)l) 

is continuous with respect to the inductive limit topology for all g,k E rc{G\u,r*A) 
and h,l e n. However, {T{f)R{g), R{k)l) = {R{f * g)h,R{k)l) so the continuity 
follows from the fact that R and convolution are both continuous with respect to the 
inductive limit topology. Lastly, for the third condition it will suffice to check that 

{T{f)R{g)h,R{k)l) = {R{g)h,T{nR{k)l) 

for all g, h and k, I as before. We can compute 

{T{f)R{g)h, R{k)l) = (Rif * g)h, R{k)l) = (h, R{{f * g)* * k)l) 
= (h, Rig* * r * k)l) = {R{g)h, Rif * k)l) 
= {R{g),T{nR{k)l). 

Notice that we are being a little schizophrenic about which algebra the convolution 
and involution are actually occurring in. However, since the Haar system and action 
of {A{U), G, a\u) are the restrictions of the Haar system and action of [A, G, a), the 
convolution and involution formulas for both algebras are the same. In any case, by 
Theorem 3.119, T is bounded with respect to the universal norm and extends to a 
representation of xi G. Furthermore, since R — T o t on rc{G\u, r*A) this identity 
holds in general. Thus, given f e A{U) ><i G\u we have 

11/11 = P(/)ll = ITO/))ll<lk(/)ll- 

It follows that L is isometric and we are done. □ 

The complement to Proposition 5.20 is the following 

Proposition 5.21. Suppose {A,G,a) is a separable groupoid dynamical system and 
C is a closed G -invariant subset of G^^\ Then the restriction map 

p:r,{G,r*A)^r,{G\c,r*A) 

eoctends to a surjective homomorphism from A G onto A{C) x G\c- Furthermore, 
p{rc{G,r*A)) is dense in rc{G\c,r*A) with respect to the inductive limit topology. 

Proof Since G is closed, is compactly supported in G\c for all / G Tc{G,r*A). 
Thus p is well defined and it is straightforward to see that it is a *-homomorphism 
which is continuous with respect to the inductive limit topology. It follows from 
Proposition 3.133 that p extends to a *-homomorphism on A x G. It follows from 
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Proposition 5.14 that the restriction map from Cq{G) onto C(}{G\c) is surjective. 
Given G Co{G\c) nsc the aforementioned surjectivity to extend to a function 
(f) e Co{G) and observe that ■ = p(0 • /). Thus, ranp is closed under the 
action of Go{G\c)- Next, given 7 e G\c and a e ^(r(7)) choose 6 e A such that 
6(r(7)) = a and / e Cc(G') such that 7(7) = 1. Then p{f ■ b){^) = f{^)b{r{^)) = a. 
Thus ran p is fibrewise dense and therefore dense in the uniform norm by Proposition 
3.11. What's more, we can perform the standard trick of multiplying a uniformly 
converging sequence by an appropriately supported function in Cc{G) to sec that 
ranp is dense in the inductive limit topology. Hence ranp is dense in A{G) xi G|c 
and therefore p is surjective. □ 

Now we can put everything together to get a nice result mimicking [Wil07, Propo- 
sition 3.19]. 

Theorem 5.22. Let {A,G,a) be a separable groupoid dynamical system, U an open 
G-invariant subset of G^^\ and G the closed G-invariant set \ U. Then inclusion 
and restriction eoctend to *-homomorphisms l : A{U) >i G\u ^ A ><\ G and p : A xi G — > 
A{C) X G\c, respectively. Furthermore, the following sequence is short exact 

> A{U) X G\u AxG A{G) x G\c > 

and rant = kcrp = Ex(C/) 50 that A{C) x G\c is isomorphic to the quotient space 
A X G'/Ex(C/). 

Proof. Proposition 5.20 shows that i is well defined and injective, and Proposition 
5.21 shows that p is well defined and surjective. All that is left is to show that 
rant = ker p = Ex(f/). We have already shown that rant = Ex(f/). Furthermore, it 
is clear that given / G Vc{G\u, r*A) we have poi{f) = 0. It follows that ran l C ker p. 
Thus we are reduced to proving that kerp C Ex{U). 

Let i? be a representation of A x G such that keri? = Ex(C/). Now, suppose 
f,g & Tc{G,r*A) such that p(/) = p{g)- Unfortunately, just because f — g is zero 
on G\c doesn't mean f — g is supported on G\u- However, consider X = {7 G G : 
— g{x)\\ > e}. Since K is a closed subset of supp(/ — g) it must be compact. 
Furthermore, since K is compact and disjoint from G|c we can find some relatively 
compact neighborhood V oi K such that K cV C G\u- Now choose G Cc{G) such 
that is one on K and zero off V. Then • (/ — gf) is supported inside G\jj so that 
4' ' if ~ 9) ^ Ex(f/). However, it is easy to see that ||0 ■ {f — g) — {f — g)\\oo < ^■ 
Since supp (p ■ {f — g) C supp f — g we can use this construction to find a sequence 
in Ex[U) which converges to f — g in the inductive limit topology. It follows that 
f — g e Ex{U) = ker i?. Thus the representation T of rc(G|c, r*A) given by 

T{p{f)) - R{f) 
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is well defined. Furthermore, since R and p are *-liomomorpliisms, it follows that T 
is as well. We would like to see that T is /-norm decreasing. Suppose / G Tc{G, r*A) 
and fix e > 0. Since Lemma 4.32 implies that u i— >• ||/(7)||<iA"(7) is upper- 
semicontinuous we can find for each v e r(supp/) fl C some relatively compact 
open set Oy such that w & Oy implies 

/ ll/(7)IMA-(7) < / ||/(7)IMA^(7) + e<||p(/)|k + 6. (5.11) 
Jg Jg 

By considering the continuous compactly supported function 7 f{l^^) we can, in 
the same fashion, also find for each v e r(supp/) n C some relatively compact open 
set Vy such that w e K implies 

/ 11/(7) |MA^(7) < / ||/(7)IMA,(7) + 6<||p(/)||, + 6. (5.12) 
Jg Jg 

Since {Oy fl Vy] is an open cover of the compact set r(supp /) fl C, there exists some 
finite subcover {Oy^ fl K,}. Let O = [JiOy^ fl Vy^ and observe that, because the 
union is finite, O is still relatively compact. Now choose (p e Cc{G^^^) such that (j) 
is one on r(supp/) fl C, zero off O, and < < 1, and define g e rc{G,r*A) by 
gr(^) = 0(r(7))/(7). If e O then, by construction, 

</'(^) / 11/(7) IMA^(7)<l|p(/) 11/ + e, and 
Jg 

m f ||/(7)IMA,(7)<||p(/)||/ + 6. 
Jg 

Furthermore, if f ^ O then 

0(^) / 11/(7) IMA^(7) = < ||p(/)||7 + e, and 
Jg 

m I ||/(7)|MA,(7) = 0<||p(/)||, + 6. 

Jg 

It follows that ||5f||/ < ||p(/)||7 + e. However, g — f is zero on C by construction so 
that 

\\T{p{m\ = mm = mg)\\ < m < hh < Mmi+e. 

Since e was chosen arbitrarily, this implies that T is /-norm decreasing. Since T is 
an /-norm decreasing *-representation, it follows that T extends to a representation 
oi A(C) XI G\c- Finally, since the identity T o p — R holds on a dense subset it holds 
everywhere. Thus ker p C ker R — Ex(C/) and we are done. □ 
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Remark 5.23. This section serves as an excellent demonstration of the fact that kernels 
are not well behaved with respect to completions. In Proposition 5.17 it is clear that 
L is injective on a dense subalgebra but this does not imply that its extension to the 
crossed product is injective. We had to put in the extra effort to show that it was 
isometric. In Proposition 5.21 it is easy to show that those elements in rc{G,r*A) 
for which p{f) = are contained in Ex(C/). However, ker p is not the completion of 
kerp n r(;(G, r*A). The solution in this case was to work with representations since 
they arc determined by their action rc{G,r*A). 

Of course, if we restrict Theorem 5.22 to the group bundle case then there is even 
more structure to worry about. In particular, we want to see that restriction preserves 
the bundle structure of the crossed product. 

Proposition 5.24. Suppose {A,S,a) is a separable dynamical system, S is a group 
bundle, and that U is an open subs et 0/5(0). Then A x„ S{U) and A{U) x„ 5| u are 
isomorphic as Cq{U) -algebras. Similarly ifC is a closed subset of S^^^ then A><iaS{C) 
and A{C) Xq S\c are isomorphic as Cq{C)- algebras. 

Proof. Let U be open in S^") and let C = \ U. RecaU that A x 5 is a CoiS'^^'^)- 
algebra. It follows from Proposition 5.14 that A x S{U) is isomorphic to the ideal 

lu = spn{0 •/:(/.£ Co(-S(°)), feAxS, 4>{C) = 0} 
= spn{0 •/:</.£ Co(-S(°)), / e V,{S,p*A), (l>{C) = 0} 

via the inclusion map ti : yl x S{U) ^ A >i S. We claim that lu = Ex(t/). Recall 
that Ex{U) is the closure of rc{S\u,p*A) inside A>\ S. Given e Co{G^^^) and 
/ e rc{S,p*A) such that 0(C) = we would like to show (f) ■ f e Ex(C/). Let 
K = {v e 5"*^°) : > e} and observe that K is disjoint from C. Thus we 

can find a function 'tp E Cc{S^^^)^ such that ip is one on K and ^ is zero off a 
neighborhood V <Z U of K. Then suppipcj)- f C p~^{V) C S\u so that ip4>- f € Ex{U). 
Furthermore we constructed ip so that ||'00 • / — • /||oo < e- Since we also have 
suppV'^ • / C supp/ we can use this construction to find a sequence in Ex(C/) which 
converges to ■ / in the inductive limit topology. Hence • / £ Ex(C/) and it follows 
that J(7 C Ex{U). Next suppose / G rc{S\u,p*A). Then supp / is a compact set 
which is disjoint from C. Let (p G Cc{S^'^^)~^ be one on K and zero on C. Then 
f = (t> ■ f ^ Ic and it follows that Ex([/) C Ic- Now, we also know that the inclusion 
map i2 : Vc{S\u,p*A) — > Vc{S,p*A) extends to an isomorphism of A{U) x S\u with 
Ex(f/). Consider the isomorphism i2^oLi from A{U)y\S\u onto AyiS{U). If G Cq{U) 
and / G Tc{S\u,p*A) then o Li{(t) ■ f){u) = ■ f){u).'^ Now ^^{(l) ■ f){u) is just 

^Recall that, because the quotient map is given by restriction on sections, g{u) is the restriction 
of g to Su- 
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the restriction of • / to Cc{Su, A{u)) and therefore 

O • f){u) = <p{u)f{u) = (j) ■ (^2 ^ O ii{f)){u). 

Thus ^2 ^ ° ''I is Co(?7)-hnear. 

Next, it follows from Proposition 5.20 that the restriction map factors to an iso- 
morphism pi of A X S/ Ex[U) onto A{C) x S\c- We also know from Proposition 5.14 
that the restriction map factors to an isomorphism p2 oi A x S/Ic onto A xi S{C). 
Since Ic — Ex(C/) we may form the isomorphism p2opi^ of A{C) xi S\c onto A x 5'(C). 
Suppose / e rc(S'c,p*v4) and G Co(C). Choose a G A x 5* so that pi(a) = /. Ap- 
plying Proposition 5.14 to Co{S^^^) it follows that the restriction map from Co{S^^^) 
to Co{C) is surjective. In particular we can extend to an element to of Co{S^^^). 
Clearly pi(0 ■ a) = ■ /. Thus 

p2{Pi^{(t> ■ /))(«) = P2(0 • a){u) = 0(M)a(M) = 0(M)p2(a)(M) = • pslpl^ (/))(«) 

and therefore the isomorphism p2 ° Pj"^ is Co(C)-linear. □ 

CoroUciry 5.25. Suppose {A, S, a) is a separable dynamical system, S is a group 
bundle, and that U is an open subset of S^°\ Then {A x^c S{U))^ = {A{U) x« S\u)^. 
Furthermore, if we view both of these sets as the disjoint union Yiueui^i'^) ^ •S'u)^ 
then the identification is given by the identity. Corresponding statements hold if C is 

a closed subset of S^^\ 

Proof. Suppose U is an open subset of S^^^ and let C = S^^^ \ U. Let cr : (A x 5*)^ — >• 
5"^°) be the map arising from A x 5" as a Co(5''^°))-algebra. It follows from Corollary 
5.15 that we can identify {A x S{U))^ with the set a~^{U) and that, if we view both of 
these sets as UMet/l^l"") ^ ^u)^ then the identification is given by the identity. Thus 
it suffices to show that we can identify (7~^{U) and A{U) x S\u in the appropriate 
manner. Now, the inclusion map i extends to an isomorphism from A[U) x S\u 
to Ex([/) so that we can form the homeomorphism 0i : Ex(C/)^ {A{U) x Su)^ 
given by (f)i{n) —not. Furthermore, we can identify the set P = {tt G (^4 x 5")^ : 
n{Ex{U)) ^ 0} with Ex{U)^ via the map h ■ P ^ Ex(?7)^ given by 02(vr) = vr|Ex(C7)- 
However Ex(f/) = Ic and it was shown in the proof of Corollary 5.15 that in this case 
P = a-^{U). Thus = 01 o 02 is a homeomorphism from a ^{U) onto A{U) x S\u. 
Now suppose TT is a representation of A{u) x and let tt' be its lift to ^4 x 5* and 
tt" its hft to A{U) X S\u. Furthermore, recall that the quotient map from ^4 x 5" to 
A{u) X Su is given by restriction on rc{S,p*A). Then for / G rc{Su,p*A), we have 

0(7r')(/) = 7r'(.(/)) = 7r(.(/)|,J = 7r(/|,J = 7r"(/) 

Thus 0(7r') = tt" and if we identify a~^{U) and A(U) x S\u with the disjoint union 
lIwec/(^('") ^ 'S'u)^ then is given by the identity map. 
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Moving on, we can also use Corollary 5.15 to reduce to the problem of showing 
that A{C) X S\c can be identified with a^^{C) in the appropriate fashion. Recall that 
the restriction map p factors to an isomorphism of A x S/Ex[U) with A{C) x S\c 
so that we can build a homeomorphism 0i : (A x S/Ex{U))^ (^(C) >^ S\c)^ by 
letting 01 (tt) = tt o p'^. Then we identify Q ^ {n e {A Xi S)^ : Ex(C/) C kervr} 
with (A X S/ Ex{U))^ via the map ^2(7'") = 7f where 7f is the factorization of tt to the 
quotient. Well Ex{U) = Ic and we showed in the proof of Corollary 5.15 that in this 
case Q = (T~^{C). Thus the desired homeomorphism is = 0i o 02- Fix u & C and 
TT e {A{u) X Sy)^. Let tt' be the hft of tt to A xi ,5 and tt" the lift to A{C) x Sc- Then 
given / e rc(5',p*^) we have 

0(7r')(p(/)) = n'if) = n{f\sj = n{p{f)\sj = 

Since p is surjective, this shows that 0(7r') = tt". Thus we can view as the identity 
map. □ 



5.3 Unitary Actions 

In this section we will discuss what it means for a groupoid to act trivially. The main 
goal will be to show that if the action is trivial then the crossed product reduces to 
a tensor product. As with group crossed products, trivial actions are going to be 
defined by unitaries. 

Definition 5.26. Suppose 5" is a locally compact Hausdorff groupoid group bundle 
and A is a Co(S'*^°))-algebra. Then a unitary action of S on A is defined to be a 
collection {^slses such that 

(a) Us e UM(A(p(s))) for all s E S, 

(b) Ust — UgUt whenever p{s) — p{t), and 

(c) s ■ a := Ustt defines a (strongly) continuous action of S on the associated upper- 
semicontinuous bundle A. 

The triple {A, S, u) is called a unitary dynamical system. 

Remark 5.27. We show in Section 5.4 that if -u is a unitary action of S* on A then the 
restriction of u to for v e S'^^^ gives a unitary action of Sy on A{v) in the sense 
of [Wil07, Definition 2.70]. Thus, Definition 5.26 is really just a "bundled" version of 
the notion of a unitary action of a group on a C*-algebra. 

As with groupoid dynamical systems there is an "unbundled" definition. However, 
we first take this opportunity to present some of the basic facts about multipliers of 
Co(-^)-algebras. 
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Lemma 5.28 ([Lec76, Lemma 2]). Suppose that A is a Co{X)-algebra and that m G 
M{A). Then for each x E X there exists a multiplier m{x) G M{A{x)) such that 
m{x){a{x)) = m{a){x). Conversely, if we are given rrix G M{A{x)) for all x E X and 
if for each a & A there are elements b,c & A such that for all x & X 

b{x) — mxa{x) and c{x) — m*a{x) , (5.13) 

then 



(a) there is a m & M[A) such that m{x) = for all x & X, and 

(b) sup^gx \\m(x)\\ = ||m|| < oo. 

Remark 5.29. Condition (5.13) is equivalent to requiring that for all a E A there are 
elements 6, 6' G v4 such that b{x) = m ji{x) and h'{x) = a{x)mx for all x E X. 

Proof. Since any ideal / in A is also an ideal in M{A) any multiplier m defines a 
multiplier m/ oi A/I via m/(a + /) = m(a) + /. The first portion of the lemma 
follows immediately. Now suppose we are given rux as in the statement of the lemma 
and define a map m : A — > A by m{a){x) — mxa{x). The map m is well defined by 
assumption and it is easy to show that m is an adjointable A-linear operator on A 
with adjoint m*(a) = m*a(a;). Since we view multipliers as the adjointable 74-linear 
operators on Aa we have established part (a). 

Let L — supj. ||m(a;)||. Then, viewing A as ro(X, r*^), we have 

||m(a)|| = sup ||m(a)(x)|| 

< sup ||m(a;)||||a(a;)|| 

X 

< sup ||m(a;)||||a||. 

X 

Thus ||m|| < L. Fix e > and x E X. We can find b G A{x) of norm one such 
that ||m(a:)6|| > ||m(a;)|| — e. Since the norm on A{x) is the quotient norm there is an 
a E A with a{x) = b and ||a|| < 1 + e. But then ||m(a)|| > ||m(a)(x)|| > ||m(a;)|| — e 
and it follows that 

., ., ||m(a;)|| — e 

m > - — 

" 1+e 

Since e was arbitrary ||m|| > ||m(x)|| for all x G X and L < \\m\\. □ 

Now we can present an equivalent form of Definition 5.26. 

Proposition 5.30. Suppose {A,S,u) is a unitary dynamical system. Then there is 
an element u G UM{p*A) such that u{s) — Us for all s E S. Conversely, if we 
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have u e UM(p*A) then there are elements Us G U M{A{p{s))) for all s & S and if 
Ust — UgUt whenever p{s) — pit) then {us} defines a unitary action of S on A. 

Proof. Suppose (^4, G, u) is a unitary action and / e p*A. We need to show that 

h{s) := Usf{s), g{s) := u*J{s) 

define elements of p*A. The continuity of h is obvious from condition (c) of Defini- 
tion 5.26. Suppose Si — > s and a. First, observe that condition (b) of Defini- 
tion 5.26 guarantees that Ug-i — uj^ = u* for all s & S. Now, we know — > 
and therefore 

u -itti = u* tti — s> u*a = Ug-ia. 
It follows immediately that g is continuous as well. Furthermore, 

ms)\\^\\uj{s)\\^\\f{s)\\^\\u:f{s)\\^\\g{s)^ 

so that both h and g must vanish at infinity because / does. Thus h,g E p*A. Hence 
Lemma 5.28 implies that there is a multiplier u such that u{f){s) — Usf{s) for all 
s E S. Since each Us is a unitary, it is clear that u must be a unitary. 

Next, suppose we are given u G UM{p*A). Then, via Lemma 5.28, we know there 
exists multipliers such that Us{f{s)) = u{f){s). However, since m is a unitary each 
Us must be as well. Furthermore, condition (b) of Definition 5.26 holds by assumption. 
All that is left is to show the action is continuous. Suppose Sj — > s and Ui ^ a such 
that p{si) = p{ai) and p{s) = p{a). Choose / G p*A such that /(s) = a. Then 
u{f) e p*A and u{f){s) — Us{f{s)) — Uga. Furthermore, since /(sj) — Oj ^ 0, we 
have 

\\us,ai - u{f){si)\\ = Wtti - f{si)\\ 0. 
It follows from Proposition 3.10 that the action is continuous. □ 

Next, given a unitary dynamical system we can form an associated groupoid dy- 
namical system as follows. 

Remark 5.31. Suppose A is a C*-algcbra and u G UM{A). Then u defines an auto- 
morphism on A via conjugation. This automorphism is denoted Ad u and is given by 
Adu{a) = uau*. 

Proposition 5.32. Suppose {A,S,u) is a unitary dynamical system. Then the col- 
lection {Adus}ses defines a groupoid action of S on A. 

Proof. Given a unitary action let u be the corresponding element of UM(p*A) guar- 
anteed by Proposition 5.30. Then define Adu : p*A p*A by Ad-u(/) = ufu*. 
Clearly Adu is a Co('S'^°'')-linear automorphism of p*{A). As in Proposition 3.50 
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there exists isomorphisms {Adu)s : A{p{s)) — > A{p{s)) for aU s e S. Furthermore, 
these isomorphisms are given by 

(Ad = Ad„(/)(s) = ufu*{s) = Usf{s)u:. 

Thus (AdM)s — Adus- Finally if p{s) — pit) then 

Adits ° Ad itt(a) = UgUtaulu* — Kdust{o). 

It now follows from Proposition 3.50 that Kdu is an action of S on A. □ 

This allows us to define a special class of groupoid actions which we will eventually 
see are the aforementioned "trivial" dynamical systems. 

Definition 5.33. Suppose 5* is a group bundle and A is a Co(5'*^'^-')-algebra. Then 
a dynamical system (A, a) is said to be unitary or unitarily implemented if there 
exists a unitary action m of 5' on ^4 such that a = Kdu. 

At this point we need to make a brief detour through the notion of equivalent 
actions. The following construction will play the role of isomorphism for dynamical 

systems. 

Definition 5.34. Suppose G is a locally compact Hausdorff groupoid and A is a 
Co(X)-algebra. Furthermore, suppose a and j3 are actions of G on A. Then we say 
that a and jS are exterior equivalent if there is a collection {w-yj-yeG such that 

(a) e UM{A{r{^))) for all 7 e G, 

(b) u-yr, — u^a.-y{ur^) for all ^,r) & G such that 5(7) = r{r)),'^ 

(c) the map (7,0) 1— >• u^a is jointly continuous on the set {(7,0) e G x A : 
r(7) = q{a)}, and 

(d) = Ad Ury o for all 7 e G. 

The following lemma expands on condition (b) above and gives us a formula for 
inversion. 

Lemma 5.35. Suppose that {A, G, a) and (A, G, 13) are exterior equivalent dynamical 
systems and that the equivalence is implemented by {u^}- Then 

(a) Uy, — id for all w e G^'^\ and 

(b) u^-i = for all 7 G G. 

*Here denotes the canonical extension of to the multipUer algebra. 
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Proof. li w e then a-w — id so that 

Since Uu, is a unitary this imphes Uy, — id. Now, given 7 e G we have 



id = Uj-i^ — u^-ia^-i(uj) 



After recaUing that ct-y-i — a^^ and that a^^{u^) is a unitary we conclude 

As before, we present an alternate definition which removes the bundle theory. 

Proposition 5.36. Suppose a and (3 are exterior equivalent actions of the locally 
compact groupoid G on the Co{G'^'^^) -algebra A with the collection {u^} implementing 
the equivalence. Then there is an element u e UM{r*A) such that u{f){j) = u^fij) 
for all f e r*A and 7 e G. 

Conversely, if u & UM{r*A) then there are e UM{A{r{'y))) for all 7 e G. //" 
Uyri = u^a^{ujj) whenever 5(7) = r{r]) and (3^ — Adu^ o for all ^ & G then a and 
(3 are exterior equivalent. 

Proof. Suppose a, (3 and {u^^ are as in the first part of the proposition and let A be 
the upper-semicontinuous bundle associated to A. Given f ^ r*Awe must show that 

^(7) := u^f{-f), h(-f) := u*fij) 

define elements of r*A. It is clear from condition (c) of Definition 5.34 that g defines 
a continuous section of r*A. Showing that h is continuous takes a little more work. 
Suppose 7i ^ 7 in G and — > a in ^ such that r(7i) = q{ai) for all i and r{'j) — q{a). 
It follows that 7~^ — > 7~^ and a* — > a*. Furthermore, since a is a continuous action, 
we have a~^^{a*) a~^{a). It follows from the continuity of {uj} that 

u^-ia~^^{a*) ^ u^-ia::^^{a*). (5-14) 

Applying Lemma 5.35 we conclude that 

a~l{u*^.a*) a~^{u*^a*). (5.15) 

If we apply the continuity of a with respect to 7^ — > 7 and (5.15) we obtain 

u*^a* u*a* (5.16) 

and therefore It follows immediately that h is also a continuous section. 
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Furthermore, since is unitary for all 7 e G, we have 

Il5(7)ll = IK/(7)II = 11/(7)11 = Il/(7KII = IIM7)I|. 

Because / vanishes at infinity this is enough to show that g,h E r*A. Therefore we 
can conclude from Lemma 5.28 that there exists u E U M[r*A) which has the required 
form. 

Now suppose we are given u e UM{r*A) with the properties listed in the second 
half of the proposition. It follows from Lemma 5.28 that there are Uj e UM{A{r{'y))) 
for all 7 G G. Furthermore, by assumption, the only condition of Definition 5.34 
which isn't satisfied is condition (c). Suppose 7^ — > 7 in G and — >■ a in ^ such that 
r(7j) = g(aj) and r(7) = q{a). Choose / e r*A such that 7(7) = a. Then u{f) e r*A 
and u{f){'j) = Uj{f{'y)) = u^a. Furthermore, since /(7j) — aj —>■ 0, we have 

ll«7i«i - '"(/)(7i)ll = hi - f{li)\\ 0. 
The continuity condition now follows from Proposition 3.10. □ 

The most important fact about exterior equivalent actions is the following 

Proposition 5.37. Suppose {A,G,a) and {A,G,f3) are exterior equivalent separable 
groupoid dynamical systems with the equivalence implemented by {u^}. Then the map 
(p : T^{G,r*A) T^{G,r*A) defined by 

m{i)-f{iK (5-17) 

for all ^ E G extends to an isomorphism from Ayi^G onto A>\pG. 

Proof. Let {A. G, a) and (A, G, f5) be exterior equivalent dynamical systems with the 
equivalence implemented by {u^}- Use Proposition 5.36 to find u G UM[r*A) such 
that it/(7) = 1^7/(7) for all 7. Given / e rc(G, r*A) view / as an element of r*A 
and define 0(/) = fu*. It is clear from the construction of u that is also given 
by (5.17). Furthermore fu* G r*A so that 0(/) is a continuous section. However, it 
follows from (5.17) that 0(/) is compactly supported as well. 

Obviously, is linear. We would like to show that it is a *-homomorphism. Given 
f,g e Tc{G, r*A) we have 

f f{ri)u;Mr'iK-.,)dy^''\ri) 

JG 

/(^)«X«»?(^(^"S))ar,«-ia;;^(M7))*'u*ciA''(^)(77) 
/ /(r/)a,(5(r/-S))<a,(«;-i)<dA''(^)(77). 

JG 
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Applying Lemma 5.35 to our calculation we obtain 

</>(/) *0(5)(7)= / f{v)aMv-'-f)Ku,u;dV^'^\r)) 
Jg 

^ f*9(i)u* = (t>{f*g){i)- 

We can also use Lemma 5.35 to show that 

^u,u;r(^)u;^<l^(n(^). 

Thus is a *-homomorphism. 

Next, observe that given / G Tc{G,r*A) we have 

II0(/)(7)IHII/(7KIH 11/(7)11- 

It follows quickly that is continuous with respect to the inductive limit topology and 
therefore Corollary 3.134 implies that (f) extends to a *-homomorphism from A xi^ G 
into AXf^G. We can define an inverse i/j for (j) on Tc{G. r*A) by ^K/)(7) — f{l)'^-i- 
argument nearly identical to the above shows that ip extends to a *-homomorphism 
on A >\p G. Since (p and tp are inverses on a dense subset they are inverses on the 
entire algebra and is an isomorphism. □ 

Moving on, our statement that the unitary actions are "trivial" dynamical systems 
is supported by the next lemma. However, let us first introduce an action which is 
as trivial as possible. 

Example 5.38. Suppose 5 is a locally compact group bundle and A is a Gq{S'^^^)- 
algebra. Consider the identity map id : p*A — > p*A. This isomorphism is clearly 
Co (5'^°^) -linear. Furthermore, id^ : A{p{s)) A{p{s)) is the identity map for all 
s E S. Therefore idgt = id^oidf and Proposition 3.50 implies that the collection 
of identity maps id^ : A{p{s)) — * A{p{s)) defines an action of S on A. Observe that 
group bundles are the only groupoids which can act trivially in this way. If the source 
and range map are not equal then s*A is not equal to r*A and we cannot use the 
identity map to induce a groupoid action. 

Lemma 5.39. // {A, S, a) is a unitary dynamical system then it is exterior equivalent 
to the trivial system (^4,5', id). 

Proof. Suppose a is implemented by the unitarics {ug}. We claim that {us} also 
implements an equivalence between id and a. Condition (a) of Definition 5.34 holds 
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by assumption, as does condition (c). Next observe that if p{s) — p{t) then 

Ust = UgUt = Usids{ut) 
so that condition (b) holds as well. Finally we check that 

as{a) = Ad Us{a) = Ad Us o ids{a). □ 

Remark 5.40. The curious reader may wonder why we have only defined unitary 
actions for a special class of groupoids. Unitary actions should always be eqiiivalent 
to the trivial action and, as stated in Example 5.38, the trivial action only makes 
sense for group bundles. Thus, it only makes sense to define unitary actions for group 
bundles. 

5.3.1 Tensor Products 

We want to show that crossed products of unitary dynamical systems are tensor 
products. However, we are working with fibred objects so we need to use a tensor 
product which respects the bundle structure on the algebras. It is assumed that the 
reader is familiar with the basics of C*-algebraic tensor products. In particular we 
will cite [RW98, Appendix B] frequently. In fact, just for reference, we reproduce the 
following 

Proposition 5.41 ([RW98, Theorem B.27]). Suppose A and B are C* -algebras. Then 
there are nondegenerate homomorphisms la '■ A ^ M{A (8)max B) and lb B ^ 
M{A <8)inax B) such that 

(a) LA{a)iB{p) = LB{b)LA{a) = a®b for a & A and b & B, 

(b) if (f) and ip are representations of A and B with commuting ranges then there is 
a representation (p ®max ip of A ®max B such that 

(p ®max ipiiAiajiBib)) = (f){a)ip{b) 

for a E A and b E B, 

(c) A (g)inax B = sp&n{iA{a)iB{b) : a e A, 6 e B}. 

If D is a C* -algebra and ja '■ A M{D) and Jb '■ B M(D) are homomorphisms 
satisfying the analogues of (a),(b) and (c) then there is an isomorphism 6 of A^^aa^B 
onto D such that 4>{a (8) 6) = jA{o)jBib). 

The proper notion of a "fibred" tensor product is the balanced tensor product, 
defined below. 
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Definition 5.42. Suppose A and B arc Co(X)-algebras and let A(8>max-B denote the 
(maximal) tensor product of A and B. The balancing ideal Ix is the ideal in A(8)max-B 
generated by 

{f -a^b-a^f -b: f e Co{X), aeA,beB}. 

The balanced tensor product A ®c7„(x) B is defined to be the quotient A ®max B /Ix- 

Remark 5.43. If we view two C*-algebras A and B as being Co({pt}) -algebras then 
the balanced tensor product is just the usual maximal tensor product. 

Remark 5.44. Our tensor products will generally be maximal tensor products [RW98, 
Appendix B]. However, most of the time we will be working with nuclear C*-algebras 
so that we will not have to make this distinction. 

Moving on, one of the key facts about the balanced tensor product is that, at least 
for nice C*-algebras, its spectrum is the fibre product of the spectra of its components. 
This proposition is a reproduction of [RW85, Lemma 1.1]. 

Proposition 5.45. Suppose A and B are separable Co{X) -algebras and that either 
A or B is nuclear. Define the bundle product of A with B to be 

1 Xx -B := {(tt, p) e 1 X 5 : (7^(7r) = (Tb{p)}. 

(a) The map (tt, p) ^ t:®^p induces a homeomorphism $ of A XxB onto its range 
in {A 0co(x) 5)^- 

(b) // either A or B is GCR then this homeomorphism is surjective. 

Proof. Since at least one of ^ or S is nuclear there is a unique tensor product A<SiB. 
Furthermore, we cite [RW98, Theorem B.45] to see that the map (tt, p) ^ n <Sia P 
induces a homeomorphism ^ of A x B onto its range in {A ® B)^ and is surjective if 
either A or S is GCR. Since A ®Co(x) -B is a quotient of A^ B hj the balancing ideal 
/, we can identify {A ®Co{x) B)^ with the closed set {Re {A^ B)^ : / C keri?}. If 
71 E A and p E JB then n (8>o- p(/) = if and only if n{(j) ■ a)p{b) = 7r(a)p(0 • b) for all 
a e A, b E B and cj) e Co{X). Let x — a-A(7r) so that tt factors to a representation 
7f of A{x) and y = (Jb{p) so that p factors to a representation p of B{y). Then 
7r(0 • a)p{b) — 7r{a)p{(f) • b) if and only if 

0(x)7f(a(x))p(6(|/)) = 0(|/)¥(a(x))p(6(y)) (5.18) 

for all G Co{X), a E A, and b E B. However (5.18) holds if and only if x — y. Thus 
the restriction of $ to the closed set A Xx B maps onto (^4 ®Co{x) B)^. □ 

Recall that in Definition 3.37 we defined the pull back of a C*-algebra to be the 
section algebra of the pull back of the associated bundle. This is not how the pull 
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back is classically defined. However, we now have the tools to prove the following 
proposition, which brings us back to the usual definition. 

Proposition 5.46 ([RW85, Proposition 1.3]). Suppose X andY are locally compact 

Hausdorff spaces, A is a Co{X)- algebra and t : Y ^ X is a continuous surjec- 
tion. Then the pull back algebra t*A is isomorphic to the balanced tensor product 
Co{Y) ®Coix) A. 

Proof. First, recall that if r : F — > X is a continuous surjection then we can view 
Co{Y) as a Co(X)-algebra as in Example 3.17. Let l : Co(^) ^ ^ To{Y,t*A) be 
such that L{f (S)a){y) = f{y)a{r{y)).^ It is clear that this defines a continuous section 
and t(/®a) vanishes at infinity because / does and a is bounded. It is straightforward 
to show that t is a *-homomorphism and it follows quickly from Proposition 3.40 that 
L maps onto a dense subset. Finally, because t is a homomorphisni, pulling back the 
uniform norm on ro(Y,T*A) defines a C*-seminorm on Co{Y) A by ||/ a||t = 
a) lloo- However this imphes that ||i(/0a)||oo < ||/0a||max and that l extends 
to a representation of Co{Y) A. Furthermore we clearly have 

• / a)(y) = (t>{T{y))f{y)a{T{y)) = t(/ </> • a){y) 

for all y &Y. Hence l vanishes on the balancing ideal and factors to a homomorphism 
on the balanced tensor product Co{Y) 0Co{x) A, which we also denote by l. 

Now suppose R is an irreducible representation of Co(Y) 0Co(x) A. Since Co{Y) 
is abelian it is both nuclear and GCR so that by Proposition 5.45 there exists y e 
Y and n E A such that R = eVy 0(J7r where eVj^ is the evaluation representation. 
Furthermore we must have ^{n) = T{y) so that tt factors to a representation 7f of 
A(r(y)). If TT acts on H then evj, 0o-7r acts on C which we identify with H, via 
evy ®crT^{f ®a) — f{y)7r{a). We may now compute for J2i fi® o-i ^ ^oiX) © ^ 



eVj, 00-77 ^E fi ® 



< 



i 

TT fi{y)ai{T{y)) 



< 




Since this is true for every irreducible representation of Co{Y) ®Coix) A we conclude 
fi flill < Ik (Si fi • It follows that i is isometric on a dense subset and 



^In other words, view / (g) a as an elementary tensor in t*A. 
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therefore must be isometric everywhere. Hence i is an isomorphism of Cq{Y) ®Co{x) A 
with T*A. □ 

The last thing we want to show about balanced tensor products is that the result- 
ing algebra is still a Co(X)-algebra. This is, perhaps, unsurprising considering how 
balanced tensor products work for modules. Of course, it follows from Proposition 

5.45 that, at least for nice algebras, the spectrum of the balanced tensor product is 
the bundle product of the spectra of its components. The Co(X)-algebra structure 
then follows from Theorem 3.25. However, this construction can be done in greater 
generality. 

Proposition 5.47. Suppose A and B are Cq{X)- algebras. Then A ®Cq{x) B is a 
Cq{X)- algebra with the action characterized by 

• (a (g) 6) := (0 • a) (g) & = a (g) (0 • 6) 

Proof. Suppose and $b implement the Co(X)-algebra structure on A and B 
respectively. Then and $s are nondegenerate homomorphisms into ZM[A) and 
ZM{B) respectively. Let la and be the nondegenerate homomorphisms from 
Proposition 5.41 and let n : A<Si B ^ A (8)co(x) B be the quotient map. Consider the 
map 

"if = n oTa o ^A- 

This is certainly a homomorphism and one can check, given e Co{X), a e A and 
b e B, that 

^{(f)){a ® 6) = TT{lA{^A{(l>))iA{a)iB{b)) = 7r(iA(0 • 0)^5(6)) (5.19) 
= (0 • a) (g) 6 = a® (0 • 6). 

Thus \& has the desired form. Now we need to see that it maps into the center of the 
multiplier algebra. Using Lemma 4.30 and linearity it will suffice to show that 

*(0)((a(g)6)(c(g)ci)) = (a(g)6)(*(0)(c(g)ci)) 

for all a,c E A and b,d E B. However, by (5.19) we have 

*(0)(ac(g) 6ci) (0 • ac) ®bd^ {a®b){{(t) ■c)®d)^{a® b){^{(t)){c® d)). 

Thus ^ maps into the center of the multiplier algebra. The last thing we need to 
show is that ^ is nondegenerate. It will suffice to show that elements of the form 
(j) ■ a®b span a dense subset. Since elements of the form (j) ■ a span a dense subset in 
yl, we are done. □ 
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Remark 5.48. We won't use this fact directly, and so do not prove it here, but it is 
clear enough that (^4 ^Co(x) B){x) = A{x) B{x) for all x e X. 

Let us get back to the matter at hand. We now are able to prove the main theorem 
concerning unitary actions, which is that they have trivial crossed products. 

Theorem 5.49. Suppose {A, S, a) is a separable unitary dynamical system with a im- 
plemented by u. Then there is a Cq{S^^^) -linear isomorphism : C*{S) ®Co{S(°)) ^ ~^ 
A><\a S which is characterized for a & A and f e Cc{S) by 

0(/®a)(s) = /(5)a(p(5)K (5.20) 

Remark 5.50. Since (p is Co (S'*^''^) -linear it factors, by Proposition 3.20, to isomor- 
phisms (j)u '■ C*{Su) ® A{u) A{u) X Su- It is not difficult to check that these are 
the usual isomorphisms that arise from unitary actions [Wil07, Lemma 2.73]. 

Proof. First, let /3 be a Haar system for S and consider the trivial action id of -S" 
on A. Given a e A and / e Cc{S) define t(/ ® := /(s)a(p(s)). In other 

words, view /(S>a as an "elementary tensor" in rc{S,p*A) in the sense of Proposition 
3.38. It follows that /.(/ (8> a) G r^,{S,p*A). Extend l to the algebraic tensor product 
Cc{S) Q A hj linearity so that l : Cc{S) Q A ^ Tc{G,r*A). Observe that rant is 
dense with respect to the inductive limit topology. We would like to show that l is 
a *-homomorphism. It is enough to do the calculations on elementary tensors. For 
/, gi e Cc{S) and a, 6 e A we have 

i{f^a)*L{g^b){s)= [ f{t)a{p{t))g{t-h)b{p{t))d/3P^'\t) 

Js 

= [ f{t)g{t-'s)d(5P^'\t)ab{p{s)) 
Js 

— t-if * 9 'S) ab){s). 

and 

i{f0ay{s) = {f{s-')a{p{sW^J{^)a*{p{s))^L{f*®a*){s). 

Thus t is a *-homomorphism. 

Now we check that o is bounded. Suppose {S^^^ * Sj,fJ,,TT,U) is a covariant rep- 
resentation of {A, S, id). Then f/ is a groupoid representation of S and we can form 
the integrated representation as in Proposition 4.18 which we also denote by U. Let 
TT = Jg(o) 7iudn{u) be a decomposition of n. Since (tt, U) is covariant we must have, 
for all a e ^4 and almost every s e S, 

'^p{s){a{p{s)))Us = Usnp(^s){a{p{s))). (5.21) 



215 



Basic Constructions 



However, we can now compute for / e Cc{G) and h e £^(5''^°) * A*) that 

{Ti{a)U{f))h{u) = nu{a{u))UU)Ku) 

= / T:^{a{u))f{s)U{s)h{u)^{s)-"^dp^{s) 
Js 

= j f{s)U{s)Ti{a{u))h{u)A{s)-'^dl3''{s) 
= {U{f)7:{a))h{u). 

We can extend this by continuity to all / e C*{S) and conclude that tt and U are 
commuting representations of A and C*{S). It follows from Proposition 5.45 that 
there exists a representation [/ (8) tt on C*{S) ® A such that 

U®'K{f®a) = U{f)n{a). 

Given / e Cc{G) and a e ^4 we check that 

t: >^U{L{f ®a))h{u) = [ TTu{f{s)a{u))Ush{u)A{s)-hp''{s) (5.22) 

Js 

Js 

= TT{a)U{f)h{u) = [/ 7r(/ a)h{u). 

Using hnearity, we conclude that tt xi U{o{^)) = C/(8)7r(^) for all ^ e Cc{S)qA. Thus, 
given e e C,{S) © A, 

||7rxt/(.(0)|| = ||^®7r(0||<||e||- 

Since this is true for all covariant representations (vr, U), it follows that l is bounded 
and extends to a homomorphism on C*{S) ® A. Furthermore, since the range of l is 
dense, it must be surjective. What's more, given cj) e Co{S^^^), f e Cc{G) and a ^ A 
we have 

<,((/)•/«) a){s) = 0(p(s))/(s)a(p(s)) ^ i{f ® 4> ■ 

It follows by continuity and linearity that i factors through the balancing ideal and 
induces a homomorphism I : C*{S) ®Co{x) A ^ A >\ S. 

We would like to show that i is isometric. Suppose is a faithful representation 
of C*{S) ®Co(x) A and let R be its lift to C*{S) ® A. It follows [RW98, Corollary 
B.22] that there are commuting representations tt and U ol A and C*{S) such that 
R = U®Ti. Furthermore, since f/^vr contains the balancing ideal, a quick computation 
shows that t/(0 • /)7r(a) = t/(/)7r(0 • a) for all e Co('5^°^), / e C*{S), and a e ^. 
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Now, without loss of generality, we can tisc Theorem 4.19 to assume that U is the 
integrated form of some groupoid representation (5'^°^ /x, U). Furthermore we have 
for all e Co(5(°)), a e yl, and / e C*{s) 

T:{<t>-a)U{f)h{u)^U{(t>-f)T:{a)h{u) 

= I (l>{u)f{s)Us7r{a)h{u)A{s)-'^d(3^{s) 
Js 

= (/){u)UU>ia)h{u) 
= T^n{a)U{f)h{u) 

where 7^ is the diagonal operator associated to 0. Since U is nondegenerate this 
implies that tt is Co(X)-linear. Let tt = Jj^o) '^udl^'iu) be the decomposition of n and 
let u be the measure on S induced by fi. All we need to do to prove that (tt, U) is 
a covariant representation of {A, S, id) is to verify the covariance relation. In other 
words we need to show that (5.21) holds t/-almost everywhere. Let {aj} be a countable 
dense subset in A and e; a special orthogonal fundamental sequence for S^^^ *Sj. Since 
the ranges of tt and U commute, we have for all i,l,k and / e Cc{G) 

={n{ai)U{f)ei,ek) - {U{f)7i{ai)ei,ek) 

= / {f{s)T^p{s){ai{p{s)))Usei{p{s)),ek{p{s)))A{s)-^du{s) 
Js 

- / {f{s)Us7rp(s){ai{p{s)))ei{p{s)),ek{p{s)))A{s)-^diy{s) 
Js 

= / /(s)((7rp(.)(ai(p(s)))t^s - t^s7rp(,)(ai(p(s))))e;(p(s)),efc(p(s)))(iz/(s). 
Js 

This holds for all / e Cc(G) so that we may conclude for each i, I and k there exists 
a i/-null set Ni^i^k such that 

((7rp(,)(ai(p(s)))?7s - Us7rp(s){ai{p{s))))ei{p{s)),ek{p{s))) = (5.23) 

for all s ^ Ni^i^k- However if we let A = |J,. ^ j. Ni^i^k then is still a z/-null set and 
for each s ^ N (5.23) holds for all i,l and fc. Since {e/(p(s))} is a basis (plus zero 
vectors) for each p{s) this implies that for s ^ we have 

'r^p{s){ai{p{s)))Us = Us'Kpi^s){ai{p{s))) 

for all i. It follows from the fact that {aj} is dense in A that this holds for all a e A. 
Thus (tt, t/) is covariant representation of (A, G, id). Furthermore, we can reuse the 
computation in (5.22) to show that in this case tt x C/oi = 7r(8)C/. Given ^ e C*{S)®A 
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let ^' be its image in C*{S) <8)Co(x) A. We then have 

iirii = \m')\\ = wu^Aow = IK X ^(^(0)11 < m\\ = 

It follows that L is isometric and is therefore an isomorphism. 

To finish the proof, observe that because of Proposition 5.37 and Lemma 5.39, 
the map ip : A S ^ A >ia S given by ip{f){s) = f{s)u* is an isomorphism. Thus 
(f) — o i is an isomorphism from C*{G) ®Co{x) A onto A ><\a S and given / G Cc{S) 
and a & A we have 

<P{f ® a){s) = i{f ® a){s)ul = f{s)a{p{s))ul. 
It follows quickly that is a Co(5'^°^)-hnear isomorphism and we are done. □ 

5.4 Locally Unitary Actions 

Now that we have developed the theory of unitary actions we can modify Defini- 
tion 5.26 and introduce some new concepts. The basic idea is that we weaken the 
continuity condition and see what kind of structure we have left. This material is a 
generahzation of [PR84] . 

Definition 5.51. Suppose 5" is a group bundle and A is a Co(5'*^°^)-algebra. Then a 
dynamical system {A, G, a) is said to be pointwise unitary if a\s^ is unitarily imple- 
mented for each u e S^'^K 

Notice that in a pointwise unitary dynamical system ag is still given by conjugation 
by a unitary for all s G S*. What we have done is restrict the continuity of the unitaries 
to just the fibres. Of course, this should bring us back to the usual notion of a unitary 
group action, which we show in the following proposition. 

Remark 5.52. Given a C*-algebra A a function / : X — > M{A) is said to be strictly 
continuous if x i— > f{x)a is continuous for all a G A. 

Proposition 5.53. Suppose G is a locally compact group and A is a G* -algebra. Then 
a map u : G ^ UM{A) is strictly continuous if and only if the function (s, a) i— > Uga 
is continuous on G x A. In particular, a unitary action of G on A is given by a 
strictly continuous homomorphism u : G ^ UM{A). 

Proof. The reverse direction is clear since strict continuity is weaker than joint con- 
tinuity. Now suppose u is strictly continuous, Sj — > s, and Oj a. Then 

Wusitti — Usa\\ < Wus^O'i - a)|| + Wugfi - Usa\\ < \\ai - a\\ + Hw^^a - Usa\\ 

It follows that Us^ai — > Uga. The rest of the proposition follows. □ 
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The problem with pointwise unitary actions is that the unitarics tell you very little 
about the total space of the bundle structure. It will turn out to be more interesting 
if we pick a point "between" unitary and pointwise unitary. 

Definition 5.54. Suppose 5* is a group bundle and A is a Co(5''^°^)-algebra. A dy- 
namical system {A, S, a) is said to be locally unitary if there is an open cover {Ui}i^i 
of S^'^^ such that {A{Ui), S\ui, c^ls^.) is unitarily implemented for all i e /. 

Note that if 5" is a group bundle then every set in S^°^ is -S-invariant so the above 
definition makes sense. Our goal will be to analyze the exterior equivalence classes of 
abelian locally unitary actions on C*-algebras with Hausdorff spectrum. In particular, 
the rest of the C*-algebras in this section will have Hausdorff spectrum and we will 
view them as Co(A)-algebras as in Example 3.24. This will allow us to identify the 
spectrum of the crossed product for unitary actions. 

Proposition 5.55. Suppose S is an abelian, second countable, locally compact Haus- 
dorff continuously varying group bundle, that A is a C* -algebra with Hausdorff spec- 
trum S^^'' and that {A, S, a) is a unitary dynamical system. Let {ug} be the unitaries 
implementing a and for allv G S^^^ letTT^ be the unique (up to equivalence) irreducible 
representation ofA{v). Define, for cu e S, 

Then the map : 5* — > (A xi^ -S")^ given by (t){uj) — T^p{uj) x <^7fp(j^) (li) is a bundle 
homeomorphism. 

Remark 5.56. Since we can't use u to denote both unitaries and units we will tem- 
porarily use X to denote elements of S^^\ 

Proof. Let (A, S, a) and u be as above. It follows from Theorem 5.49 that the map ip : 
C*{S) ®Co{s('^^) A^ A>\S characterized by il){a® f){s) = f{s)au* is an isomorphism. 
Hence, there is a homeomorphism 0i : {C*{S) ® A)^ — > (^4 Xco{S^'^)) such that 
(j)i{R) — Rot/j~^. Next, recall that we identify the dual group bundle S with C*{S)^. 
Since C*{S) is an abelian C*-algebra, and is therefore GCR and nuclear, it follows 
from Proposition 5.45 that (f)2 '■ S x ^(o) A — {C*{S) ^Cois^^i) given by 02(t^, tt) = 
a; (8)0- TT is a homeomorphism. Recall that if tt is a representation on 7i then a; (8)0- tt 
is a representation on C ® which we will of course identify with H, characterized 
by cu (8)(T <^ a) — a;(/)7r(a). Moving on, since we can define another 

homeomorphism 03 : 5" — > 5" x 5(0) A by 03 (a;) = {cu, 'Kp^uj)). Let = 0i o 02 o 03 and 
observe that : 5 ^ (^4 xi 5")^ is a homeomorphism. Furthermore given cu & S we 
have 0(0;) — cu <^a '^p{ui) ° 
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Now, fix a; e S^^^ and u; E Sx and define the map U : ^ U{'H) by Us = 
uj{s)Wx{us). Since w is a continuous action, and since u is continuous, it follows 
quickly that t/ is a unitary representation of S^- Furthermore we can compute for 
a e A{x) and s E that 

UsTT^ia) = uj{s)'!rx{usa) = uj{s)Trx{usaulus) = '!rx{as{a))Us. 

Thus (tt-t, U) is a covariant representation of {A{x),Sx, a).^ As such we can form the 
integrated representation tTx x U. Recall that ^ xi 5" is a Co(5'^°^)-algebra and that 
the restriction map p factors to an isomorphism between A xi S{x) and A{x) x Sx- 
Using the restriction map to view vr^ x [/ as a representation of A x S* we claim that 
Tlx X U = (piui). It will suffice to show that given an elementary tensor / ® a then 
nx>iU{ip{f ^a)) = u}®„T{x{f ®ci)- We compute, observing that the modular function 
is one since S is abelian, 

TT^ X C/(V'(/(8)a))/i= / TTx{f{s)a{x)ul)uj{s)T:x{us)hdl3''{s) 

Js 

= / f{s)uj{s)dp^{s)7rx{a{x))h 
Js 

= u}{f)7rx{a)h = {u (^^ '^x)if <S> a)h. 

Thus 0(a;) = tTj; x and since U is just an abbreviated notation for ujiixiu) we 
are almost done. All that is left is to show that preserves the fibres, but if u is 
a representation of Sx then = tTj, x [/ is clearly a representation of the fibre 
A{x) X 5"^. □ 

Let us see what this implies in the weaker pointwise unitary case. 

CoroUciry 5.57. Suppose S is an abelian, second countable, locally compact Hausdorjf 
continuously varying group bundle, that A is a C* -algebra with Hausdorff spectrum 
S^^^ and that {A, S, a) is a pointwise unitary dynamical system. Then we can view 
(A Xq S)^ as a topological bundle over S^^^ and for all x e S^'^^ the fibre over x is 
isomorphic to Sx 

Proof. Recall ^4 x 5" is a Co(5'^°))-algebra with fibres A{x) >i Sx- By definition, a is 
unitarily implemented on Sx for all x. Thus we can apply Proposition 5.55 to each 
fibre and conclude that {A{x) x Sx)^ is homeomorphic to Sx- If we view {A x S)^ as 
a topological bundle with fibres {A{x) x Sx)^ then the result follows. □ 

^We described what covariant representations looked like for group dynamical systems in Remark 
4.3. 
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So if a is pointwise unitary then (A xi 5*)^ is fibrcwise isomorphic to the dual 
bundle S. A good question is to ask when is (A x S)^ a principal S'-bundle in the 
sense of Section 2.1. Of course, the answer is hidden in the title of this section. 

Theorem 5.58. Suppose S is an ahelian, second countable, locally compact HausdorjJ, 
continuously varying group bundle, that A is a C* -algebra with HausdorjJ spectrum 
and that {A, S, a) is a locally unitary dynamical system. Let implement a on 
S\ui where {Ui} is an open cover of S^^^ and let g : (A S)^ — > S^^^ be the bundle 
map. Then for each i the map tpi : p~^{Ui) — > q'^{Ui) such that 

= TTp(^) X ujnp(uj){u') (5.24) 

is a homeomorphism and the map such that 

7^.(p(5))(5)=7fp(s)(K)*«i) (5.25) 

defines a continuous section of S. Furthermore these maps make {A xi S)^ into a 
principal S-bundle with trivialization {U,ip~^,^). 

Proof. Let {A, G, a) be as in the statement of the theorem. Let implement a 
on S\u^ where Ui is an element of some open cover U. Given an open set U & U 
we identify each of {A{U) x S\u)^- {A x S{U))^ and q^^{U) with the disjoint union 
]J^g^(A(a;) X Sx)^- Furthermore Corollary 5.15 and Corollary 5.25 imply that this 
identification respects the topologies on all three spaces. In a similar fashion we 
identify each of (C*(5)(^7))^, C*(5|t/)^ and p'\U) with the disjoint union Uxeu^x 
and again observe that this identification preserves the topologies. 

Now, fix Ui G U. By assumption a;|5|y_, denoted a whenever possible, is uni- 
tarily implemented by {-u*} and as such Proposition 5.55 implies that the map ipi : 
{S\uJ^ —>■ {A{Ui) X S\uJ^ defined via (5.24) is a homeomorphism. However, under 
the identifications made in the previous paragraph, we can view ipi as a map from 
p~^{Ui) onto q~^{Ui). Furthermore, qo ipi — p since ipi is a bundle isomorphism. We 
define the trivializing maps on {A X 5)^ to be (^i = What's more, since {Axi S)^ 
is locally homeomorphic to a locally compact Hausdorff space, we can conclude that 
{A x S)^ is locally compact Hausdorff. 

Next, suppose Ui, Uj e U and for each x e Uij let tt^ be the (unique) irreducible 
representation of A{x). On A{x) '><iSx both u' and implement a so that we compute, 
for s & Sx and a e A{x), 

7^x{{ul)*ui)7rx{a) = 7rx{{ul)*ula) = 7r^(a;^(a,(a))(M*)*M^J = 7rx{a)7fx{{u'^)*ul). 

Since Hx is irreducible it follows [RW98, Lemma A.l] that jij{x){s) :— 7ix{{ul)*ui) is a 
scalar. Since ti* and ui are unitaries 7^ (x)(s) must be a unitary as well and therefore 
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has modulus one. Next, observe that 

7i,-(x)(st) = 7f,((<)*M^,i) = 7f,(K)*)7f,((<)*lxi)7f,K) 

Thus ^ij{x) is a homomorphism on Sx- Finally if s; — > s then, given a e A(x) and 
h & H, we use the continuity of and to conclude 

-fij{x){si)'K^{a)h = TT^{{u\yul^a)h ■K^{{ul)*ula)h = 7ij(x)(s)7r3;(a)/i. 

Of course, this implies that 7jj(a;) is continuous so that '~fij{x) is a character on 
and the map is a section of 5* on Uij. Next, we compute for lu e p~^{Uij) 

(f)i o (t)~'^{uj) = o 'il)j{uj) = Vi(7rp(a,) x a;7fp(^)(ii-^)). (5.26) 

Given s e >S'p(^,) we have 

7fp(^)(iii) = 7fp(^)«)7fp(^)(«)*w^) = 7ij(p(a;))(s)7fp(^)«). 

Applying this to (5.26) we obtain 

0i o (t)~^{uj) = '0»~^(7rp(a;) X (a;7y (p(^))7fp(a;) (^i'))) = UJlij{p{uj)) (5.27) 

Thus (5.27) shows that the 7ij are transition functions for the 0,. Furthermore, 
suppose ui ^ u. Then 

7ij(«/) = 0i o 07^(m;) ^ 0i o 0j(m) = ^ij{u). 

This suffices to show that 7^^ is continuous. It now follows that the trivialization 
(W, 0, 7) makes (A xi 5")^ into a principal ^'-bundle. □ 

Of course this is little more than a curiosity unless we can use the principal bundle 
structure to tell us something about the action a. Fortunately, we can do just that. 

Theorem 5.59. Suppose S is an abelian, second countable, locally compact Hausdorff, 
continuously varying group bundle and that A has Hausdorff spectrum S^^\ Two 
locally unitary actions {A,S,a) and {A, 3,(3) are eocterior equivalent if and only if 
{A ><\a S)^ and {A ><\p S)^ are isomorphic as S -bundles. 

Proof. Suppose a and (3 are equivalent locally unitary actions and the equivalence 
is implemented by the collection {ug}. It follows from Proposition 5.37 that the 
map (p: AxiaS^Axif^S defined for / e rc{S,p*A) by 0(/)(s) = /(s)m* is an 
isomorphism. As such it induces a homeomorphism $ : (^4 xi^ 5')'^ {A S)^ 
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via the map $(7r) = tt o 0. Furthermore, (j) is Co(S'*^''^)-hnear so that factors to 
an isomorphism on each of the fibres. This imphes that, if /° is the ideal such that 
(A Xq, S*)//" = A>ia S{x) and is the corresponding ideal for P, then we must have 
= /f . Thus if C keiTT then C kerTr o 0, and if Qa is the bundle map on 
(^4 Xq, jS)^ and is the corresponding map for /3 then we must have, by definition, 
q/3{n) — 5a($(7r)). Therefore $ is a bundle isomorphism. 

Next, let us establish some notation. Since a and /3 are both locally trivial we 

may as well pass to some common refinement and assume that there exists an open 
cover U of S^'^^ such that on S\u^ the unitary actions and implement a and (3, 
respectively. Let 0j and ipi be the trivializing maps induced by f * and w^, respectively. 
Furthermore given x G S^^^ let tt^ be the (unique) irreducible representation of A{x) 
associated to x. Now &x Ui & U and x & Ui. In order to conserve notation we will 
drop the i's on the v'^ and w'^ unless they are needed. Recall that Ps — Adw^ o so 
that we can compute for s & Sx 

u*WsV*a = M*/9s(aJ"^(a))wsf* 

= Ad(n*) o o aJ^{a)ul.Wsvl 

— Ad{u*) o Ad{us) o as o aJ^{a)u*WsVl 

— au*WsV*. 

It follows that Pi{x){s) := nx{u*WsV*) commutes with 'Kx{A{x)). Since is irreducible 
this implies that Pi{x){s) must be a scalar. Since Us,Ws and Vg are all unitaries 
Pi{x){s) must have modulus one. Furthermore, it is straightforward to show that 
the continuity conditions on u, v and w all conspire to make Pi{x) continuous on Sx- 
Lastly we compute 

Pi{x){st) = TfxiultWstVlt) = 7lx{as{ul)ulWsWtVlvl) 
= 7lx{VsUt^s^s''^sVsVsU!tVtVj 
= Tfx{VsUtV*)pi{x){s)7fx{VsWtV^vl) 
= pi{x){s)7fx{VsU^WtVtV*) 

= Pi{x){s)7rx{vs)Pi{x){t)7rx{v*) 
^ Pi{x){s)Pi{x){t). 

Since Pi{x) is a continuous T- valued homomorphism, it is an element of Sx and thus 
Pi is a section of S on t/j. Now suppose lu e Sx- Then we compute for / e rc{S,p*A) 

TTx X {uj7fx{w)){(l){f)) = [ nx{(l){f){s))u;{s)Tfx{ws)dp^{s) (5.28) 

Js 
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= / 7r^(/(s))a;(s)7r^(w>,)d/3^(x) 

JS 

= / 7r,(/(s)V(s)A(x)(s)7f,K)d/3-(s) 
Js 

= TTa; X {uj3i{x)Tl^{v)){f). 

It follows from (5.28) that 

0i O $ O '0,"^(a;) = (t)i{'Kx X ('^7fa:(w)) O 0) 

= (t>i{'^x x A (2^)7^0; (^^))) 

Therefore j3i implements $ on trivializations. Furthermore since 0j, $, and are all 
continuous, it is now straightforward to show that /Sj is a continuous section. Thus 
(W, /5) is an ^'-bundle isomorphism of (^4 X/j 5')'^ onto {A xIq, 5")^. 

Now suppose that {U, is an .S-bundle isomorphism of {A xi^ S)'^ onto (A 
5")^. Let and implement a and /?, respectively. Notice that U must be a common 
refinement of the local trivializing cover for a and (5 so that we may as well assume 

and v'^ are defined on U. Fix Ui E U and x E Ui. For each s E S^^ we define a 
unitary e C/M(A(x)) by 

«,:=A(^)(sK(^:)*. (5.29) 

We need to show that (5.29) doesn't depend on the choice of f/j. So suppose x G Uj 
as well. (Notice we arc going to have to keep track of the i and j for a while.) Let 
and Tjij be the transition maps for (A x^ 5*)^ and (A x^ S)^ respectively. Recall that 
we can view a; as an element of S^- Using the general theory of principal bundles, we 
obtain 

= ^,(^7l(^,($(0Tl(a;))))) 
^rjij{x)pj{x). 

We use this fact to compute 

A(x)(s)7f.«(^:)*) = (3,{x){s)wM{v'^rvi{vir) (5.30) 
= A(a;)(5)7f.(«;:)7f.((^:)*t;^)7f.((^^r) 

^ P.{x)isH,ix)(s)W.Awlivir) 
^ (3j{x){s)ri,,{x){s)7r,{wl{vir) 
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Remark 5.60. Since A has Hausdorff spectrum, each fibre A{x) is simple [RW98, 
Lemma 5.1]. Thus, the only proper closed ideal is trivial, and tt^ must be a faithful 
representation. It is then straightforward to calculate that the extension is also 
faithful. 

Hence (5.30) imphes that 

and that Ug is well defined. We now show that the Us implement an equivalence 
between a and p. Observe that the first condition of Definition 5.34 is satisfied by 
construction. Dropping the i's again for convenience, we compute for s,t & 

= Pi {x) {s)pi {x) {t)Tfa; {WsV^n^c {VsWtvlvD 

Again using the fact that tt is faithful, this is sufficient to verify the second condition 
of equivalence. The continuity condition is straightforward to prove using the fact 
that the actions u and v are continuous, as well as the fact that Pi is a continuous 
section. For the last condition observe that for a e A{x) 

n {Ad Us{as{a))) = 'K{usVsav*ul) 

= Pi{x){s)Pi{x){s)7r{wsV*Vsav*Vswl) 
= 7r{wsaw*) = Tr{Ps{a)). 

Therefore Adus oag = Ps and {ug} implements an equivalence between a and p. □ 

Of course, this leads to the following corollary. 

CoroUciry 5.61. A locally unitary action of a continuously varying ahelian group 
bundle S on a C* -algebra with Hausdorff spectrum S^^^ is determined, up to exterior 

equivalence, by the associated cohomological invariant of {A x S)^ as a principal 
S -bundle. Furthermore, the isomorphism class of A y\ S is characterized by this 
invariant. 

Proof. This corollary just puts together Theorem 5.59 with Theorem 2.16 and Propo- 
sition 5.37. □ 
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Remark 5.62. Since non-exterior equivalent actions can still have isomorphic crossed 
products, it is possible that A S can be isomorphic to A xi^ 5" even though their 
invariants are different. 

The last piece of the puzzle will be to prove that locally unitary actions are about 
as abundant as they can be. In other words we will show that every principal bundle 
can be obtained through a locally unitary action. 

Theorem 5.63. Suppose S is an abelian, second countable, locally compact Hausdorff, 
continuously varying group bundle and q : X ^ S^^^ is a principal S -bundle. Then 
the transformation groupoid C* -algebra C*{S, X) has Hausdorff spectrum S^^^ and the 
dual action of S on C*{S,X) defined for cu e on Cc{Su x q^^{uj) by 

\tM){s,x)^u;{s)f{s,x) (5.31) 

is locally unitary. Furthermore, {C*{S,X) x S)^ and X are isomorphic S -bundles. 

Of course, before we can get down to the details of Theorem 5.63 we have a number 
of things to check. 

Lemma 5.64. Suppose S is a continuously varying abelian group bundle which acts 

continuously on a locally compact Hausdorff space X . Let q be the range map on 
X and define X„ := q-\u) for all u G S^^'> . Then C*{S,X) is a Co{S^^'>)-algebra 
and for each u e 5*^°^ restriction factors to an isomorphism from C* {S, X) (u) onto 
C*{Su, Xu). 

Remark 5.65. Of course, now that we have a space called X floating around we can 
no longer denote elements of S'^^^ by x. Unfortunately, u is still going to conflict with 
our unitary notation, but we will make the best of it. To make matters worse, we 
are going to need to use cu to denote characters, which will look ugly when paired 
with the u»'s that turn up. It is moments like this which make the author wish the 
alphabet were longer. [Seu55] 

Proof. Let SixX he the transformation groupoid associated to S and X and recall that 
by definition C*{S,X) is equal to C*{S K X). Furthermore, recall that Proposition 
4.38 states that the map $ : C*{S,X) Co{X) S defined on Cc{S K X) by 
$(/)(s)(a;) = f{s,x) is an isomorphism. Let C be the upper semicontinuous bundle 
associated to Cq{X) and recall from Example 3.17 that C has fibres Co{X){u) = 
Co{Xu)- Proposition 4.28 says that Co(X) x S* is a Co(S'*^''^)-algebra with the action 
defined for e Co{S^^^) and / E Tc{S,p*C) by 

(l>-f{s){x) = cl>{p{s))f{s){x). 
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Therefore we can use the isomorphism $ to give C*{S, X) a Co(5'(°))-algebra structure 
defined via 

• f{s, x) = ^-\cf> ■ $(/))(«, x) = cl>{p{s))^f){s){x) = cf>{p{s))f{s, x). 

Now fix u E S^'^\ By construction $ is Co(X)-hnear so that $ factors to an iso- 
morphism $ : C*(5', — > C'o(X) X S'(m). The restriction map p factors to 
an isomorphism p of Co{X) x S{u) with Co(Xu) xi Furthermore since the ac- 
tion of Su on Co(X^„) is still given by left translation, there is another isomorphism 
^ : Cq{Xu) ><\ Su ^ C*{Su,Xu) defined in the same manner as $. Thus, we get an 
isomorphism \& o p o $ of C*{S,X){u) onto C*(S'„,X„). We would like to see that 
this isomorphism is given by restriction for / G Cc{S K X). Let a be the restriction 
map from Cc{S k X) onto Cc{Su x X„) and (foolishly) let q denote both the quotient 
map from C*{S,X) onto C*{S,X){u) and the quotient map from Co{X) xi S onto 
Co{X) X S{u). We then have for / e Cc(-5 k X) 

* o p o = p(i>(g(/)))(s)(x) = 

= p($(/))(s)(x) = $(/)(s)(a;) 
= f{s,x) = a{f){s,x). 

Therefore, the isomorphism from C*{S, X){u) onto C*{Su, Xu) is just the factorization 
of the restriction map on Cc{S t< X). □ 

Remark 5.66. Propositions like the one above are really just notational trickery. Philo- 
sophically, C*{S,X) and Cq{X) x S are (basically) completions of the same function 
algebra and should be treated as the same object. 

Now, in order for Theorem 5.63 to work we need to know that C*{S,X) has 
Hausdorff spectrum. 

Proposition 5.67. Suppose S is a continuously varying abelian group bundle and 

that q : X ^ S^'^^ is a principal S-bundle. Then the transformation groupoid algebra 
C* {S, X) has Hausdorff spectrum 5''-°-' . Furthermore the fibre of C* {S, X) over u e 
-S^o) IS C*{Su,Xu) where X^ = q-\u). 

Proof. Using Lemma 5.64 we conclude that C*{S, X) is a Co(S'*^°^)-algebra and that re- 
striction factors to an isomorphism of C*{S, X){u) with C*{Su, Xu). Since C*{S, X) is 
a C*(5'*^°^)-algcbra there is a continuous surjection q of C*{S, X)^ onto S^'^\ Further- 
more we identify q^^{u) with C*{Su, X^)^ in the usual fashion. Next, let : X„ — > 5'^ 
be the restriction of one of the trivializing maps for X to Since is a homeomor- 
phism we can pull back the group structure from Su to X„ and turn into a group 
isomorphism. Furthermore it follows from Proposition 2.18 that is equivariant with 
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respect to the action of Su on Therefore 

s . (j)-\t) = (t)'^{st) 

so that if we identify Xu with Su then the action of Su on Xu becomes the action of 
Su on itself by translation. In other words C*{Su, Xu) is isomorphic to C*{Su, Su)- It 
follows from the von Neumann Theorem, Corollary 4.42, that C*{Su, Su) is isomorphic 
to the compact operators on some separable Hilbert space. Hence C*{Su,Su), and 
therefore C*{S,X){u), has a unique irreducible representation. It follows that the 
map q is injective. 

All that remains is to show that q is open, or equivalently, closed. Suppose C 
is a closed subset of C*{S,X)^. Then there is some ideal / such that C = {n E 
C*(5,X)^ : I C kerTr}. Let D ^ {u e -5^ : / C /„} where the ideal 7„ in C*{S,X) 
is given by 

lu = span{0 • / : e Co(5(°)), / e C,{S k X), <P{u) = 0}. 

We claim that D = q{C). If u E D and tt = q~^{u) then n factors to a faithful 
representation of C*{Su,Xu) so that kervr = J„. Thus I G lu = kcrTr and vr G C. 
Conversely if tt G C and u = q{'K) then vr factors to a faithful representation of 
C*{Su-iXu) so that /„ = kerTT. It follows that / C kervr = /„ and u E D. All that is 
left is to show that D is closed. Suppose rtj —> w in S^°^ and UiE D for all i. Then 
since I C for all i we have f{ui) = for all f E I- However, / is continuous when 
viewed as a function on 5"*^°^ so that f{u) — 0. Thus f E lu and u E D. □ 

Next, we show that there is a dual action of S on C*{S, X) induced by left trans- 
lation. Since it isn't much harder, we actually prove this result in greater generality. 
Unfortunately, we can't just jump right in. Verifying the continuity condition will 
take work. In particular we have to deal with the topology associated to the crossed 
bundle product A x S. 

Lemma 5.68. Suppose {A, S, a) is a separable dynamical system and that S is an 
abelian group bundle. Let A be the upper- semicontinuous bundle associated to A, and 
define 

S*S^{{u,s) e S X S : p{uj) ^ p{s)}, 

and let p : S * S — > S^^^ be given by p{uj,s) — p{s). Then there is a map t : 
Vc{S*S,p*A) ^p*{Ax S) such that 

i{f){uj)is) = f{uj,s). 

Furthermore l is continuous with respect to the inductive limit topology and the range 
of i is dense. 
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Proof. First observe that, since / is continuous and compactly supported, L{f){uj) 
will be a continuous, compactly supported function from Spi^t^) into A{p(uj)). Thus 
i{f){uj) e Cc(5'p((^), 74(p(c<j))) and L{f) is a section oip*{A x 5). Furthermore, it is 
clear that <-(/) has compact support. We would like to show that <-(/) is continuous 
as a function into E where 8 is the upper-semicontinuous bundle associated to ^4 xi 5". 

We start out with a simpler function. Suppose g E Cc{S), h G Cc{S) and a E A. 
Define g<S>h<S>a on S*S by g<^h<S) a{u!, s) = g{uj)h{s)a{p{s)). It is clear that 
g®h®a e Vc{S * S,p*A). Furthermore if we view /i a as an element of Tc{S,p*A) 
then L{g ® h® o){oj) = g{u){h ® a)(p(a;)) where {h (8) a)(p(cj)) is just the restriction 
of /i a to Since h® a defines a continuous section of £ it is easy to see that 

i{g ®h® a) is a continuous function from S into £. Thus i{g ®h® a) e rc(5',p*£). 

We now show l preserves convergence with respect to the inductive limit topology. 
Suppose fi f uniformly in Tc{S * S,p*A) and that eventually the supports are 
contained in some fixed compact set K. Clearly the supports of are eventually 
contained in the projection of K to S. Fix e > and let M be an upper bound for 
{/3"(L)} where L is the projection of X to 5". Then eventually \\fi — /||oo < €/L. 
Thus for large i we have, for cu E Su and making use of the fact that Su is abelian so 
the 7-norm on Cc{Su, A{u)) only has one term, 

||6(/,)(a;) - .(/)(a;)|| < ||6(/,)M - 

\\Mu;,s)-f{u;,s)\\d(3\s) 
<\\fi-f\\ooL<e 

Thus —>■ L{f) uniformly and hence with respect to the inductive limit topology. 

Now suppose / e ^c{S * S,p*A) and that — > a; in S. Fix e > and let U 
and V be relatively compact neighborhoods of the projections of supp f to S and S 
respectively. Since / is a section of a pull back bundle we can use Proposition 3.40 to 
find {gi}^=i e Cc{S*S) and {ajj^^ e A such that ||/ - Xli 5'i ® «j||oo < e/2. For each 
1 <i < N extend gi to all of Cc{S x S) and choose hi e Cc{S) and kf e Cc{S) such 
that \\gi — J2j lloo < (2A'"||ai||). It then follows from some simple computations 

that 
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N 



i=l 



Furthermore, we can multiply the and kj by functions which vanish off U and V 
respectively so that supp hi ® kl ® a d U x \/. This construction shows that sums 
of elements of the form h® k ® a ioi h & Cc{S), k G Cc{S) and a E A are dense in 
rc{S * S, p*A) with respect to the inductive limit topology. 

At last we can show that is continuous for / e Tc{S * S,p*S). Let Qi — 
C?) fcf be a sequence converging to / in the inductive limit topology as 
above. Let Uj uo and fix e > 0. For some very large / we have — L{gi)\\oo < 

In particular ||t(/)(ci;) — L{g2){uj)\\ < e and \\L{f){ujj) — L{gj){ujj)\\ < e for all i. Since 
sums of continuous functions are continuous, i{gi){ujj) i{gi){uj) and it follows from 
the last part of Proposition 3.2 that i{f) is continuous. 

Thus i maps Tc{S * S,p*A) into p*{A x S). The last thing we need to do is verify 
that i has dense range. Given (f) e Cq(S) and / G rc(S' * S,p*A) we can define a new 
function h G Tc{S * S,p*A) by h{uj, s) = (t){uj)h{u, s). It is easy enough to see that 
(p ■ <.(/) = L.{h). Thus rani is closed under the Cq{S) action. Now fix G S^- Given 
a E A and / G Cc{Su) extend / to a function h G Cc{S) and choose g G Cc{S) so 
that g{u) = 1. Then clearly L{g <^ f ® '^)('-^) = ^|su ® a = / ® a. Thus rant contains 
sums of elementary tensors in A{u) xi S'„. It follows from Proposition 3.11 that rant 
is dense. □ 

The following corollary isn't necessary to build the dual action, but it will be 
needed in the proof of Theorem 5.63 so we include it here. 

CoroUciry 5.69. Suppose S is an abelian, second countable, locally compact Hausdorff 
continuously varying group bundle and q : X —>■ S^^^ is a principal S-bundle. Define 

S*S*X := {{lo,s,x) eSxSx X : p{uj) = p{s) = q{x)} 

Then there is a map t : Cc{S * S * X) p*C*{S, X) such that 

i{f){u){s,x) = f{uj,s,x). 

Furthermore i is continuous with respect to the inductive limit topology and the range 
of i is dense. 

Proof. Let C be the upper-semicontinuous bundle associated to Cq{X). Since both 
algebras can be viewed as completions of Cc{S ix X) we will use Proposition 4.38 to 
identify Cq{X) x S with C*(5', X). In particular, we will not distinguish between 
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functions in Cc{S x X) and their corresponding functions in rc{S,p*C). Consider the 
map Li : rc{S*S,p*C) p*C*{S,X) given by 

iiif)iuj){s,x) = Li{lo){s){x) := f{uj,s){x). 

It foUows from Lemma 5.68 that this map is continuous with respect to the inductive 
hmit topology and its range is dense in p*C*{S,X). Now consider the map L2 : 
Cc{S *S*X) ^ r^{S * S,p*C) given by t2(/)(c^, s){x) = f{u, s, x). It follows from 
Lemma 4.37 that L2 is surjective and preserves the inductive limit topology. Thus the 
map L — L20 Li has the correct form and all the right properties. □ 

Now we can finally tackle the dual action construction. This will provide the last 
tool we need to demonstrate Theorem 5.63. 

Proposition 5.70. Suppose {A, S, a) is a separable dynamical system and that S 
is an abelian group bundle. Then for each u E S there is an automorphism a^^ on 
A XI S{p{uj)) defined for f e CdSp^^), A{p{uj))) by 

With this action {A xi S, S, a) is a dynamical system. 

Proof. Recall that ^4 xi 5" is a Co(5'(°))-algebra with restriction factoring to an iso- 
morphism of A X S{u) with A{u) X Su- Fix u E S^'^\ u E Su and define as above. 
Since uj{s) is unimodular for all s E S, it follows from a simple calculation that 
is continuous with respect to the inductive limit topology. Furthermore, we have for 
f,gEC,{Su,Aiu)) 

[ ^f{t)at(^J(F^g{t-'s))dp^{t) 
Js 

^is)f * gi-s) = a^{f * g){s), and 
aMs~')fis~'r) 

^^)f*{s)^aMlis). 

Thus a^j is a *-homomorphism and it follows from Corollary 3.134 that cct^ extends 
to a map from A{u) x Su into itself. Furthermore observe that au — id and 

«u;(ax(/))(5) = '^{s)x{s)f{s) = a^^{f){s). 

It follows that, one, a^, is an automorphism, and, two, that a respects the groupoid 
structure. All that remains is to verify the continuity condition. 
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Let E be the bundle associated to A x 5 and suppose uji ^ ujm. S and fi^fin £. 
Now choose g & p*{Ay<\ S) such that g{uj) = f. It follows from Lemma 5.64 that we can 
view Tc{S*S,p*A) as lying inside p* (A xS") and can choose /i G Tc{S*S,p*A) such that 
ll^~fl'l|oo < e/2. Define a (/i)(cj, s) = Lj{s)h{Lj, s). It is clear that a (/i) e Tc{S*S,p*A). 
It is also easy to see that a{h){uj) = a^{h{iu)). Thus 

\\a{h){uj) - a^{f)\\ = \\a^{h{uj) - g{uj))\\ < e/2 < e. 

Next, since g{uji) — > g{uj) — f and /i — > / we have — — > 0. Therefore, 

eventually, we have 

\\a{h){(jJi) - a^i{fi)\\ < WaujXH^i) - 9{^i))\\ + W'^coAgi'^i) - fi)\\ 
< e/2 +\\g{u;i)- fill <e. 

It follows from Proposition 3.2 that a^iifi) — > oi^if)- □ 

Remark 5.71. The action from Proposition 5.70 is a generalization of the usual Takai 
dual action for abelian groups [Wil07, Section 7] . In particular there is a Takai Duality 
Theorem for abelian group bundles which states that {A x^S) Xq, S" is isomorphic to 
Ai^Co{x) ^{Z) where Z is the Hilbert Co(5'^°^)-bundle from Theorem 4.4L However, 
this theorem is really nothing more than a "bundled" version of the theorem for 
groups. Although it takes some work, the proof boils down to observing that the 
isomorphism given in [Wil07, Section 7] respects the total space structure. Since 
there is no interesting "groupoid" component to this result, it has been omitted. 

We are now ready to prove our existence theorem. 

Proof of Theorem 5.63. We have shown in Proposition 5.67 that C*{S, X) has Haus- 
dorff spectrum 5'^°^ and that restriction factors to an isomorphism of C*{S,X){u) 
with C*{Su-iX^) where = q~^{u). Furthermore we showed in Proposition 5.70 
that there is an action of S which, after making the usual identification of C* {S, X) 
with Co{X) Xit S, is given by 

^M)(s^^) ^^(s)f(s,x) 

for / G Cc{Su X Xu). We need to show that It is locally unitary. Let W be a trivializing 
cover of X and let (pi be the local trivializations. Fix Ui G U. Then for all w G Ui, 
u; e Sw and / G Cc{Sw x Xy,) define 

u^f{s,x):=u;{(t)i{x))f{s,x). (5.32) 
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Viewing^ w as the trivial element in Syj we clearly have — id. Furthermore, given 

Uu,xf{s,x) = uj{(f)i{x))x{(l)i{x))f{s,x) = u^u^f{s,x). 

Thus -u is a homomorphism on S*^. Next we will show that u is adjointable. Recall that 
we equip C* {S^, X^,) with the inner product (/, g) = f**g. For all f,g& Cc{Sy, x X^j) 
we have 

(Wa;/, 9){S, X) = {u^fY * g{s, x) 

= / uj{t-\t-^-x)g{r^s,r^-x)dp'"{t) 

= / uj{ct>i{t-^ ■ x))f{t-\ t-^ ■ x)g{t-'s, r' ■ x)d(5'"{t) 
Js 

= / f{t-\t-^-x)u^-.g{t-h,t-^-x)d^^{t) 
Js 

= /* * {uuj-^g){s,x) = {f,u^-ig){s,x). 
This shows that u^^ is adjointable on Cc{Sw, X^^) and we can also observe that 

\\Uu,ff = \\{Ucvf,Uu,f)\\ = \\{f,U^-iU^f)\\ 

Thus u,^ is isometric on Cc('S'«,, X^,) and as such it can be extended to an operator on 
C*{Sw, Xyj). Since is adjointable on a dense subspace with li* = u^-i — u~^, we 
know Uoj is a unitary multiplier on C*{Sw, E.^). Consider the collection {uuj}uii^p-'^(Ui)- 
All that remains for {mo;} to define a unitary action of p~^{Ui) on C*{S, X){Ui) is 
continuity. 

Let S be the bundle associated to C*{S,X) and fix e > 0. Suppose ujj u in 
p^^{Ui) and fj — > / in S\ui- Choose g G p*C*{S,X) such that g{u) = f. Using 
Corollary 5.69 we can find a continuous, compactly supported function h on S*S*X 
such that \\i{h) — g\\oo < e/2. Consider the open set O — p'^iUi) *p~^{Ui) * q'^iUi) 
in S * S * X. We define a new function k e C{0) by 

k{x, s, x) = ^{p{s))x{Mx))Kx, s, x) 

where ip e Cc{Ui) is some function which is one on a neighborhood of p{uj). Now k is 
clearly compactly supported with supp k C p~^(supp ip) *p~-^(supp'?/') *g~^(supp-?/') C 
O. Therefore we can, and do, extend k by zero to all of 5* * 5 * A. Next we observe 



''It even looks like it should be a character! {oj w w) 
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the following facts. First, 

L{k){Lj){s, x) = uj{(l)i{x))h{uj, s, x) = UijL{h){uj){s, x). 

In a similar fashion we see that eventually i{k){ujj) — u^.i{h){ujj). Second, observe 
that 

\\i{k){uj) - uJW = \\uMh){^) - 9{^))\\ = IkWH - ^HII < e/2. 

Furthermore fi—>-f and g{u!i) — >■ g{u!) = f so that gi(a;j)|| — >• 0. Thus, eventually, 
we have 

\\t{k){u;i) - u^JiW < \\u^X^{h){uJi) - g{i^i))\\ + \\u^^{g{u;i) - fi)\\ 
<e/2+\\g{u;i)-fi\\<e. 

Finally we observe that L{k){u!i) — > L{k){uj) since L{k) is a continuous section. It follows 
that Uuiifi — > Uojf and that {ui^} defines a unitary action of p~^(C/i) on C*{S,X){Ui). 

Next, we show that u implements It on p~^{Ui). Suppose u & Ui and cu e Su. 
Then for / e Cc(5'„ x Xy) we have 

Uu,ful{s,x) = uj{(pi{x)){u^f*y{s,x) = a;((/)i(x))M^/*(s-i,s-i • x) 

^ (jj{(pi{x))uj{(j)i{s~^ ■x))f{s,x) = uj{(pi{x))uj{s)uj{(pi{x))f{s,x) 
= uj{s)f{s,x) = lt/(s,x) 

where we have used the fact that (f>i is equivariant with respect to the action of S on 
X. Thus It is unitarily implemented on p~^{Ui). Since we performed this construction 
for each element of the cover U it follows that It is locally unitary. 

Consider Y = {C*{S,X) x S)^. Now, y is a principal S'-bundle and in light 
of Theorem 2.52 a principal S'-bundle as well. We would like to show that Y is 
isomorphic to X. Using Theorem 2.16 it suffices to show that X and Y have the 
same cohomological invariant. Let be the transition functions for X with respect 
to the trivializing maps 0j. Let rjij be the transition functions for Y and recall from 
Theorem 5.58 that for v e Uij and u; e 

where tt^ is the unique irreducible representation of A{v) and ulj,uij are the unitaries 
constructed above. Recall that (pi o (j)J^{s) — 7ij(p(s))s so that, letting x — 



234 



5.4 Locally Unitary Actions 



we have (f)i{x) — 7y(g(x))0j(x). We now compute for / e Cc{Sy,Xy) 

= ^hiji'v)<t^jix)M<Pjix))f{s, x) 
= u;{'yij{v))f{s,x) 
= %{v){u;)f{s,x) 

where 7ij('y) denotes the image of ^ij{v) in the double duaL Therefore {u^^Yul^ = 
■^ij{v){uj) and, since 1:^ is faithful, r]ij{v){uj) — ^ij{v){uj). Thus, once we identify S 

with S, the cohomological invariants of X and Y are identical. □ 

Example 5.72. Theorem 5.63 says that any principal ^'-bundle X gives rise to a locally 
unitary action of S on C* {S, X) and in particular this holds for locally a-trivial 
bundles. Thus Examples 2.29 and 2.30 yield examples of locally unitary actions. 

Remark 5.73. It is worth describing, at least briefly, how this material generalizes 
[PR84]. Suppose H is an abelian group and A has Hausdorff spectrum X. If a is an 
action oi H on A then, as in Example 4.7, we can form the transformation groupoid 
H K X and there is an action (5 ol H K X on A. Furthermore we have A y\a ^ — 
Ay\p[H kX). Without getting into the details, a is locally unitary according [PR84] 
if, for each tt G X, there is an open neighborhood f/ of vr and a strictly continuous map 
u : H ^ M{A) such that for each p & U, p o u is a representation of H on Tip which 
implements a. In particular this implies that poaj^ = p{us)pp{u*g) is equivalent to p. 
Thus the action of if on X induced by a is trivial and the transformation groupoid 
H X X Ss the trivial group bundle. What's more, since A has Hausdorff spectrum, 
it is not hard to show that Us{x) implements I3(s,x) on A{x) and that (3 is unitarily 
implemented by {us{x)} on H x U. Thus /? is a locally unitary action of iJ x 5* on 
A. Now, the dual of if x X is if x X and we have, according to Theorem 5.58, that 
{A Xa X)^ = (A X/3 (if X X))^ is a principal if x X bundle. However, it follows from 
Proposition 2.22 that this imphes (^4 xi^X)^ is a principal if-bundle. Prom here it is 
straightforward to see how the results of this section are related to those in [PR84] . 



235 



Chapter 6 



Fine Structure of Groupoid 
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In this chapter we present the main resuhs of the thesis. An important aspect of 
the proof is the induction process detailed in Section 6.1. This allows us to induce 
representations from the crossed product by any closed subgroupoid to the whole 
crossed product. We will use this in Section 6.2 to show that when the orbits are To 
every irreducible representation of the crossed product is induced from a stabilizer 
subgroup. We use this result in Section 6.3 to identify the spectrum of A x G with a 
quotient of the spectrum of ^4 x 5", where S is the stabilizer subgroupoid of G. 

6.1 Induction 

A key tool in our study of the representation theory of crossed products will be the 
ability to induce representations from closed subgroupoids. This notion has been 
around for groups since [Fro98] , although this particular section is more closely mod- 
eled after [Wil07, Chapter 5]. Our starting point will be the imprimitivity groupoid 
from Section 1.2.1. Specifically, we begin by describing an action which arises from 
coupling the imprimitivity groupoid with a dynamical system. 

Proposition 6.1. Let {A, G, a) be a separable groupoid dynamical system and suppose 
H is a dosed subgroupoid of G with a Haar system. Let X — s~^{H^^^) and let G^ 
he the associated imprimitivity groupoid. Define p : X/H — > G^^'' via p(7 • H) — r{'y) 
and let p*A be the pull back algebra. Then the collection a — {(T[^^^]}[^^^]g(3/f where 
a"[-Y^^] : A{r{r]j) A{r{^^y) is defined j or a e A{r{'y)) by 



(6.1) 



defines an action of G 



on p' 



>*A. 



237 



Fine Structure of Groupoid Crossed Products 



Proof. It follows from Proposition 3.38 that the pull back p*A is a Co(X/if)-algebra 
with fibres ^(7 ■ H) = A{r{'y)). Recall that wc identify {G^Y^^ with X/H so that 
we may also view p*A as a Co((G^)*^°^)-algebra. Next, wc want to show that uj^^^] 
is independent of the choice of representatives 7 and i]. If [7, 77] = [7', rj'] then there 
exists C E H such that 7C = 7' and r]( — rj'. However this imphes that ^rj~^ — ^'{r}')~^ 
and that (J['y,n] is well defined. 

Moving on, it is clear that (T[^_^] = o is an isomorphism of A{s{['j,ri])) = 
A{r{r])) onto A{r{['y,ri])) = A{r{-f)). Next, if [7,7;], [r],C] e and a e A{r{C)) then 

Thus the action respects the groupoid operations. Lastly we have to show that if 
[7i, Tji] [7, T]] in G^ and — > a in ^ such that p{ai) = r{rii) for all i and p(a) = r(77) 
then 

After passing to a subnet it will suffice to show that a sub-subnet converges. However, 
we can pass to a subnet, relabel and choose new representatives so that 7j — > 7 and 
Tji ^ rj. However, (6.2) now holds because a is a continuous action. □ 

Remark 6.2. The crossed product p*A x^- G^ is the completion of Tc{G^ ,r*{p*A)). 
As in Remark 3.36, elements of this function algebra can be viewed as continuous, 
compactly supported maps from G^ into A such that /([7, 77]) £ A{r{'y)) for all 
b,ri]eG". 

Now we use the equivalence theorem to build an imprimitivity bimodule. This 
shows that up to Morita equivalence we really don't get anything new from a, and 
that it is equivalent to the restriction of a to i7. 

Proposition 6.3. Suppose {A, G, a) is a separable dynamical system and let X be a 
Haar system for G. Furthermore, suppose H is a closed subgroupoid of G with Haar 
system Xh- Let X = s^^{H'^^^), G^ he the imprimitivity groupoid, and a he the action 
ofG" on p*A. Then Zq = Tc{X, s*A) becomes a pre-p*A G" - A(/j(°)) x«|^ H- 
imprimitivity bimodule with respect to the following actions for f G T c{G^ , r* {p* A)) , 
g e rc{H, r*A), and z,w e Zq: 

f ■ ^(7) = / a-\f{[^,r}]))z{r})dX,^^){ri) (6.3) 
Jg 

z ■ 5(7) = / a,{z{^rj)g{rj-'))dXi''\rj) (6.4) 
Jh 

{{z,w))aMv)= [ z{^v''rc^viw{0)dKi,)iO (6.5) 
Jg 
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pM.G«((^,«^»([7,^])= / a,^{z{^OHr]0*)dXp\0 (6-6) 

Jh 

The completion of Zq is a p*A xig. — A{H^^^) x^Ij^ H -imprimitivity bimodule 
and p*A ys^^ G^ and A{H^^^) Xq, H are Morita equivalent. 

Proof. Let A, G, a, and if be as above and suppose A is the upper-semicontinuous 
bundle associated to A. Let X — s~^{H^^^) be the canonical (G^, if)-equivalence, let 
Sx be the restriction of the source map to X, and let rx '■ X ^ X/H be the quotient 
map. Consider the pull back ^ = s*x{A). This is clearly an upper semicontinuous 
bundle and we define Zq = rc{X,s*A). We will construct an equivalence from ^. 
Observe that given 7 G X we have = {7} x ^(5(7)), A{sx{'y)) = >l(s(7)) and 
p*A{rx{'y)) = P*A{'y ■ H) = A{r{^)). Thus we can equip with the A{r{'y)) — 
A(s(7))-imprimitivity bimodule structure coming from the isomorphism aj [RW98, 
Example 3.14]. Specifically, given a, 6 e ^(5(7)) and c e A{r{'y)) we have 

c ■ (7, a) = (7, a:^^{c)a), (7, a) ■ b = (7, ab), 

A(r(7))((7, a), (7, b)) = a^{ab*), ((7, a), (7, &))a(5(7)) = a*b. 

Next, let : ^1 — s> X be the bundle map and define ri^ : ^ X/H so that 
rj|(7,a) = J ■ H and Si^ : ^ if'-^^ so that 5(7, a) = 5(7). These maps are clearly 
continuous. Furthermore r^i is just the the composition of p^^ and rx so that r^^ is 
open. Similarly -5^ = 5x0 Pi^ so s^^ is open as well. (Recall that sx is open because 
X is a saturated closed set in G.) Now we define actions of G^ and H on ^ for 
[77,C]eG^ee^, and {^a) e ^hy 

i-f,a)-^:=ij^,a^\a)) (6.7) 
[ri, C] ■ (7, a) := {[r], Q ■ 7, a) = (r^C'S, a). (6.8) 

The second equality in (6.8) follows from the fact that [riX] ■ 'y = r]S where S is the 
unique element of H such that 7 = (6. Notice that (6.8) is well defined because 
a e A{s{j)) = A{s{ri(^^'y)). Furthermore it is easy to show that the action of G^ 
on ^ is continuous and respects the groupoid structure. Now consider (6.7). It is 
also easy to show that this defines an action of if on ^| which is continuous because 
a is continuous. Thus it follows that ^| is a strong left G^-space and a strong right 
if-space. Finally, we recall that the actions of G^ and ii" on X commute so that 

([^,C]-(7,a))-e = (([^,C]-7)-e,«f'(a)) 

= ([^,C]-(7-0,<(a)) = [^,C]-((7,a)-0- 

Hence the actions on ^ commute. 



239 



Fine Structure of Groupoid Crossed Products 



At this point we need to verify the equivalence conditions on ^. The continuity 
condition follows in a straightforward manner from the fact that the operations on 
A are continuous and the fact that o; is a continuous action. Next we need to show 
that is equivariant. However, it is clear from (6.7) and (6.8) that this is the 
case. The third condition to verify is compatibility. Suppose [77, (] e , ^ e H, 
(7, a), (7, 6) e ^1, c e ^(5(7)), and d e A{r{'y)). Then we compute 

A{T(n)){[v,Q ■ (7,«), [^,C] ■ (7,^)) = A{rM){{vC^7,a), {vC^^,b)) 

= a^(^-i^{ab*) = Q;^^-i(Q;-y(a6*)) 

= (7[r,,c]U(r(7))((7,a), (7,^))), 

((7,0) (7,^) -Oac.co) = {{li,Oif{a)),{j^,a^\b)))A{s{i)) = a^\a*b) 

= «^^(((7,a),(7,&))A(s(7))), 

[^,C] ■ {d- (7, a)) = [r],C] ■ (7, "7^(^)0) = {r]C^l,a^^{d)a) 

= (^C"S,«7-l<r?-i("»7C-i(c^))«) 

= ^[v,i]id) ■ {[V,C] ■ (7, a)), 
((7,0) -c) = (7^,a-^(ac)) = (7^, a^^(a)a^^(c)) 

= ((7,«) -0 -a^^c). 

This shows that the operations are compatible and all that is left is to verify the 
invariance condition. Once again, we calculate 

[V, C] ■ ((7, a) ■ c) = {[r], C] ■ 7, ac) = {[rj, (] ■ (7, a)) ■ c, 
{d ■ (7, a))-^ = (7, a:;^{d)a) ■ ^ = (7^, a^^{a~^{d)a)) 
= (7^, a~l{d)a^^{a)) = d ■ (7^, a^\a)) 
= d-((7,a)-0. 

At this point we have shown that ^ is an equivalence between {A{H^^^), H,a\H) 
and {p*A,G^,(x). We can apply Theorem 5.3 to conclude that Zq completes to 
the desired imprimitivity bimodule. What's more we can use (5.1) through (5.4) to 
compute the bimodule operations. First recall that has a Haar system jj, defined 
by (1.2). Fix / e rc{G",r*{p*A)), g e rc{H,r*A) and z,w e rc{X,s*A). Let 
^([^,7] • 7) = z{v) = iv.a) and recall that [7,7/] ■ (77, a) = ([7,7;] ■ r],a) = (7,0). 
Furthermore /([7,7/]) ■ (7,0) = (7, q;~^(/([7, 77]))a). Making the usual identification 
of a with z{r]) we then have 

/■^(7)= / fiiCv]) ■ {[Cv]- z{[Cv]-' ■7))d^^'-''{[Cv]) 
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= / fib, V]) ■ ([7, V] ■ ziiv, 7] • l))dXs{^)iv) 
Jg 

Jg 

Similarly we compute 

Jh 

= / ar,{z{-iri))ar^{g{r}-^))d\'li'^\'n) 
Jh 

= / a,{z{^r^)g{r^-'))dXi^\r^). 
Jh 

Next, given 7 G iJ, in (5.3) we are allowed to choose any 5 ^ X such that s[5) — 5(7). 
However we may as well choose 5 = 5(7) so that 

{{z,w))AyiH{l) 

Jg" 

= / z{[ri,s{-f)]--f-^)*a^{w{[ri,s{-f)]- s{-f)))dXs(j){ri) 
Jg 

= / z{r]-f-^yaj{w{r]))dXs(^){ri). 
Jg 

Finally, given [y.i]] G in (5.4) we are allowed to choose any S E X such that 
^x(^) = "S([7, v]) = Tj ■ H. Therefore we may as well choose 5 = 77 so that 

p*A^^G"{{z,w)){\^,ri\) = / Airm{z{b,v]-vO,b,v]-w{vO)dX'^''\0 

Jg 

= / Airm{z{^0,^(vO)dx<'\0 

Jg 

= / a,M^OMvO)dX'^''\0- □ 
Jg 

Remark 6.4. Suppose G is a transitive groupoid and u G G^^\ It is worth pointing 
out that Theorem 5.7 becomes a special case of Proposition 6.3 after we identify G 
with G^" via Proposition 1.94. We will actually use this fact indirectly in Section 6.2. 

Remark 6.5. It is not obvious, but Proposition 6.3 reduces to Green's Imprimitivity 
Theorem [Wil07, Theorem 4.22] when {A,G,a) is a group dynamical system and H 
is a subgroup of G. We will sketch this construction without going into detail. First, 
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observe that X = G. It is not difficult to show that the imprimitivity groupoid is 
isomorphic to the transformation groupoid G x G/ H associated to the left action of G 
onG/H. As a bundle, A has a single fibre so that p*A = Co{G/H, A). Proposition 6.1 
imphes that there is an action a oi G K G/H on Co{G/H, A). Now, define a- = It ®a 
and let G act on Gq{G/H,A) via a. It is straightforward to show, using Example 4.7 
as a guide, that Go{G / H, A)y\(j{G / H^G) is naturally isomorphic to Gq{G / A)yi„G 
via the map = /(s, [t]) for / G C,{G, Cc{G/H, A)). Thus Proposition 6.3 

implies that Gq{G/H,A) xig. G is Morita equivalent to A xi^ H, just as in Green's 
Imprimitivity Theorem. While the imprimitivity algebras from these theorems are 
not the same, they are related. Since A has a single fibre, Zq — Gc{G,A). Let 
'^o = Cc{G, A) be the pre-imprimitivity bundle coming from Green's Imprimitivity 
Theorem and define ip : Zo Xq such that ilj{f ){s) = as{f{s)). It is not difficult, but 
requires some lengthy computations, to show that ip is a bijection which preserves all 
of the operations defined in Proposition 6.3 and [Wil07, Theorem 4.22]. 

The whole purpose of building the imprimitivity bimodule Z^^ was so that we can 
mimic [Wil07, Section 5.1] and [Rie74] to create an induction process for representa- 
tions. 

Remark 6.6. It is assumed that the reader is familiar with the material from [RW98, 

Section 2.4]. Wc will be making use of the induced representation construction de- 
scribed there. In particular, given a separable groupoid dynamical system {A,G,a), 
a closed subgroupoid H with a Haar system, and a representation n of A >ia H on Ti 
we will define the Hilbert space Z§ ®axh 'H to be the completion of the vector space 
tensor product Z^ H with respect to the inner product characterized by 

{z^h,w(^k) := (7r(((w, z))Ax>H)h, k). (6.9) 

In any case, our ultimate goal will be to prove the following 

Theorem 6.7. Suppose {A, G, a) is a separable groupoid dynamical system and that 
H is a closed subgroupoid of G with a Haar system. Then given a representation tt 

of A{H^^y) y4„H onH we may form the induced representation Ind^ vr of Ay^^G on 
2% 0yixiij 'H which is defined for f e rc(G, r* A), z & Zq and h by 

Indg7r(/)(^(g)/i) ^ f -z^h 

where 

f ■ z{^) = f a-\f{r,))z{r'l)dy^^\r,). (6.10) 
Jg 

We start by proving that we can let ^4 xi G act nondegenerately as adjointable 
linear operators on Zq . Actually, considering the remarks at the end of [RW98, 
Section 3.3], this gets us most of the way there. 
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Proposition 6.8. Let {A, G, a) be a separable groupoid dynamical system, H a closed 
subgroupoid of G with a Haar system and Z§ be the associated imprimitivity bimodule. 
Let X be a Haar system for G, X = s~^{H^^^), and Zq = T(.{X, s*A) ■ Then there is 
a nondegenerate homomorphism : ^4 Xq, G — > J0.{Z^) such that for f e Tc{G,r*A) 
and z & Zq 

m^l) = [ a-\fmz{ri-'l)dy^'\v)- (6.11) 

JG 

Proof. We will construct by showing that Ay\ G sits inside the multiplier algebra 
of p*A XI o- G^ where G^ is the imprimitivity groupoid and a is the associated action 
of G" on p*A. Given / e T^{GyA) and g e T^{G" ,r*{p*A)) define 

Mf{g){b,ri\)^ I f{^)a^{g{[r'lM))dy^'\0- (6-12) 

JG 

We start by proving that Mf{g) is a continuous compactly supported section. This ar- 
gument is nearly the same as the argument that convolution is well defined. Consider 
the function 

[7,r/]) = /(0«c(^?([rS,^])) 

on G*G" = {(e, [7,^]) eGxG" : r(0 = r(7)}. Suppose 6 ^ C in G, [ji,rji] ^ [7,7;] 
in G^ , that r(^i) = r(7j) for all i and r(^) = r(7). Then, after passing to a subse- 
quence, choosing new representatives and relabeling, we may assume that 7i — > 7 and 
rii rj. However it follows immediately that [^"^71)^71] ~^ From here, one 

just observes that a is continuous to conclude that k is a continuous function. Further- 
more, suppose the sequence (^i, [^i,r]i\) is in supp/t. Then we must have e supp/ 
and [Cj~^7i, G supp g for all i. Since both / and g are compactly supported we can 
find subsequences which converge. However, after passing to another subsequence and 
choosing new representatives 7^ and r]i we can assume that there exists 7, ?7 G G 
such that ^, ^~^7i 7 and 7]i rj. However it is now clear that Yli.rj.-^) 

has a subsequence which converges to (^, [^^,rf\). Thus «; is a compactly supported 
continuous function so that k G Vc{G*G^ , t'*A), where in this case f(^, [7, rj\) = r(^). 
Now, given k G Tc{G * G^ , f*A) we wish to show that the function 

[7,^]^ / <iAl,r)])d\<'^\i) (6.13) 

JG 

is continuous and compactly supported. As in Lemma 3.55, if with respect to 

the inductive limit topology and (6.13) is continuous for each Hi then it is continuous 
for K as well. Since sums of elementary tensors are dense in Tc{G*G^ , ^*A), and since 
sums of continuous functions are continuous, we may as well assume that K — h®a 
for h E Cc{G * G^) and a E A. It is not difficult to see that G * G^ is closed in 
G X G^ . As a result we can extend h using Lemma 1.71 to a compactly supported 
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function on G x . Since sums of functions of the form k ® [7, rf\) = k{^)l{['y, r]]) 
are dense in Cc{G x G^) we can, as above, assume that h — k<S)l ior k & Cc{G) and 
/ e Cc{G^). However in this case 

/ {k(^i)^a{^,[j,7]])dy^^\o = Kb,vMr{7)) [ mdy'^'KO 

Jg Jg 

and thus ior k — k <S> I <S) a (6.13) is clearly a continuous and compactly supported 
function on G". It now follows that Mfg e F^iG" ,r*{p*A)). 

Next, suppose that the sequence fi ^ f with respect to the inductive limit 
topology in rc{G,r*A) and Qi ^ g with respect to the inductive hmit topology 
in TciG^ ,r*{p*A)). Let X be a compact set in G eventually containing supp/j and 
L a compact set in G^ eventually containing supp gi. We compute 

\\MfMb,v])-Mfgi[^,7]])\\ 

< I ii/.(0««(^.([rS,r?]))-/(o«^(^([rS,r7]))iMA^(^ne) 

Jg 

< [ \m) - fmMir'i^vm + \\fmM[rHv])-9{[r\vmdy-^'\o 

Jg 

< - /llooll^^lloo + \\f\\oo\\9i - 5||oo)A^(^)(^) 

Since {||5'i||oo} and {A"(K)} are bounded this shows that Mf^gi — > Mfg uniformly. 
Furthermore it is straightforward to show that {[7^"^,??] £ : ^ G [7, 77] G L} 
is a compact set which eventually contains supp Mj.gij. Thus M is jointly continuous 
with respect to the inductive limit topology. 

In order to prove that Mf defines a multiplier we need to show that it extends to 
an adjointable linear operator when we view p*A y^aG^ as a right p*A Xo-G^-module 
in the usual fashion. First, it is clear that Mj is linear. Next we show that Mf 
preserves the left action of p*A yi^G^ on rc(G^, r*{p*A)). Let p be the Haar system 
on G^ from Proposition 1.95. Using the left invariance of Haar measure we compute 
for / e rc{G,r*A) and g,he T^iG^ ,r*{p*A)) 

Mf{g*h)i[^,r]]) 

Jg Jgh 

-II /(e)«e(5([rS,c])«^-wc-(^([c,r7])))ciA,(,)(c)cirW(e) 

Jg Jg 

-II /(0««(^(rS,C]))«7C-(/^([C,r/]))rfA''(^)(e)rfA,(,)(C) 
JgJg 
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^{Mfg)*h{[j,r)]). 

Next, we show that M is adjointable on rc{G^ ,r*{p*A)) with adjoint Mf* by com- 
puting 

{Mfgr*h{[j,r]]) = [ (M;^)*([C,e])qc.«l(/^([C,e]-M7,r7]))ci/.^-^([C,e]) 

= / a[,,^]((M;^([e,7]))*/^([e,^]))ciA,(,)(0 
Jg 

Jg 
Jg Jg 

= / / «7c(^([r\7])*)«7«(/(r^c)*M[r\r;]))c^A^(^)(C)c^A^(^Ho 

Jg Jg 

= / /' a,c(5([rS7])*«,(/(r^)*)«e(^([r'c-\^])))^A^^^Ho^A^^^Hc) 

Jg Jg 

= / / «7c-(^([c,7])7*(0««(^([r^c,r;])))c^A'-(^)(e)^A,(,)(c) 

Jg Jg 

= / <^bM[Cn]rMf.{h){[c,v]))dXs(,){0 

Jg 

JG" 

= g**{Mf.h){[^,iT\). 

Finally, wc prove that M preserves convolution on Vc{G, r*A) by computing for f,g& 
rc{G,r*A) and h e T^iG^ ,r*{p*A)) that 

Mf.Ml,v])= I I f{S)as{g{d-'Ohimr'l,v]))dy-^^\S)dX^(^\0 
JgJg 

= [ [ /(5)a,(<7(riO«5-«(/^([rS,r/]))c?A'-(^)(OrfA'(^')(5) 
Jg Jg 

= / / /(5)a,(^(0«^(/i([r^<^-S,^])))rfA^^*H0rfA'^^^H<^) 
Jg Jg 
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JG 

= MfM,h{bM)- 

Next we show that M is nondegeneratc. Specifically we will show that elements 
of the form Mf{g) are dense in T c{G^ ^ r* {p* A)) with respect to the inductive limit 
topology. Let ai be an approximate identity for A and let e(^K,u,i,e) be the approxi- 
mate identity coming from Lemma 5.10. We will use k to denote a generic 4-tuple 
{K, U, I, e). We would hke to show that given g e TdG", r*{p*A)) we have Me^g g 
with respect to the inductive limit topology. Fix ei > and let L — supp g. We make 
the following claim. 

Claim. There exists a conditionally compact neighborhood Ui such that ^ G C/i im- 
plies 

\M9i[r'l,v]))-9{b:V])\\<ei (6.14) 
for all [7,77] e such that r(7) = r(^). 

Proof of Claim. Suppose the claim does not hold. Fix some conditionally compact 
neighborhood W. Then for any conditionally compact neighborhood U G W there 
exists ^ U and [jutVu] £ G^ such that 

hiui9{[^u^lu,Vu])) -gibu,Vu])\\ > ei. 

However, for this to hold one of the terms must be nonzero so that we must have, 
recaUing that 1^ is a neighborhood of G^^^ which contains U, 

bu, Vu]eL^ {[^7, V]-C^W, [7, r)]eL and s{0 = r{-f)}. (6.15) 

Suppose {[Cj~^7i, Tji]} is contained in L. Then, by passing to a subsequence, relabeling 
and choosing new representatives we can use the fact that L is compact to find 7, 77 G 
G such that 7i ^ 7 and rji — > rj. Since p is continuous it follows that Ki = p{r{L)) 
is compact and by assumption contains {s(,^j)}. Since W is conditionally compact 
the set W fl s~^{Ki) is compact and also contains {ii}. Now we can pass to another 
subnet and find ^ such that — > ^. It follows immediately that L is compact. Thus, 
ordering {[7[/, r]uW by decreasing [/, we can pass to a subnet (twice actually), relabel 
and find new representatives such that there exists 7, G G with Ju ^ 1 ^-^d riu rj. 
Next, observe that we have r{^u) G p{r{L)) for all U so that {^u} is contained in the 
compact set U fl r^^(p(r(L))). Therefore we can pass to yet another subnet and find 
^ such that However, by construction, ^ G ?7 for any conditionally compact 

neighborhood of G^^l It follows that ^ G G'^^\ Hence 
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However, it follows that eventually 

\\<^iui9{[^u^7u,Vu])) -9{bu,Vu])\\ < ei 

which is a contradiction. □ 

Unfortunately we need another claim before we can tackle nondegeneracy. 
Claim. There exists h such that I > h implies 

hi{r{l))gib,v])-g{b,v])\\ < ei for all b,rj] e G^. (6.16) 

Proof of Claim. It clearly suffices to verify this identity on L. Since ai factors to 

an approximate identity on each fibre we have ai{r {'-/)) g{['~f,ri]) g{[l,v]) fo^ each 
b,Ti] G . We use the fact that the norm is upper-semicontinuous to choose for 
each [7,77] e L some neighborhood of [7,77] and some b[^^ri] ^ {C'l} such that 

\\b[,,,M0)mx])-9{[cx])\\<'j 

for all [^,C] ^ C)[7,»?]- Since L is compact we can find some finite subcovcr {Oi}. Let 
(f)i G Cc{G^) be a partition of unity with respect to {Oi}fLi so that supp0j C Oj and 
T.Ub.ri\) = 1 if bM e L. Define h G T,{G^ ,r*{p*A)) by 

N 



i=l 



Then by construction, for all [CC] ^ L we have 

00 

\\h{[^, cMi^, c]) - 9{[i, cm < E '^^([^' c]) ii^[7...] {rmni, q) - guc, cm 



1=1 



< |- (6.17) 
Moving on, we can find li such that ii I > li then 

hibhum] - bhi,vi]\\ < oil ^11 
<j||y ||oo 

for all Using the fact that passing to fibres is norm contractive this implies that 
for [^, C] G L we have 

N 

hiir{0)h{[^,c])-K[tcm < E'^^([^'^])ii«'(^(0)^[7».d(^(0) -&[7.,.,](K0)ii 

1=1 
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< 



311^11 



(6.18) 



Therefore, using (6.17) and (6.18) and the fact that \\ai\\ < 1 we compute for I > li 
and [C, C] e L 

hiirmgii^X]) - 9{[^Xm <\\ai{rm{9{[^X])-h{[^,CM[CXm 

+ \\{ai{r{0)H[^X])-h{[tCmM)\\ 



<ll«Kr(0)ll| + lbl|oo^ 



<ei. 



□ 



Now suppose we are given cq > and let ei = eo/(5 + Hf/Hoo)- Choose Ui and /i 
for ei as above. Then given e = e(^K,u,i,e) with i^i = p{r{L)) G K, U d Ui, h < 1 and 
e < ei we compute for [7, ?]] G 



\Me9{b:V])-9{b,V])\\ < 



[ eiOMi[r\v]))-9{b,v]))dy^''\o 

Jg 

+ hi{r{l))9ib,v]) -^([7,^]) II 
< / \\em\M9{[C\v])) - 9ib,v])\\dy^'\0 



+ 



G 



u 



+ 49{b,v])\\+ei 
<4ei + eillt/lloo + ei = eo- 

Thus Me^g g uniformly. Furthermore, ii k = {K,U,l,e) such that U G Ui then, 
considering the fact that suppe^ C U we have Me^g{[y,ri]) ^ only if 

[7, ??] e ^ = {[^7, ?7] : C e t^i, [7, n\ e ^, and s(0 = r(7)} 

However this set has the same form as (6.15) and we proved that L was compact 
there. Thus we eventually have supp M^^^g G L so that M^^g — > g with respect to the 
inductive limit topology. This of course implies that elements of the form Mfg are 
dense in TciG^ ,r*{p*A)) with respect to the inductive limit topology. 

This nondegeneracy argument was a bear but it will be crucial in what follows. 
We would like to show that Mf extends to an adjointable operator on p*A 
and that ||M/|| < ||/|| so that M extends to A x G. Well, suppose r is a state on 
p*A XI o- G^ and, following the usual GNS construction, define a pre- inner product on 
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p*A x^G" via 

{g,h)r :-t(/ 

Let Tij. denote the resulting Hilbert space and TIq the image of rc{G^ ,r*{p*A)) in 
7i^. Observe that Tio is a dense subspace. Now given / e rc{G,r*A) we would like 
to define an operator 7r(/) on Hq by 

7r{f)g = Mfg. 

Of course, we need to see that this factors correctly. Suppose g G Tc{G^ ,r*{p*A)) is 
such that {g, h)r = for all h E T^G^ ,r*{p*A)). Then 

W)9: h)r = riiMfgy * h) = T{g* * (Mf.h)) = {g, 7r(r = 

for all h e rc{G^ ,r*{p*A)) so that 'K(f)g — 0. Thus tt is well defined and obviously 
defines a linear operator on Tio- Furthermore, it follows from the fact that M is linear 
in / and that Mf^..g = MfMg that tt is a homomorphism from rc{G,r*A) into the 
algebra of linear operators on Hq. We will now show that we can apply Theorem 
3.119. Since elements of the form Mf[g) are dense in the inductive limit topology it 
is clear that elements of the form 7r(/)/i are dense in TIt- Furthermore, we have shown 
that Mjg is jointly continuous with respect to the inductive limit topology. Therefore, 
if we ax g,h e T c{G^ , r* {p* A)) and let fi ^ f with respect to the inductive limit 
topology we must have 

Wi)9, h)r = riiMf^g)* * h) ^ t((M^5)* * h) = {n{f)g, h),. 

Finally it is clear from the fact that Mf is adjointable on TdG^ r*{p*A)) with adjoint 
Mf* that 

W)g, h)r = riiMfgy * h) = rig* * iMf.h)) = ig, 7r(r 

Thus we may apply Theorem 3.119 and conclude that tt extends to representation of 
Axi G. In particular this implies that for / e rciG,r*A) and g e F^G^ ,r*ip*A)) 
we have 

riiMfgy * iMfg)) = Mf)g\\l < ||/f ||^||^ = ||/||V(/ * g) 

<\\m\g**g\\ = \\m9r- 

However, r is an arbitrary state on p*A x^- G^ so that by choosing r such that 
riiMfgy * iMfg)) = \\Mfgf [RW98, Lemma A.3] we must have 

\\Mfg\\ < \\f\\\\g\\. (6.19) 
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Therefore Mf is bounded and as such extends to a hnear operator on p*A x^r . 
However, Mj is p*A Xg- G'-'^-hnear and adjointable on a dense subspace so that this 
must be true in general It follows that defines a multiplier on p*A xi^. . 
Furthermore it is clear that / i— > Mf is linear and we have already verified that it 
preserves convolution on Tc{G, r*A). In addition we calculated that the adjoint of Mf 
is Mf* so that M preserves involution as well. Since (6.19) implies that ||M/|| < ||/|| 
it follows that M extends to a *-homomorphism from G into M{p*A Xa- G^). 

At this point we are essentially done since the space of multipliers on p*A G^ 
can be identified with C{Z'^). Specifically let Z'§ be the imprimitivity bimodule 
associated to G and H. Recall that since is a Hilbert p*A x^. G^-module every 
element of Z is of the form g ■ z for g G p*A x^- G^ and z E Z [RW98, Proposition 
2.31]. As such, given / e ^4 x G we can define on Z by setting 



whenever g G p*Ayicr G^ and z G Z§. It is clear that defines linear operator on 
Z. Next, we compute ior f e A » G, g, h e p*A x<^ G" and z,w e Z that 

• z,h- w))Ay,H = {{g ■ z, {Mfgyh ■ w))axh = {{z,g*Mf,h ■ w))a»h 

= {{g ■ Z, Mf*h ■ w))AyiH = {{g ■ Z, (f){r)h ■ w))AyiH 

Thus 4>{f) is adjointable with adjoint (j){f*) and it follows that : A x G — > C{Z). 
Furthermore preserves involution and it is easy to see that is linear. We now 



Thus is a *-homomorphism. Finally, since elements of the form Mfg are dense in 
p*A Xq- G^ , it follows that elements of the form (f){f)g ■ z arc dense in Z. Hence is 
nondegenerate. To finish we calculate for / G Tc{G,r*A), g G Tc{G^ ,r*{p*A)) and 
z e Zo 



<f>{f){g ■ z) ^ Mfg ■ z 



calculate 



0(/ *g)h-z^ Mf.gh ■ z = MfMgh ■ z = <p{f)<p{g)h ■ z. 



mg-<l)- I a-\Mfg{[^,r^]))z{r^)dK^,){r^) 



JG 



-11 c.:,\fi0M9[^-'^,v]))z{v)dy^'\0dKi^){v) 

JG JG 

= I <ifiO) I c^p^,{gm-'i,v]))z{v)dXsi,Mdy^'\0 
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Thus (j) is given by (6.11) on elements of the form g ■ z when g G TdG^ , r*{p*A)) and 
z G Zq. However, it follows from Lemma 5.10 that there is a net in TdG^ ■ r*{p*A)) 
which is an approximate identity in the inductive limit topology with respect to the 
left action of rc{G^, r*{p*A)) on Zq. This imphes that elements of the form g • z with 
g e rc{G^ ,r*{p*A)) and z E Zq are dense in Zq with respect to the inductive limit 
topology. Fix / G Tc{G,r*A) and given z e Zq define ^(^,7) = Oi~'^{f{0)^iC~^l) 
and ^(7) = z(^,^)dX^'^^\^). \i Zi z with respect to the inductive limit topology 
then it is straightforward to show Zi ^ z with respect to the inductive limit topology 
and in turn that Zi ^ z with respect to the inductive limit topology. However, it now 
follows in a straightforward fashion that (6.11) holds in general on Zq. □ 

The upshot of all of this is that we can now prove the desired induction theorem. 

Proof of Theorem 6.7. Using from Proposition 6.8 we can let A x G act nondegen- 
erately as adjointable operators on the Hilbert A Xq, //-module Z'j^. However [RW98, 
Proposition 2.66] then implies that there is a nondegenerate induced representation 
Z — Ind(7r) of A XI G acting on elementary tensors in Z ®a^h 'H by 



Thus we can define Ind]^ tt = Z — Ind(7r) and (6.11) shows that Ind^ tt has the desired 



Example 6.9. Suppose {A,G,a) is a separable dynamical system. Then for any u G 
the stabilizer subgroup S'„ is a closed subgroup with a Haar system. Therefore 
we can induce representations from A{u) xi S'^ to A xi G. 

Example 6.10. Suppose (A, G, a) is a separable dynamical system and tt is a represen- 
tation of A on Ti. Without loss of generality assume that there exists a Borel Hilbert 
bundle G(°) * ^ and measure // so that Ti, — L^(G*^°^ * -^0,A*) and tt decomposes as 
TT = /^(o) T^udp{u). Consider that G^°^ is a closed subgroupoid of G with Haar system 
given by the 5 measures. We can then form the induced representation Ind^(o) tt. 
Observe that in this situation A x G^^'' is the completion of Vc.{G'^'^\A) and that the 
J-norm on A x G*-"-* is just the uniform norm. Since the uniform norm is a G*-norm, 
the enveloping algebra is just the uniform norm completion of Vc{G^^\A). In other 
words A XI G^°) = A. The right hand operations on >2£o) then simphfy to 



Z - Ind(7r)(/)(^ ®h)^ (p{f)z (g) h. 



action on Z <Sia><ih 'H. 



□ 



z . g{-f) = z{-f)g{s{-f)) 
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Thus Z®AT~t is the completion of Zq — Vc{G^ s*A) with respect to the inner product 

{f®h,g®k):^ / {7r{g{rjyf{ri))h,k)dXsi^){r)) 
Jg 

= [ {7:sUf{vrf{vms{r^))Msmdi^-\^) 

Jg 
Jg 

where i/"^ — /^(o) \ud^{u). Furthermore the action of IndTr on Z®a'H is determined 

by 

Ind7r(/)(^®/i) = f-g®h 

where 

Jg 

Now recall that in Example 3.122 we defined the left regular representation L of tt to 
act on L2(s*(G'(°) via 

L(/)/i(7) = / Ti,^,){a-\f{r))))h{r'l)dX<'^\r)). 

JG 

Without going into the details, it is (more or less) straightforward to show that the 
map U : ZoQH^ C^{s*{G^°^ * -^), /^) characterized by 

C/(/®/i)(7)=7r,(^)(/(7))M«(7)) 
extends to a unitary map U : Z ®^ H L^(s*(G(°^ * u'^). Furthermore 

L{f)U{g0h){^)^ f ns^,)(a-\f{v)))U(g®h){v-'l)dX'^''\v) 
Jg 

= f ^siy)(a:;\f(rjMrj-'^))h(s(^))dX^('^\ri) 
Jg 

= C/Ind7r(/)(^^/i)(7). 

Thus the left regular representation associated to tt is equivalent to the induced 
representation Indg(o) tt. 



252 



6.2 Stabilizers and Tq Orbits 



6.2 Stabilizers and To Orbits 

As we noted in Example 6.9, given a groupoid crossed product A x G and u e we 
can induce representations of A(u) x Suto A>\G. Since A(u) xi 5'„ is a group crossed 
product its representation theory is relatively well understood. In this section we 
will find conditions so that every irreducible representation of Ax G can be obtained 
in this fashion. In particular we will consider the "nice" groupoids for which the 
conditions of the Mackey-Glimm dichotomy hold. 

Remark 6.11. Recall that G acts on G^^^ by left translation. We denote the image of 
u in G^^^ / G hy G ■ u. However this notation is also used for the orbit of u in G^'^\ We 
will regularly confuse the two and place the burden of deciding which interpretation 
to use on the reader. 

The key to this section will be to reduce to the case where the orbit space is 
Hausdorff, because in this case we get the following result. 

Proposition 6.12. Suppose {A,G,a) is a separable groupoid dynamical system and 
G^^yG is Hausdorff. Then A'><iaG is a Go{G^^y G)- algebra with the action $ defined 
for (j) e Co(G'(°VG') and f e rc{G,r*A) by 

*(0)/(7)=0(Gt(7))/(7)- 

Furthermore, restriction factors to an isomorphism of A G{G ■ u) onto the fibre 
A{G-u) X G\g.u- 

Proof. First recall that G^^^^G is always locally compact so that in this case G^^^^G is 
a second countable locally compact Hausdorff space. Suppose $ is defined as above. It 
is clear that $ is at least hnear in and /. Furthermore we check for f,gE Tc{G, r*A) 
that 

($(</.)/)** ^(7)= / a,m<t>)f{v-')rg{v"'^))dy'-'^\v) (6-20) 

JG 

= / ar,(f(v-'r<l>(G . s(rjMrj-'^))dX<'^\rj) 

JG 

= / ar,{f{v-'rm9{v-'i))dy^''\v) 

JG 

= r*($(0)^)(7). 

This shows that $(0) is adjointable on rc{G,r*A). Next we check that 

mif * 9){l) = <PiG ■ r(7)) / f{v)M9iv-'7))dy'^'\v) (6-21) 

JG 
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Jg 

This shows that $(0) is hnear with respect to the left action of rc{G,r*A) on itself. 
Now let CoiC^^^/GY be the unitization of Co{G^°^ /G) and extend $ to Co{G^^'> /GY 
by setting $(0 + Al)/ = $(0)/ + A/. It is a simple matter to show that (6.20) 
and (6.21) extend to Co(G'W/G')^ Let {f,g) = f* * g he the usual inner product on 
A XI G as an A XI G-module. We would like to show that ||<I>(0)/|| < ||0||oo||/|| for all 
/ e r^G, r*A). It will suffice to show that 

\mi{f,f)-{mf,mf)>o 

as elements of A x G. However, using the fact that $ is adjointable on Co{G^^yGy, 
this amounts to showing 

($(11011^1-00)/,/) >0. (6.22) 

All elements of the form ||0||^1 — 00 are positive in Co(G'-°V^)"^ there exists 
C e CoiG^^^Gy such that ||0||^1 - 00 = TC- Therefore we have 

($(11011^1-00)/,/) = m*ofj) = {mf,mf) > o. 

It follows that $(0) is a bounded operator on Tc{G,r*A) with norm less than ||0||oo- 
Thus $(0) extends to an operator on A xi^ G. Furthermore (6.20) and (6.21) imply 
that $(0) is linear with respect to the action of ^4 xi 5" on itself and that $(0) is 
adjointable with adjoint $(0)* = $(0). Hence $(0) G M{A xi G). We have already 
shown that $ preserves the involution on Go{G^^y G) and the computation 

$(0)$(V')/(7) = 0(G • r(7))V(G • r(7))/(7) = $(0V')/(7) 

shows that it preserves multiplication as well. Thus $ is a *-homomorphism. In order 
to show that $ maps into the center it will suffice to show, using Lemma 4.30, that 
^{f*9) = f*^{9) foi" ^-ll /) fl' £ ^c{G, r*A). However, observe that r{r]~^^) — rj~^-r{'y) 
so that 

*^)(7) = 0(Gt(7)) / f{v)o^Mv-'^))dy^'\v) 

Jg 

= 1^ f{v)aMG ■ r{r'i))9{r'i))dy^'\ri) 

= / * ^{(t>)9- 

Thus $(/) e ZM{A XI G). The last thing we need to do is to show that the set 
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$(Co(G''^°^ /G)) ■ Ay<i S is dense in A><t S. However given / G Tc{G, r*A) the image of 
r(supp/) in G^^^/G, denoted K = G ■ r(supp/), is compact. Therefore we can find 
(f) e Cc{G^^yG) which is one on K and zero off some neighborhood of K. It is easy to 
see that in this case ^{(p)f = f and it follows immediately that $ is nondegenerate. 

Next we identify the fibers ofAxiG. Fix u e G^o). Since G^^^G is Hausdorff, 
G ■ u is closed in Let O = \ G ■ u. It is clear that G ■ m and O are both 

G-invariant so that we may apply Theorem 5.22 to conclude that the restriction map 
p factors to an isomorphism of /I x G/ker p with A{G ■ u) xi G\g.u- Now define 

h = span{$(0)/ : e Go(GW/G), / e r,(G, r*A), (t>{G ■ u) = 0}. 

Since, by definition, A xi G{G -u) = A>\ Gj it will suffice to show that 1^ = ker p. If 
(f){G ■ m) = then $(0)/(7) = for all 7 G G|g.« so that we must have $(0)/ e ker p. 
It follows that C ker p. On the other hand we also know from Theorem 5.22 that 
ker p = Ex(0) where Ex(0) is the ideal generated by those functions / G Tc{G, r*A) 
such that supp/ C G\o- Now let q : G'-^-' G^^^G be the quotient map. Given 
/ G Tc{G, r*A) such that supp / C G\o we must have g(r(supp /)) disjoint from G • u 
in G'^^yG. Since (z(r(supp/)) is compact we can find some G Gc(G*^°Y^) ^^^^ ^^^^ 
(f) is one on ?(r(supp/)) and 0(G ■ u) — 0. It follows that ^{(f))f — f ^ lu- Thus 
ker p = Ex(0) C and we are done. □ 

The reason that this is a useful result is that we know a lot about the fibres of 
A X G when G(°)/G is Hausdorff. 

CoroIIciry 6.13. Suppose {A, G, a) is a separable dynamical system and that the orbit 
space G^'^yG is Hausdorff. Given u G G^°^ the fibre A x G(G • u) is Morita equivalent 
to A{u) X Su- 

Proof. Since G(°)/G is Hausdorff A x G is a Go(G(°VG')-algebra with fibres 

A X G{G ■ u) ^ A{G ■ u) X G|g.„. 

However, G\g-u is a transitive groupoid so the result follows from Theorem 5.7. □ 

Thus, in the case where G^^^G is Hausdorff, every irreducible representation is 
hfted from a fibre A x G(G ■ m), and every irreducible representation of A x G(G • u) 
comes from an irreducible representation of A{u) x Su- We will show that this two 
stage description is nothing more than the usual induction process. 

Proposition 6.14. Suppose {A, G, a) is a separable dynamical system and that the 
orbit space G^^^G is Hausdorff. Then every irreducible representation 0/ A x^ G 
is equivalent to one of the form Indf^ R where u G G'^^^ and R is an irreducible 
representation of A{u) XaSu- 
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We start with a remark and a useful lemma. 

Remark 6.15. Suppose we have an A — S-imprimitivity bimodule X and a repre- 
sentation TT of B. The Rieffel induction process [RW98, Proposition 2.66] yields an 
induced representation X — IndTr of ^4. It is assumed that the reader is familiar with 
this process. If not they may wish to use [RW98, Section 2.4] as a reference. Fur- 
thermore, the Rieffel correspondence provides a very strong link between the ideal 
structure and representation theory of A and the ideal structure and representation 
theory of B. This material can be found in [RW98, Section 3.3]. 

Lemma 6.16. Suppose {A,G,a) is a separable dynamical system and that the orbit 
space G^^yC is Hausdorff. Given u G G^^^ let p : A y\ G ^ A{G ■ u) x G\g.u 
be the extension of the restriction map on V(.{G^r*A). Furthermore, let X be the 
A{G ■ u) X G\g-u — ^{u) X Su imprimitivity bimodule from Theorem 5.7. If R is a 
representation of A(u) xi Su then Indf^ R = X — Ind(i?) o p. 

Proof. First let us establish some notation. Let P be Haar measure on Su- Recall that 
X is the completion of the pre-A{G ■ u) x G\g.u ~ ^('?^) ^ S'^-imprimitivity bimodule 
Xq — Cc{GutA{u)) and that the left hand operations on Xq are given by 

z-g{l)= I as{z{-fs)g{s-^))dp{s), 

J Su 

{{z,w))a(u)xSu{s) = / z{ri-^yas{w{ri^^s))dX''{ri). 
Jg 

Next let X = s~^((S'„)*^'^^) = Gu and recall that the imprimitivity bimodule Zg^ is 
the completion of Zq = Tc{X, s*A) = Gc{Gu, A{u)) and carries the left hand actions 

z ■ g{l) = I as{z{-fs)g{s-^))dp{s) 

J Su 

{{z,w))a{u)xSu{s) = / z{ris~yas{w{rj))dXu{rj), 
Jg 

= [ z{ri-yas{w{ri-h))dX'{ri). 

JG 

It is a happy fact that Zg^ and X are obviously equal as right Hilbert A{u) x S^- 
modules. 

Suppose is a representation of A{u) x S^ on H. Recall from Theorem 6.7 that 
Ind^^ R acts on /C = Zg^ ®A{u)yiSu ^ '^i^ Iiidi?(/)(2; h) — f ■ z ® h where, given 
/ e re(G,rM) and z e Ce(G„, ^(m)), 

/ ■ ^(7) = / a-\f{v))z{r'l)dy^~'\v). (6.23) 
Jg 
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However, since as right Hilbert A{u) x ySu-modules, the representation 

X — Ind(/2) also acts on /C. Furthermore the action is given hj X — lnd{S)f{z ® /i) = 
f(z)z®h where /02; is the left module action of X and is given for / e Tc{G\g.u-i t*A) 
and z e Cc{Gu, A{u)) by 



However (6.23) and (6.24) are basically the same action and since p is an extension 
of the restriction map it is clear that for / G Vc{G,r*A) we have Indf^ i?(/) = 
X — Ind(i?)(p(/)) and this extends to the entire crossed product by continuity. □ 

Actually, with this result at our disposal we are mostly done. 

Proof of Proposition 6.14- Suppose {A,G,a) is a separable dynamical system and 
that the orbit space G^^VG is Hausdorff. By Proposition 6.12 A x G is a CoiG^^^G)- 
algebra. It then follows from Proposition 3.22 that any irreducible representation 
T is of the form T = L o p where u € G^^\ L is an irreducible representation of 
A(G-u) XI G\g.u and p is the canonical extension of the restriction map on rc(G, r*A). 
However A{G ■ u) x G\g.u is Morita equivalent to A{u) x Su by Corollary 6.13. Let 
X be the bimodule implementing the equivalence and let X be its "inverse" bimod- 
ule. Set R = X - IndL. It follows from [RW98, Theorem 3.29] that X -IndR 
is naturally equivalent to L and from [RW98, Corollary 3.32] that R is an irre- 
ducible representation. However, it follows that the representations T = L o p and 
Indf^ R^X- lnd{R) o p are also equivalent and we are done. □ 

The reason we separated out Lemma 6.16 is it allows us to easily prove the fol- 
lowing 

Proposition 6.17. Suppose {A, G, a) is a separable dynamical system and that the 
orbit space G^^^G is Hausdorff. If R is an irreducible representation of A{u)><i Sy, then 
Indf^ it! is irreducible. Furthermore if L and R are both irreducible representations of 
A(u) X Su and Indf^ L is equivalent to Indf^ R then L is equivalent to R. 

Proof. Given {A,G,a) and it! as above let p : A x G — > A(G ■ u) >i G\g-u be the 
extension of the restriction map. Furthermore let X be the A{G-u) >\G\g-u—A{u) x Su- 
imprimitivity bimodule from Theorem 5.7. Since the Rieffel correspondence preserves 
irreducibility X — Ind(i?) is an irreducible representation of A[G ■ u) x G\g-u- Hence 
Ind^^ R = X — Ind(i?) o p must be irreducible. 

Next suppose we are given two irreducible representations L and R of A{u) x S^ 
and suppose Ind^^ L and Ind^^ R are equivalent. Since p is surjective it follows from 
Lemma 6.16 that X — Ind(L) and X — Ind(i?) are equivalent. Since X is an imprim- 
itivity bimodule this implies L is equivalent to R. □ 




(6.24) 
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We are going to extend Proposition 6.14 to groupoids which satisfy the Mackey- 
Ghmm dichotomy. For our purposes the most useful condition of Theorem 5.4 will 
be the fact that the orbit space is almost Hausdorff. 

Definition 6.18. A, not necessarily Hausdorff, locally compact space X is said to 
be almost Hausdorff if each locally compact subspace V contains a relatively open 
nonempty Hausdorff subset. 

The key fact we will use about almost Hausdorff spaces is the following proposition, 
which we cite without proof. Those readers unfamiliar with ordinals are referenced 
to [HJ99, Chapter 6]. 

Proposition 6.19 ([Wil07, Lemma 6.3]). Suppose X is a, not necessarily Hausdorff, 
locally compact space. Then the following are equivalent. 

(a) X is almost Hausdorff 

(b) Every nonempty closed subspace of X has a relatively open nonempty Hausdorff 
subspace. 

(c) Every closed subspace of X has a dense relatively open Hausdorff subspace. 

(d) There is an ordinal 7 and open sets '■ 0( < ^} such that 

(i) a < /9 < 7 implies that Ua QUp, 

(ii) a < 7 implies that Ua+i \ Ua is a dense Hausdorff subspace of X \ Ua, 

(iii) if 5 < J is a limit ordinal then 

a<5 

(iv) f/o = and = X. 

(e) Every subspace of X has a relatively open dense Hausdorff subspace. 

The main reason wc care about Proposition 6.19 is that condition (d) will allow 
us to build the following object. 

Definition 6.20. A composition series in a C*-algebra A is a family {/a}aeA of ideals 
la indexed by a segment A of ordinals < a < 7 such that 

(a) Iq = {0} and = A, 

(b) q; < /3 < 7 implies la C and 
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(c) if 5 < 7 is a limit ordinal then 

l5=[j la. 

a<S 

Continuing the chain, the main reason we care about Definition 6.20 is the follow- 
ing 

Lemma 6.21 ([Wil07, Lemma 8.13]). Suppose {Ia}aeA is a composition series for 
a C* -algebra A. Then every irreducible representation n of A lives on a subquotient 
la+i/Ia for some a. In other words there is an irreducible representation p of la+i/Ia 
such that vr is equal to the canonical extension of the lift of p to la+i ■ 

Proof. Let tt be an irreducible representation of A. Let 5* = {a < 7 : ^ kervr}. 
If /3 = minS* is a limit ordinal, then it follows from part (c) of Definition 6.20 that 
Ip C kerTT. However, this contradicts the fact that P E S. Thus p has an immediate 
predecessor a. Let p be the factorization of Trj/^ to Ip/Ia- Then clearly the lift of p 
to Ip is T:\ig and since Ip <f. kerTT the extension of 7r|/^ to A is tt. □ 

At this point it may be clear where we are going. If G^^^G is almost Hausdorff 
then we will build a composition series of crossed products where the orbit space 
associated to the subquotients is Hausdorff. This will allow us to use Proposition 
6.14 to prove the following theorem. 

Theorem 6.22. Suppose {A, G, a) is a separable groupoid dynamical system and that 

G/G'^'^^ is a Tq space. Then every irreducible representation of A y^^G is equivalent 
to one of the form Ind^^ R where u e and R is an irreducible representation of 
A{u) ^ccSu. 

As before we start with a utility lemma. 

Lemma 6.23. Suppose (A, G, a) is a separable dynamical system and that U <ZV C 

are open G-invariant sets. Then we may identify A(y\U) x G\y\u with the sub- 
quotient Ex(y)/ Ex{U) . Furthermore ifu G U and R is a representation of A{u) x 

then the canonical extension of Indo R to A yi G is equal to Indc R. 

Proof. First recall that we equip G\v with the restriction of the Haar system from 
G. Furthermore we equip (G'|v')|y\t/ = G\v\u with the restriction of the Haar sys- 
tem coming from G\v, and therefore from G. Since V is an open G-invariant set we 
use Proposition 5.20 to identify A{V) x G|y with the ideal Ex{V) via the inclusion 
map L. Furthermore we also identify A{U) ><\ G\u with Ex(C/). Since U C V any 
function which is supported in G\u must be supported in G\v as well and therefore 
Ex([/) C Ex(\^). Now U is also an open G\v invariant subset of V so that we can 
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also identify A{U) x G\u with its image Ex'(L'^) in A(V) xi Glv^. We would like to sec 
that l(Ex'{U)) = Ex{U). However, this is obvious since both Ex{U) and l(Ex{U)) 
are the completion of Tc{G\i/,r*A) inside A >i G. It now follows that l factors to 
an isomorphism of A{V) xi G|i//Ex'(t/) onto the subquotient Ex{V)/Ex{U). Fur- 
thermore Theorem 5.22 implies that the restriction map p factors to an isomorphism 
of A{V) X G\v/Ex{U) with A{V \ ?7) x G\v\u- Thus A{V \ C/) x G\v\u is iso- 
morphic to the subquotient Ex{V)/Ex{U). Therefore, given a representation T of 
A{V \ f/) X G\v\u we can take its lift T o p to A{V) x G| y and then extend T o p o 
from Ex{V) to a representation of A x C Of course when we are working with ele- 
ments of rc(G|y, r*A) the p and l'^ maps basically disappear so that we will usually 
not be this precise about viewing A{V \ f/) x G\v\u as a subquotient. 

So suppose i? is a representation of A{u) x S'„ on 7i for u E V \ U. Recall that, 
as in the proof of Lemma 6.16, Zg^ is the completion of Gc{Gu, A{u)) with respect to 
the following left operations 

^•5(7)= / a{zMg{s-'))dp{s), (6.25) 
Jg 

{{z,w))Aiu)xsAs)^ [ z{rj-'yas{w{r's))dX^{rj). (6.26) 
Jg 

Furthermore Indf^ R acts on /C = Zg^ <8)a(u)xi5„ via Indf^ R{f){z ^ h) — f ■ z ® h 
where, given / e Tc{G,r*A)i we define 

/ • ^(7) = / a-\f{ii))g{r'l)dy^'\^). (6.27) 
Jg 

Since the Haar system on G\v\u is just the restriction of the Haar system of G, Z^J^^ 
is also the completion of Cc{Gu, A(u)) with respect to the operations (6.25) and (6.26). 

Hence IndgJ''^ R also acts on /C and the action is given by IndgJ'''^ i?(/)(2; ® /i) = 
f ■ z ®h where f ■ z is defined via (6.27) on rc{G\v\U: r*A). At this point it is clear 
that for / e rc{G\v,r*A) we have 

Indl R{f) = lndf:'^- R{p{r\m. 

It follows that Indf^ R agrees with Indfj^^'R o po on Ex{V). Hence Indf^ R is 
equal to the unique extension of Ind^^^^^ R o p o to A ><\ G and we are done. □ 

This get us most of the way there since it shows that the process of hfting repre- 
sentations from a subquotient and induction are compatible. We can now prove the 
main result of this section. 
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Proof of Theorem 6.22. Since G is a second countable, locally compact Hausdorff 
groupoid, the fact that G^^^G is To implies, by Theorem 5.4, that G^'^^/G is almost 
Hausdorff. Therefore there are open sets {V"/3}o</3<7 in G^^^^G satisfying properties (i)- 
(iv) of Proposition 6.19. Let q : G^^^ G^°^ /G be the quotient map and Up = q'^{Vp) 
for all < /3 < 7. Then each Up is an open G-invariant subset and we define 
Ip = Ex(C/g). Since f/o = and U^ = G^^^ we must have Iq = {0} and = A x G. 
Furthermore if 5 < /5 < 7 then Us C f/g. Thus any function supported in G\ug must 
be supported in G\us as well so we must have Is C Ip. Since C/5 7^ ?7/3 it is easy to 
build a function supported on C/g and not Us- Thus Is 7^ Ip. Finally suppose 5 < 7 
is a limit ordinal and / e rc{G\us:r*A). Because r(supp/) C Us — U^<5^/? 
collection {f/^}/3<5 is an open cover of r(supp/). Since r(supp/) is compact there 
must be a finite subcover and since the Ug axe nested this implies that there exists 
13' < 5 such that r(supp/) C Up'. Hence / G rc(G|c/^,, rM) C Ip'. It follows that 

Is C Ufl<5 ^0- The other inclusion is trivial so that we have 



= U 

/3<S 

Thus {Ip} is a composition series for A x G. 

Now suppose L is a irreducible representation of A x G. Lemma 6.21 implies that 
there exists (3 such that L lives on Ip^i/Ip. In other words, there is an irreducible 
representation T of such that L is the unique extension of the lift of T. Next, 

Lemma 6.23 implies that we can identify J^+i//^ with A{Uj3+i \ Up) x G|;7^^j\;7^. 
Furthermore {Up+i\Up)/G = Vp^i\Vp is Hausdorff so that by Proposition 6.14 there 
exists u e Up+i \Up and an irreducible representation R of A{u) x Su such that T is 

^1 U U 

equivalent to B! = Ind^^ '^"'"^ R. Hence the extension of T to A x G, which is L, is 
equivalent to the extension of i?' to A x G, which is Indf^ R by Lemma 6.23. □ 

As before, we separated out Lemma 6.23 so that we could prove the following 

Proposition 6.24. Suppose {A,G,a) is a separable dynamical system and the orbit 
space G'^^^ /G is Tq. If R is an irreducible representation of A(u) x Su then Ind^ R is 
irreducible. Furthermore, if R and L are both irreducible representations of A{u) x Su 
and Indf^ R is equivalent to Indf^ L then R is equivalent to L. 

Proof. Suppose R is an irreducible representation of A{u) x Su- Using Theorem 5.4 
G^'^^G must be locally Hausdorff. Let {Vp} be as in Proposition 6.19. Consider 
r — {l3 < : G ■ u E Vp}. US — minP is a hmit ordinal then G ■ u E U/3<5 
However this implies G ■ u E Vp for some (3 < 5. This is a contradiction. It follows 
that 5 has an immediate predecessor a and G ■ u E Vs\ V^. Let q : G'-^-' G^^^/G 
be the quotient map. Us — ^'"^(V^) and Ua — q~^{Va). Then u E Us\Ua and since 
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Vs\Va is Hausdorff we can use Proposition 6.17 to conclude that R' = Ind^^^'' R 
is irreducible. However it follows that the extension of i?' to ^4 xi G is irreducible and 
by Lemma 6.23 this is exactly Ind^^ R. 

Now suppose R and L are both irreducible representations on A{u) xi Su and 
that Ind^^ R is equivalent to Ind^^ L. This imphes that their factorizations to the 
subquotient A(Us\U^)xG\ui\u„ are equivalent. It follows from Lemma 6.23 that these 

factorizations are Ind^^^''''^'' R and Ind^^^*^^'^ L is respectively. Hence, Proposition 
6.17 implies that R and L must be equivalent. □ 

Remark 6.25. It would be tempting, in light of Theorem 6.22, to say that every 
representation of A xi G is induced from a stabilizer. Unfortunately, this notion has a 
conflicting deflnition in [Wil07, Deflnition 8.10]. The problem lies in the meaning of 
the word stabilizer. In [Wil07] the stabilizers are the stabilizer subgroups with respect 
to the action of G on Prim A. In Theorem 6.22 the stabilizers are with respect to 
the action of G on its unit space, which may be larger. Of course, when A has 
Hausdorff spectrum equal to these two notions match up. Furthermore when A 
has Hausdorff spectrum it is not hard to show, using Example 4.7, that Theorem 6.22 
generahzes [Wil07, Theorem 8.16]. It's also worth pointing out that this is the only 
way we can view the results of this section as generalizing the group case. Theorem 
6.22 is trivial if we take the naive approach and treat groups as groupoids with a 
single unit. 

Remark 6.26. Generalizing this result to groupoids which do not satisfy the Mackey- 
Glimm Dichotomy is difficult. For group crossed products the result is known as the 
Gootman-Rosenberg-Sauvageot (GRS) theorem. The method of attack was developed 
by Sauvageot in [Sau78, Sau79] and the complete solution was given by Gootman and 
Rosenberg in [GR79]. The result is also proved in [Wil07, Chapter 9]. For groupoid 
C*-algebras, the corresponding result is proved in [IW08] and for general groupoid 
crossed products the question is still open. 



6.3 Crossed Products with Abelian Isotropy 

Theorem 6.22 is a nice enough result, but if we want to study the flne structure of 
A XI G we need to consider more than just individual representations. This next 
proposition adds a topological component to the results of the last section. 

Proposition 6.27. Suppose (A, G, a) is a separable dynamical system. Furthermore, 
suppose that the isotropy subgroupoid S varies continuously and that G^^^G is a Tq 
space. Then $ : (^4 xi S)^ ^ xi G)^ given by ^{R) = Indf is a continuous 
surjection. 
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Recall that A x 5* is a Co(G'*-°-')-algcbra and that restriction factors to an isomor- 
phism of A X S{u) with A{u) X Su- The main difficulty is to show that induction 
respects this fibering. 

Lemma 6.28. Suppose {A, G, a) is a separable dynamical system and that the isotropy 
subgroupoid S varies continuously. Given u E C-^-* and a representation R of A{u) x Su 
let p : A y\ S ^ A{u) x 5'^ be given on Tc{S,p*A) by restriction. Then Indf^ R is 
equivalent to lnd^(i? o p). 

Proof. First, since S is continuously varying, it is a closed subgroupoid of G with 
its own Haar system, which we call p. Let u E G^^^ and i? be a representation of 
A{u) X Su on Ti. Consider the right Hilbert A{u) x S'„-module Zg^ associated to 
Indf^ R. It follows from Proposition 6.3 that Zg^ is the completion of Gc{Gu, A{u)) 
with respect to the right actions 

z-g(^)^ I as(zMg(s-'))dp-(s) 

■J Su 

{{z,w))a{u)xSu{s) ^ / z{rjs-^yas{w{ri))dXu{ri). 

JG 

Furthermore, Ind^^ i? acts on Z^^ ®A(u)yiSu ^ which, as in Remark 6.6, is the com- 
pletion of Gc{Gu, A{u)) 7i with respect to the inner product characterized by 

{f®h,g®k)^ {R{{{g, f))A{u)>,sjK k). 

Now consider the right Hilbert A x S'-module Zg associated to Indf (i?op). It follows 
from Proposition 6.3 that Zg is the completion of Tc{G, s*A) with respect to the 
operations 

z-9{l)= [ aM^s)g{s-'))d(3<'^\s) 
Js 

{{z,w))a>,s{s) = / z{r]s'^yas{w{r]))dXp^s){r]). 

JG 

Furthermore Indg (i?op) acts on Zg^A^s^H which is the completion of Tc{G, s*A) QH 
with respect to the inner product characterized by 

{f®h,g®k) = {R{p{{{gJ))A>,s))h,k) 

We would like to define a unitary map U : Zg ® H ^ Zg^ ® H. Start by 
letting TT : rc{G,s*A) — > Gc{Gu, A{u)) be given by restriction. Since n is clearly 
hnear we can define U : Tc{G, s*A) QH ^ Cc{Gu, A{u)) QH on elementary tensors 
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by U{f ® h) = 7r(/) ® h. It is clear enough that given f,g E rc{G,s*A) we have 
p{{{f,9))A>,s) = ((7r(/),7r(^)))A(«)x5„ so that 

{f®Kg®k)^ {R{p{{{g, f))A>,s))h, k) 

^{R{{{7rig),7r{f)))Aiu)>.sJh,k) 
= {n{f)^h,TT{g)^k) 
^{U{f^h),U{f^k)). 

Thus U is isometric on Tc{G, s*A) © 7i and we can extend it to an isometry on 
Zg ® 7i. We need to show that U is surjective. Suppose / e Cc{Gu) and a e A{u). 
Choose b e A such that b{u) — a and extend / to a function g e Cc{G). Then 
g®h & Tc{G, s*A) and given 7 e G„ we clearly have 7r((7 6) (7) = f{'j)a = / ® 0(7)- 
Thus rauTT contains all of the elementary tensors in Cc{Gu, A{u)) and as such is dense 
in the inductive limit topology. Now suppose Zi z with respect to the inductive 
limit topology in Cc{Gu, A{u)). Let K be some compact set which eventually contains 
the supports of the Zi. Then 

\\{{Zi,Zi))A(u)>,Suis) - {{z,z))A{u)>,Suis)\\ 

< / \\zi{r]s~'^)*asizi{r])) - z{r]s~'^)*asiz{r]))\\dXuir]) 

JG 

< f \\zi{ris-') - ^(775-^)1111^,(77)11 + 11^(775-^)1111^,(77) - ^(77)|MA„(77) 

JG 

< - 2;||oo(||^i||oo + ||2;||oo)A"(-fr) 

Since {||-2j||oo} is bounded this shows that {{zi,Zi)) — >■ {{z,z)) uniformly. Furthermore 
supp((-2i, Zi)) is eventually contained in K^^K, which is compact. Thus {{zi, Zi)) —>■ 
{{z, z)) with respect to the inductive limit topology and hence 

R{{{zi,Zi))A{u)>^sJ R{{{z,z))a{u)>^sJ- 

Now suppose z e Cc{Gu, A{u)) and h &TI. Choose Zi — 77(10^) such that Zi ^ z with 
respect to the inductive limit topology. Then, by the above, since Zi — z ^ with 
respect to the inductive limit topology, 

\\U{wi ®h)-z® hf = \\{zi -z)® hf = {R{{{zi -z,Zi- z))Aiu)>^sJh,h) 0. 

It follows that ran U is dense in Zg^ 7i and that t/ is a unitary. 

The last step is to show that U intertwines Indf (i? o p) and Indf^ R. According 
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to Theorem 6.7 Ind^^ acts via Ind^^ R{f){z ®h) — f ■ z®h where 

/ • z(7) = / a-\f{rj))z{r'^)dy^^\r^). (6.28) 

JG 

and that Indf (i?o p) also acts via Indf (i?o p)[f)[z ® h) = f ■ z®h where / ■ ^ is still 
given by (6.28). It is clear that for z e Vc{G,s*A) we have / • t:{z){'-)) = 7r(/ • z){'y). 
Thus on T^{G, s*A) H 

Indf (i? o p){f)U{z ®h)^ f ■ tt{z) ®h^T:{f ■ z)®h^ Ulnd^^ R{f){z ® h). 

This suffices to show that U intertwines Indf (i? o p) and Indf^ R. □ 



Remark 6.29. In light of how natural the unitary intertwining Ind^^ R and Ind^ {R°p) 
is we will often confuse the two. Furthermore, since every irreducible representation 
of A XI 5* is lifted from a fibre via restriction we will feel free to use the notation 
Indf i? even when R is an irreducible representation of A{u) xi Su- Furthermore we 
will interpret Ind^ R as either Ind^^ or as Ind5(i? o p) as we see fit. We trust the 
reader will forgive the author for these abuses. 

The advantage of viewing the induction as occurring on S is that induction from 
a fixed algebra is a continuous process. 



Proof of Proposition 6.27. Since yS" is a continuously varying group bundle we know 
A )A S exists and that every irreducible representation is lifted from a fibre. In par- 
ticular every irreducible representation is of the form Ro p where R is an irreducible 
representation of A{u) xi Su for some u and p is the canonical extension of the restric- 
tion map. Since G^^'^/G is To we may use Proposition 6.24 to conclude that Indf^ i?, 
and hence Indf (i?o p) is irreducible. Thus ^{R) — Indf is a well defined map from 
{A XI S)^ into {A x G)^. Furthermore Theorem 6.22 tells us that every irreducible 
representation is (equivalent to one) of the form Ind^^ R so that $ is surjective. Fi- 
nally, we show that $ is continuous. This follows from the general theory of Rieffel 
induction. In particular [RW98, Corollary 3.35] and the definition of Indf implies 
that the map 

ker R ^ Indf^ ker R = ker Indf R 

is continuous. Since the topology on the spectrum of a C*-algebra is inherited from 
the Jacobson topology on the space of primitive ideals it is straightforward to show 
that $ must be continuous. □ 
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6.3.1 Groupoid Actions 

At this point we begin to transition over to the use of abehan isotropy subgroups, an 
assumption that will stick with us. The reason is because this assumption will allow 
us to identify the equivalence classes determined by $. It is worth pointing out that 
the odd result here or there may extend to the nonabelian case. 

Proposition 6.30 ([PSMW96, Lemma 4.1]). Suppose G is a second countable locally 
compact groupoid and that the isotropy subgroupoid S is abelian and varies continu- 
ously. Then there is a continuous S-invariant homomorphism cu from G to R"*" such 
that for all f e C^{S) 

[ f{s)dp^^^\s)=uj{^) [ f{^sr')dP'^'\s). (6.29) 
Js Js 

Proof. Let /? be a Haar system for S. Given 7 e G consider the map (f)'^ : Sg^-y) — > 5*^(7) 
defined by (f)'^{s) — js^~^. It is clear that (ff is a group isomorphism so that we can 
push forward the Haar measure Z?*^'"'^ to a Haar measure on Sr(-y) defined for / e Cc{S) 

by 

^7^.(7)(J) = f /(^s^-l)d/3^(7)(^). 

Js 

However, Haar measure is unique up to a scalar multiple so there exists a; (7) e R"^ 
such that P'^^'^^ — u;{'y)(f)2P^^'^^ . It is clear that u; is the map we are looking for. 
Furthermore, it is easy to show that if 7 and 77 are composable then (f)'^'^ — (fp ocf)^ so 
that 

It follows that uj{'yr]) = uj{'-f)u!{ri). Finally, if s G Ss('y) then, since the stabilizers are 
abelian, we have (j)"'^ = (jp and uj is 5*- invariant on the left. A similar argument shows 
that it is invariant on the right. 

Now we show that uj is continuous. This portion of the proof is taken from 
[PSMW96, Lemma 4.1]. Suppose to the contrary that there exists 7„ 70 such 
that |a;(7n) — ^(70) I > e > for all n. We can certainly choose / G Cc{S) such that 
= 1. Thus jgfd(3''^^-^ is eventually nonzero. We claim that we may as well 
assume that s(7„) 7^ 5(70) for all n > 0. If not, then we can pass to a subsequence, 
relabel, and assume that s(7„) = s(7o) = u for all n. Now suppose 5 > and that 
there exists s„ such that 

\f{lnSnln')-f{loSnlo')\>8 (6-30) 

for all n > 0. For (6.30) to hold we must have either have ^nSnln^ £ supp / infinitely 
often or 7oSn7o € supp / infinitely often. Either way we can pass to a subnet and find 
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s such that s„ — > s. However we then have 

which contradicts (6.30). This shows that / o (f)"'" ^ f o cp" uniformly on Cc{Su)- 
Next, let U be some compact neighborhood of 70. Then eventually 'jn & U and 
supp(/ o is contained in the compact set 

{7~^S7 : 7 e C/,s e supp/,s(7) =p(s),r(7) = u}. 

Thus / o — s> / o 0^" with respect to the inductive limit topology and 

Js Js 

Therefore 

a;(7n)-' = (/?'-(^")(/))"V:"/5^^"'"H/) ^ ^(70)"' = (/?'-^^°n/))"VZ"/?^^^°n/) (6-31) 

which leads to a contradiction. 

This proves our claim so that we may assume s(7„) 7^ 5(70) for all n > 0. By 
passing to a subsequence and relabeling we can also assume that 5(7^) 7^ -§(7^) for 
all n m. Then C = P~^({s(7n)}5JLo) is closed in 5" and we can define t on C by 
l{s) = n if and only if p{s) — s(7n). Then it is straightforward to show that the 
function 

is continuous and compactly supported on C. Therefore we can find an extension 
F e eel's*). However, we then have 

'PTP'^^"\f)= f F(s)rf/3^(''")(s)^0:«/?^(^«)(/)= / F{s)d/3^^^°\s) 
Js Js 

and we obtain a contradiction just as in (6.31). □ 

We can now perform a construction which is, in many ways, interesting in its own 
right, even though we will only make use of it indirectly. 

Proposition 6.31. Suppose {A,G,a) is a separable dynamical system and that the 
isotropy suhgroupoid S is abelian and varies continuously. Then there is an action of 
G on A ><\aS defined by the collection {5j}^^g where, for f e Cc{Ss('y), A{s{'y))) , 

S,{f){s)=uj{^)-'a,{f{r's^)). 
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Proof. First, recall that A x is a Co(G'^°))-algebra so that it makes sense to de- 
fine a groupoid action. Furthermore, as usual we will use the restriction map to 
identify the fibres with A{u) xi Su- It is easy to see that maps Cc{Ss['y), A{s{j))) 
into Cc{Sr('y), A{r{'j))) and that 5^ is continuous with respect to the inductive limit 
topology (on both algebras). We will show it is a *-homomorphism. Given f,g & 
Cc{Ss{-y),A{s{-f))) we have 

= / u;{^)-'a,{f{t)aMt-'l-'s^)))d(3^^^\r)) 
Js 

= / ^(7)-^a,(/(7-^t7)«7-t7(^(7-'t-'57)))rf/?^(^)(^) 

= / S,{f){t)at{S,{g){t-'s))d(3^^'^\t) 
Js 

= S^{f)*d^{g){s), 

as well as 

= cj(7)-^a^(a^-i,^(/(7-^s-S)*)) 
= «.(c.(7)-X(/(7-'s-S))*) 

Since 5^ is a *-homomorphism which is continuous with respect to the inductive limit 
topology Corollary 3.134 shows that it is bounded and extends to A[u) x Su- Next 
we observe that 5u = id and that for composable 7 and r] 

5^{5r,(ms) = u;(^)-'u;{rj)-'a^{a^(f(rj-'r's^v))) 
= a;(777)"^Q;^^(/((777)~^s(777))) 

This not only shows that 6^ is an isomorphism with inverse S^-i, it also shows that 6 
preserves the groupoid operations. All we need to do now is show that the action is 
continuous. 

Let £ be the upper-semicontinuous bundle associated to A x 5". Suppose 7^ — > 70 
and that — > oq in £^ such that s(7„) = p(a„) = Un for all n > 0. Fix e > and let 

Vn = f^iln) for all n > 0. First, choose b & A x S such that b{uo) = ao- Next, using 
the fact that Tc{S,p*A) is dense in ^4 xi 5*, we can choose / e rc{S,p*A) such that 



268 



6.3 Crossed Products with Abelian Isotropy 



11/ — 6|| < e/2. In particular 

\\f{u)-h{u)\\<e/2 

for all M e where we recall that f{u) denotes the restriction of f to Su- We make 
the following claim. 

Claim. If / e rc{S,p*A) and 7^ — > 70 as above then S^^{f{un)) ^70 (/('"o)) in ^■ 

Proof of Claim. As in the proof that cu is continuous, we first suppose that Vn — Vq 
infinitely often. Then we can pass to a subsequence, relabel, and assume f„ = Vq for 
all n. Suppose that we can pass to a subsequence such that for each n > there 
exists Sn e such that 

\\K{fM){sn) - 5^o(/K))(sn)|| > e > (6.32) 

for all n > 0. If this is to hold then we either must have 7^^s„7„ G supp/ in- 
finitely often or 7(7^Sn7o £ supp / infinitely often. In either case we may pass to a 
subsequence, multiply by the appropriate groupoid elements, and find sq such that 
Sn ^ Sq. However we then have 

filnSnln^) ^ f{loSo%^), and 
/(7oSn7o~^) /(7oSo7o"^)- 

Since a and iv are continuous, it follows that S^„{f{un)){sn) and S■y^Xf{uo)){sn) both 
converge to (5^q(/('Uo))(so). This contradicts (6.32). As a result 5^^{f{un)) must 
converge to (^70 (/(^o)) uniformly. Let J7 be a compact neighborhood of 70. Eventually 
^n^U and therefore eventually supp5-y^(/(it„)) is contained in the compact set 

{7"^S7 : 7 e t/,s e supp/, 5(7) =p(s),r(7) = Vq). 

Thus Sj^{f{un)) — > Sjg{f{uo)) with respect to the inductive limit topology and thus 
in Aiyo) xi Sy^ 

Next, suppose that we may remove an initial segment and assume that f„ 7^ vq 
for all n > 0. Furthermore, we may pass to a subsequence, relabel, and assume that 
Vn '^m for all n^m. Then C = p^^({w„}5^o) is closed in S and we can define i on 
C by i{s) — nii and only if p{s) — Vn- We would like to show that 

defines a compactly supported continuous function on C. Suppose Si — > s. If t(sj) 
is eventually constant then the convergence of Fo{si) — > -fo(s) is easy. However, it 
is also easy if L{si) 00 because in this case we just use the fact that ji — > 70 and 
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that all the different components are continuous. Furthermore it is straightforward 
to check that Fq has support contained in the compact set 

{rjsr]'^ : rj e {7n}^=o, s e supp/, s{r]) = p{s)}. 

Now, K = {f„}^Q is an S'-invariant closed subset of G^^^ so that we may use Propo- 
sition 5.24 to conclude that A xi S{K) is isomorphic to A{K) x C. Thus, since the 
restriction map is a surjective homomorphism oi A >4 S onto A xi S{K) by Propo- 
sition 5.14, and since Fq e rc(C,p*.4), there must be some F e A ><i S such that 
F{vn) = F^ivn) for all n > 0. In particular, since F is a continuous section of we 
have Foivn) — > Fq{vq). However we clearly constructed Fq so that Fo(vn) — (^7„ (/(««)) 
for all n > 0. This proves our claim. □ 

Thus Sj^{f{un)) <^7o(/('^o))- Furthermore we have 

ll^7o(/(«o)) - ^7o(«o)|| = ll/K) - b{uQ)\\ < e/2 < e. 

by construction. Since both a„ — > oq and b{un) — > oo it follows that ||a„ — &(Mn)|| ^ 
so that eventually 

ll<^7n(/K)) - KMW < ll/K) - + WK'^n) - Onll < e- 

It now follows from the last part of Proposition 3.2 that S^^{an) — > 5^g(ao). Hence 
the action is continuous and we are done. □ 

We get the following immediate and important corollary from Proposition 4.39. 
Looking ahead, this corollary lays the foundation for our identification of the equiv- 
alence classes determined by 

Corollary 6.32. Suppose {A, G, a) is a separable dynamical system and that the 
stabilizer subgroupoid S is abelian and continuously varying. Then the action 5 in- 
duces an action of G on {A ><\ S)^ such that ^ • R — R o for all j & G and 
R e {A{s{^)) X 

Of course, we would like to find a covariant decomposition for the above action. 

Proposition 6.33. Suppose {A, G, a) is a separable dynamical system and that the 
isotropy subgroupoid S is abelian and continuously varying. If R — tt U is a repre- 
sentation of A{u) XI Su then ■ R — p V where 

p{a) = 7r(a^^(a)), and Vg = Uy-ig^. (6.33) 

Proof. Suppose we are given {A, G, a) and R as above with 7 e G such that 5(7) = u. 
Let V — r(7). Since A{v) xi 5"^ is a group crossed product we have a lot of technology 
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at our disposal. In particular we know that there must be a covariant representation 
(p, V) such that 7 ■ i? = p x It follows from [Wil07, Proposition 2.34] that p — 
R o i^(^) and V = Ro cg^ where la{v) and ls^ are the canonical maps given by 

tA{v)ia)fis) = af{s), i^sSs)f{t) = q;,(/(s"4)). 

We compute that 

y,(7 • R)(f)h = 7 • R(tMf)h = R(5-\Ls^{s)f))h 

A5-\isMm))Uthdp-{t) 

u;(^)7r(a-\Ls„(s)f(^tr')))Uthdp\t) 

Js 

cu(7)^^-i.^7r(a-i(/(7(7-'s-S)t7-')))t^7-.-St/^^^/5"W- 



L 



IS 

Using the fact that /3" is left invariant we obtain 



Vs{^-R)U)h^U,-.,, f u{j)n{a-\f{^tr')))Uthdp^{t) 

Js 

^U^-is^ I n{S-\f){t))Uthdp^{t) 
Js 

= U^-.,,R{5-\f))h = C/^-i,^(7 • R){f)h. 

Since 7 ■ i? is nondegenerate this shows that Vs = U^-ig-y- In the same manner we 
compute 

p(a)(7 • R){f)h = 7 • RiLAiv)ia)f)h = i?(5;i(iA(.)(a)/))/i 
= / 7r(5;i(6^(,)(a)/(t)))C/t/id/3"(i) 

= / u;(^)7r{a-\af(^tr'mthdp-(t) 
Js 

^7r{a-\a)) f u;{^)-'7r{<{f{^tr')))Uthd(3''{t) 
Js 

= 7ria-\a))Ri5;\f))h = 7r(a;^(a))(7 • R)if)h. 

Once again using the fact that 7 • is nondegenerate, we conclude that p(a) — 

n{a-\a)). □ 
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6.3.2 Equivalent Representations 

Now it is time to explore the structure of representations induced from the stabihzers. 
We need to find better ways of writing them and in particular will find a couple of 
very nice equivalent representations. This material is at least inspired by the work 
done in [PSMW96] when it doesn't copy it directly. In order to proceed we need the 
following 

Lemma 6.34 ([PSMW96, Lemma 2.1]). Let G be a second countable locally compact 
Hausdorff groupoid. Suppose u e G^^\ that A is an abelian subgroup of Su and that 
P is a Haar measure on A. Then the following hold. 

(a) The formula 

Qum) = I f{is)d(5{s) 

J A 

defines a surjection from CdG) onto CdGu/A). 

(b) There is a non-negative, bounded, continuous function b on Gu such that for 
any compact set K G Gu the support of b and KA have compact intersection 
and for all 7 G G„ 

/ b{-^s)dl3{s) = 1. (6.34) 

J A 

(c) There is a Radon measure a with full support on Gu/A such that 

[ f{^)d\M = / / fMd(3{s)daU). (6.35) 

JG J Gu/A J A 

Proof. This proof is taken (almost) verbatim from [PSMW96] . The properness of the 
A-action implies that G^/A is locally compact Hausdorff and that Q takes values in 
Cc{Gu/ A). The existence of a function b' satisfying the requirements of (2) with the 
exception of (6.34) follows from [Bou73, Lemme 1]. Now, the rest of (2) follows by 
normalizing b' and then the rest of (1) follows from (2). Part (3) will follow (except 
for the support statement) if we can show that the equation 

<y{Q{f)) = [ f\i)dK{i) 

JG 

yields a well-defined, positive linear functional on Cc{Gu/A). But this amounts to 
showing that given / e Gc{G) such that 

/ f{js)dP{s) = (6.36) 

J A 
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for all ^ e Gu then cr{Q{f)) — 0. However, if (6.36) holds then for any h e Cc{G), 

J A Jg 



Ki) / f{i-'s)dmdx^{^) = 

G J A 

On the other hand, 

/ h * f{s)d(3(s) ^ [ [ h(^)f(r's)dX-(^)d(3(s) (6.37) 
J A J A Jg 

- f f h{s^)f{-f-')d(3{s)dX\^) 
Jg J a 

= ^ (^jj,hnrh)d/3{s)^ f{r')dX^{7) 

where we replaced s by in the final equality and used the fact that A is abelian and 
hence unimodular. Now consider K — supp /flGu. By part (2) supp bdKA is compact 
and therefore wc can use the Tietze Extension Theorem to extend b from supp br\K A 
to a function d e Cc{G)~^. If we let h — d* then, whenever 7"^ e supp / fl G^, 

Chy{^-^s)di3{s) = I b{^-^s)di3{s) = 1. 

A J A 

It now follows from (6.37) that a{Q{f)) = 0. Thus our linear functional is well defined 
and the Radon measure a exists. 

Next we need to show that supper = Gu/A. Suppose O is an open neighborhood 
of [t]] in Gu/A. Wc must show a{0) > 0. Choose / e GciGJA) such that < / < 1, 
/(W) — 1' supp / C O. Then we have 

ct{0) > f f{[l])da{[^]) = f f /(M)6(7s)d/3(s)da([7]) 

J Gu/A J Gu/A J A 



.,/A J Gu/A . 

/([7])6(7)^^A„(7). 



Now 7 H- >• /([7])fc(7) is a continuous function. Furthermore since J b{rjs)di3{s) = 1 
there must be some s ^ A such that b{ris) > 0. However we also have /{[tis]) = 
fiiv]) = 1 > 0- Since suppA„ = Gu and the integrand is continuous and nonzero on 
Gu, it follows that 

' fmbh)dXuh) > 

G 
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and hence cr{0) > 0. □ 



Remark 6.35. Suppose {A, G, a) is a separable dynamical system and that the stabi- 
lizer subgroupoid S is abelian. For all u G S^^^ let be a Haar measure on Su- Using 
Lemma 6.34 for each u € G^^^ there exists a Radon measure cr" with full support on 
Gu/ Su such that 



/(7)o?A„(7) = / / f{-is)dns)da-{[-f]). 

For the rest of this section whenever we have {A, G, a) and S as above we will let 
a = {o""} be defined in this way. It is worth mentioning that if the (3^ form a Haar 
system for S then the cr" form a Haar system on Rq [PSMW96, Lemma 4.2]. 

Lemma 6.36. Suppose {A, G, a) is a separable dynamical system, and that the sta- 
bilizer subgroupoid S is abelian. Given u G let R = ti yiU be a representation 
of A{u) XI Su which acts on a separable Hilbert Space Ti. Let V be the set of Borel 
functions (p : Gu ^ Ti. such that ^ 

0(75) = f/;0(7) (6.38) 

for all 7 G Gu and s & Su- Define 

£l{Gu,n,a-) - G V : / Umi'da^ib]) < ool 

and let Lfj{Gu,'H,o'^) be the quotient of Cfj{Gu,'H,a^) where we identify functions 
which agree Xu-almost everywhere. If (j),ip E £^(G„, 7Y, cr") then 

{m--= I (0(7),^(7))c^^x"([7]) (6.39) 

J Gu/Su 

defines an inner product which makes Lfj{Gu, Ti., cr") into a Hilbert space. 

Proof. It is clear that L^(G'„, H, cr") is at least a vector space. The usual Cauchy- 
Schwartz considerations will show that (6.39) is integrable and (6.38) guarantees 
that (6.39) is well defined on C'Ij{Gu,'H). Furthermore, it is easy to see that (6.39) 
defines a sesqui-linear form. Let b be as in part (b) of Lemma 6.34 for Su- Suppose 



^ Since H is separable we don't have to worry about the measurably considerations described in 
[Wil07, Appendix 1.4]. 
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(j) e jCij{Gu, Ti.) and suppose is zero A^-almost everywhere. Then 



= / / bM\\<PM\\'dl3-{s)da-{[j]) 
6(7)||0(7)irciA„(7)=O. 



This suffices to show that (6.39) is well defined on L'^{Gu, Ti). Now suppose ~ 0. 
Then in particular ||0(7)|| = for all [7] ^ A'" where is some a^-nuU set. This 
implies that ||0(7)|| = for all 7 G NSu- However it follows from (6.35) that NS^ is 
Au-nuU. Hence (6.39) is positive definite on L\j{Gu,T-i). 



The last thing to show is that Lfj{Gu,'H) is complete. This portion of the proof 
is inspired by [Wil07, Page 290] . Suppose 0„ is a Cauchy sequence. We can pass to 
a subsequence, relabel and assume that 

Un+l - (pnW < ^ 

for all n. We define the following extended real valued functions on Gu by 

n 

^n(7)=Ell'^^+lW-'^^WII' 
i=l 

00 

i=l 

Of course, Zn is constant on Su orbits and factors to a Borel map on Gu/Su- Using 
the triangle inequality in LF'iGu/Su, cr") we find 

\\zn\\ < E ( / ll<^m(7) - Ul)\?da'^{b])) ' = E ll'^^+i - '^^11 ^ 1 



Since ||-2n||^ = Jq js -2n(7)^c?cr"([7]) it follows from the Monotone Convergence The- 
orem that 

\\zf = I z{^fda-U) < 1. 

^ Gu/Su 

Hence, there is a cr"- null set N such that [7] ^ N implies that ^(7) < 00. In particular 
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we can lift N to Gu and get a A„-null set NSu such that 7 ^ NSu imphes 

00 

J2Mi)-Mi) (6-40) 



i=l 



is absolutely convergent. Thus (6.40) converges to some ^'(7) G H for all 7 ^ NS. 
Furthermore 

n 

(t)\-t) = lim V 0^+1(7) - 0i(7) = lim (/>n+i(7) - 0i(7) 

' n— »oo 

1=1 

Thus 0(7) := ^'(7) — 01(7) satisfies 

0(7) = lim (t>n{l) (6.41) 

n— >oo 

for all 7 ^ A^5'„. Hence 0„ — almost everywhere and is a Borel function. Now 
let 4> be zero ofi^ A^^'^. Then, using (6.41) and the fact that NSu is saturated we find 
that 

<t>M = c/:0(7) 

for all 7 e G„ and s e Su- Next, given e > there exists M such that ||0n — 0m|| < e 
for all n,m>M. If 7 ^ NSu then 

ll'/'(7)-0i(7)ll= lim ||0n(7)-0i(7)ll- 
Thus, if A; > M, Fatou's Lemma implies that 

<liminf 

n-+oo 

Furthermore we have 

ll</'(7)ir< (110(7)- 0.(7)11 + ll</'.(7)ll)' 
<3||0(7)-0fe(7)||' + 3||0fe(7)ir 



so that 



/■ ||0(7)irrfa"([7])<3||0-0,|r + 3||0, 

Gu / Su 



■1/ Su 

Thus e Cl{Gu,n,a''), 0„ ^ in Ll{Gu,n,a'') and, to quote [Wil07], "this 
completes the proof of completeness." □ 

The whole point of building this Hilbert space is so that we can use it to define a 
representation. 
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Lemma 6.37. Suppose {A, G, a) is a separable dynamical system and that the sta- 
bilizer subgroupoid S is abelian. Given u E C-^-' let R = n y\ U be a representation 
of A{u) XI Su which acts on a separable Hilbert space H. Then Indf^ _R is equiv- 
alent to the representation on 7Y, a") defined for f e Tc{G,r*A) and 
<f>ejr,l{G^,n,a-) by 

T^'imi) = [ n{a-\f{^r,)mr,-')dX^{r)). (6.42) 
Jg 

Proof. Recall from Theorem 6.7 that Indi? acts on Zg^ ®a(u)xi5„ 'H and we have 
Ind R{f){z®h) = /-z^/i where /-z is given by (6.10). Now define F : Cc{Gu,A{u))Q 

n^ci{G^,n)hy 

V{z®h){^)= [ UsTi{z{^s))hdi3''{s). (6.43) 
Js 

It is straightforward to show that the integrand in (6.43) is jointly continuous in 7 and 
s. However, this implies that it is Borel on the product space. The fact that V{z (8) h) 
is Borcl now follows from Fubini's Theorem (for vector integration). Furthermore, 
given s e we have 

V{z^h){^s)= I Ut7iiz{^st))hdf3''{t) = [ Us-iUtTiiz{^t))hdf3''{t) = U*V{z®h){^). 
Js Js 

Finally, observe that V{z<^h) is supported on the (compact) image of supp z in G^/ Sy, 
so that 

/ \\V(z®h)(^)\\'da-{[^])<oc. 

JGu/Su 

Thus V{z ® h) maps Cc{Gu, A{u)) Ti into C^{Gu, H). Next, we compute 

{z®h,w ®k) ^ {R{{{w, z))a(u)xsJK k) 

= [ i7vi{{w,z))Aiu)»sAs))Ush,k)di3^{s) 
Js 

- / / (^(iL<7s-i)*Q,(2(0')))f/./i,fc)rfA„(7)rfr(x-) 
■Js Jg 

^ f f f{n{w{^ts-')rn{as{z{^t)))UAmP''{t)da^M^^ 
Js JGu/s^ Js 

= [ I I in{w{^s-')rn{ast{z{^t)))UsAk)dp^{s)dp-^ 

Jgu/Su Js Js 

where we used the fact that Su is abelian to right translate by t. Continuing the 
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/ f {UMM^bt))h,n{w{^s-'))k)dp-{s)dp-{t)da-{^^^^ 

Gu/Su ^ S ^ S 

{Ut7r{z{'yt))h,Us7r{w{'ys))k)d(3^{s)d(3^{t)da^{['y]) 




computation 

{z ® h,w ® k) 



Gu I Su *^ S *^ S 

{V{z ® /i)(7), V{w ® k){j))da''{[j]) 

Gu I Su 

= {V{z^h),V{w0k)) 

where we again used the fact that Su is abehan and hence unimodular. Thus V is an 
isometry and extends to a map from Zg^ ®a(«)xi5„ into L^lGuj'H). We will show 
that it is surjective. Suppose G C1j{Gu,'H) is such that {y{z ® h),(f)) = for all 
z<S)h & Cc{Gu, A{u)) 7i. It will suffice to show (p is zero A^-almost everywhere. We 
have 



O = (y(z®/i),0)= f (F(z®/i)(7),0(7)y<j"([7]) (6.44) 

Gu I Su 

^ I I {Us7^{zM)Km)dns)da''{b\) 

•J Gu/ Su ^ S 

= I f{7r{zM)h,cl>M)dns)da-{[^]) 

J Gu / Su, J S 



Gu/Su '-^ S 

= / (((7ro^)0/i)(7),0(7))dA„(7). 



G 



where {tt o z) ® h denotes the function 7 1— >• 7T{z{'j))h. Now, is probably not an 
element of L'^{Gu, H). We get around this using the following trick. Suppose K C Gu 
is compact. Let 0|k be the function obtained by letting be zero off K, and let 
g e Cc{Gu) be one on K. Then 



^([7]) = / 9{is)dp\s) 
Js 

defines an element of CciGu/ Sy). We observe that 



G JG 



'Gul 

< uwhf 



wmr I g{is)dp-{s)da-u) 

u I H-u. *^ Su 



|oo* 
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Thus (f)\K G LF'{Gu,'H). Given z e Cc{Gu,A{u)) such that supp^; C X we conclude 
from (6.44) that 

0= / (((tto^) ® /i)(7),0(7))dA„(7) = ((tto^I^) ® /i,0|^)^2(;^_„_A^). 
Jg 

Hence (j)\K will be zero A^-almost everywhere if we can show elements of the form 
(tt o z) (8) /i span a dense set in L^{K, H, A^). However, we can restrict ourselves even 
further and show that elements of the form 

/ (8) n{a)h = ((/ ® a) o tt) ® /i 

span a dense set, where a E A, h E TC and / G Cc{K). Recall that L'^{K,T-t) = 
L'^{K) Ti. [Wil07, Example 2.62] and that elementary tensors span a dense set in 
L^{K,H). The result now follows quickly once we recall that Cc{Gu) is dense in 
L'^iGu) because supp A„ = G„ and ti{A{u))'H is dense in H because tt is nondegener- 
ate. Thus (t)\K is zero A„-almost everywhere for each compact set K C Gu- Since Gu 
is (T-compact this implies that is zero A„-almost everywhere. 

The fact that K is a unitary implies that there is a representation of A x G 
defined by T^(/) = V Indf^ Rif)V*. We would like to sec that is given by (6.42). 
This follows from the following computation for / G Tc{G,r*A) and (p G C\j{Gu-,'H)- 

T''{f)V{z /i)(7) = VIndl R{f){z ® h){^) ^V{f-z® h){^) 

= / C/,7r(/ • z{-^s))hdl3^{s) 
■Is 

= [ [ UsT:{a-l{f{r)))z{r'ls))hdX^^\r))dp^{s) 

J S JG 

^ f f Us7r{a-^{f{^vMv-'s))hd/3\s)dX\v) 

JG JS 

= 11 Aa-\f{lv)))UsAz{r's))hdp^s)dX\7^) 

JG JS 

= / 7:{a-\f{^r^)))V{z®h){r^)dV{r]). □ 

JG 

This representation is sort of "halfway" to where we want to be. In particular we 
would like to work with a more standard Hilbert space. The following observation 
will be crucial for this. 

Remark 6.38. Suppose G is a second countable groupoid and fix w G G^^\ The fact 
that Gu is second countable implies that we can find a Borel cross section c : Gu/ Su — > 
Gu for the quotient map [Arv76, Theorem 3.4.1]. Furthermore we can then define a 
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Borel map S : Gu ^ Su such that 7 = c{[j])S{'y). We will make use of these maps in 
what follows. One of the key properties about S that we will need is that 

5{js) = c{[js])-\^s) = c([7])"Ss = 5(7)5. 

Using the Borel cross section S we can transform into a representation which 
acts on L^iGu/Su^n^a"). 

Proposition 6.39. Suppose {A, G, a) is a separable dynamical system and that the 
stabilizer subgroupoid S is abelian. Given u E G^^^ let R = n yi U be a separable rep- 
resentation of A{u) X Su which acts on H. Then T^, and hence Ind^ R, is equivalent 
to the representation given on L'^{Gu/Su,'H,a^) by 

N^'ifmrn = / C/5w7r(a;^(/(77)))C/,V,^)</.([77-S])dA'-W(77). (6.45) 

Proof. We start by defining a map W on Ll(Gu,n,a'') by W^(0)([7]) = 0(c([7])). 
Then 

(iy(0), WW) = I [wmb]), wmmdcT'-m 

*^ Gu I Su 



L 



1 1 Su 
Guf Su 

(C/5(^)0(7),C/5(^)V'(7))^^<^"([7]) 

Gu I Su 

Thus W maps into LF'{Gu/ Su,'H,a'^) and is in fact isometric. Furthermore we can 

define an inverse by W~^{(j)){'--i) := f^5(7)0([7]) so that W is actually a unitary map. 
We now define a representation on A x G by N^{f) = WT^{f)W* and we show that 
has the desired form by computing, for / G Tc{G,r*A) 

N^{f)W<l>([^]) = M^r(/)0([7]) = r(/)0(c([7])) 

= f ^(«c(H)(/W[7])r?)))0(r^)rfA«(r?) 



G 



L 



7r(«5(,),-i(/(7r?)))0(c([7y-i])5(7y-i)<5(7)-^)ciA'^(r?) 

G 



G 



= /_ t/5Wvr(a;^(/(7r/)))^;(,)t/,(,)t/;(,-.)0(c([r ']))ciA„(r/) 
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= [ C/5(,)7r(a;^(/(777)))[/;(,-i)iy</>([77-^])dA"(77) 

= / C/5(^)7r(a7^(/(77)))C/5(,-i^)iy0([77-S])^^A'-W(^)- □ 
Jg 

Remark 6.40. Before we state the next proposition we need to use some more measure 
theoretic trickery. Observe that the range map r factors to a continuous bijection r 
between Gu/Su and G • u. Since Gu/ Su and G ■ u are both second countable lo- 
cally compact Hausdorff spaces, we cite Soushn's Theorem [Arv76, Theorem 3.2.3] 
to conclude that f is a Borel isomorphism. Wc use f to push the measure cr" for- 
ward to a measure o"" on G ■ u. It is clear that by identifying L^(G'„/S'„, 7i, o"") and 
L'^iG ■ u^Ti^a'^) via f we can view as a representation on the latter space. It's 
easy to see that in this case its action is given by 

•J G 

Since this identification is fairly natural, we won't make too much of a fuss about it. 

The reason wc went through the effort to build is that, as the next lemma 
demonstrates, it interfaces nicely with the multiplication representation of C^{G ■ u) 
on L^(G ■ u,7i). We will be able to take advantage of this later on. 

Lemma 6.41. Suppose {A,G,a) is a separable dynamical system and that the sta- 
bilizer subgroupoid S is abelian. Let u E G^^^ and R = n yi U be a representation of 
A{u) X Su- Consider the representation of Co{G^^^) on L'^{G ■ u,T-C,a'^) defined via 

N-{f)Hv)-f(v)<l>(v)- 

Furthermore, given f E Co{G^°^) and g E Tc{G,r*A) define f ■ (7(7) := f{r{'y))g{'y). 
Then N''{f)N^{G) = N^{f ■ g) for all f E Co(G(o)) and g E T^{G,r*A). 

Proof. Wc discussed o"" and how to view A^^ as acting on L'^{G ■ u, Ti, a'^) in Remark 
6.40. The representation N'^ is nothing more than the restriction map from Cq{G^^^) 
to C'^{G ■ u) composed with the usual multiplication representation of C^{G • u) on 
L^(G -u^H). It is also easy to see that if / and g are as above then f -g E Tc{G, r*A). 
For the last statement we just compute 

7V-(/)iV«(^)0(7 . u) = f{T{^))N\g)cl^{^i ■ u) 

= / /(r(7))t/5W7r(a-^(5(r?)))C/5Vi^)0(7y-S-«)ciyW(^) 

J G 
*/ G 
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The final technical aspect we need to deal with before proving something more 
interesting is to demonstrate the relationship between cu and the u". 

Lemma 6.42. Suppose G is a second countable locally compact Hausdorff groupoid 
and that the stabilizer groupoid S is abelian and varies continuously. Given u e G^^^ 
and G Gu we have, letting v = j ■ u and (p be a Borel function on G^/Sy, 



L 



u;(^mvi])da^m = / </.(N)da"([77]). (6.46) 



Gy / Sy t/ Gu I Su 

Proof. Since a" and a"" are Radon measures, it suffices to verify (6.46) for / £ 
Cc{Gu/ Su)- Using the fact that rjs^i = tij{j^^sj) is not difficult to show that the map 
[v] ^ [Vl] defines a homeomorphism from G^j/S^ onto Gu/Su- Hence [rj] i-^ f{[vi]) 
is continuous and compactly supported. We let b be as in Lemma 6.34 and compute 



f fmda^m = / / f{[vsmvs)dns)da-m 

J Guf Su *^ Gu/Su *J S 

= / !{H)K^)d\u{yi) = / f{{r]l\)K^l)d\M 

JG JG 

= / / f{[r)s^mr)s^)dp^{s)d<j'^M) 

•J Gy / Sy ^ S 

= / / uj{^)f{[r]ls\)b{r^^s)dp-{s)da^M) 

*J Gy I Sy *J S 

uj{n)f{{m\)do\H). □ 

Gy I Sy 

We can now prove the following proposition, which tells us that the equivalence 
classes on S induced by $ are exactly the orbits of the G action. 

Proposition 6.43. Suppose {A, G. a) is a separable dynamical system and that the 
isotropy subgroupoid S is abelian and continuously varying. Let u e and R be an 
irreducible representation of A{u) y\ Su on a separable Hilbert space H. Then ^{R) 
is equivalent to $(7 • R) for all 7 G Gu- Furthermore if G^'^^G is Tq and L and R 
are irreducible representations of A{u) x Su and A(v) x S^^, respectively, then $(L) is 
equivalent to $(i?) if and only if there exists 7 e G such that ■j ■ L is equivalent to R. 

Proof. Let v = j ■ u. Suppose R — tt '><\ U and 7-i? = pxyasin Proposition 6.33. 
Recall that $(i?) = Indf^ R is equivalent to the representation on Lfj{Gu, H, a") 
and $(7 • i?) — Indf^ 7 • is equivalent to the representation T''"^ on Ly{Gu, H, a'"). 
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We define a map W on Cij{Gu, H, cr") by 

W{(j)){r)) = Lj{'y)^ f{r]'y) for all G G^. 

Clearly W{(f)) is Borel, and we compute for s E Sy 

W{(j)){r)s) = cc;(7)^(r7S7) = 6^(7)^0(777(7-^57)) 
= .;(7)5[/;-,,^0(7;7) = V:W{cl>){v). 

Furthermore, we use Lemma 6.42 to conclude that 

{W{cl>),W{i;)) = I {W{<l>){r)),W{i^){r)))da^M) 

J Gy I Sy 
•J GyjSy 

= / (0(r;),^(7;))cia"(W) = (0,^). 

This calculation proves two things. First, that W{(p) is in CyiGy, 7i, a"") and, second, 
that W is isometric. Since W has an obvious inverse it must be a unitary map. 

Next we show W intertwines and T^'-^. We see for / e TdG, r*A) that 

= / a;(7)^7r«(/(r/7C)))0(r')rfA"(C) 
Jo 

Jg 



IG 

Moving on, suppose G^^'' /G is Tq and that we are given two irreducible represen- 
tations L and R of A{u) x Su and A{v) xi 5*^, respectively. Suppose $(i?) is equivalent 
to ^{L). Proposition 6.39 implies that A'"''" is equivalent to N^. Let U be the inter- 
twining unitary and let A^" and N'" be as in Lemma 6.41. Then, given / e Co(G'^°)) 
and g e Vc{G, r*A), we have 

UN^{f)N\g)h = UN\f ■ g)h = N\f ■ g)Uh 

= N^{f)N\g)Uh = N^{f)UN%)h. 
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Since is nondegenerate this implies that N'" is unitarily equivalent to A^". How- 
ever, if G ■ -u n G • = then [Wil81, Lemma 4.15] says that N"" and A^" can have no 
equivalent subrepresentations. Therefore we must have G ■ u = G ■ v. Solet7GG'be 
such that ^-u — v. Then 7 • L and R are both irreducible representation of A{v) xi 
and we assumed that that ^{Ft) is equivalent to ^{L) which is in turn equivalent to 
$(7 • L) by the above. It now follows from Proposition 6.24 that 7 • L is equivalent 



6.3.3 Restricting Representations 

Now that we know which representations have the same image under $ it is time to 
try and show that $ is open. The key construction is a restriction process from AxG 
to Ax S. This is defined using the following map. 

Proposition 6.44. Suppose (A, G, a) is a separable dynamical system and the stabi- 
lizer subgroupoid S is abelian and continuously varying. Then there is a nondegenerate 
homomorphism M : A>\ S ^ M{A xi G) such that 



Proof. Since M{f)g is basically given by convolution, it is straightforward to show 
that M{f)g e rc{G,r*A) and we will not detail a proof here. Instead, we show that 
Mf is adjointable and A xi G-hnear on rc(G, r*^). First 



to R. 



□ 




(6.47) 



for f e rc{S,p*A) and g e r,{G,r*A). 



M{f){g*h){j) 



[ [ f{s)a,{g{v)a,{h{ri-'s-'^)))dX<''\v)dP'^'\s) 



Js JG 




{M{f)g)*h{j). 



Next we compute 



L 



a,{M{f)g{r,-yh{r^ 



i))dy^'\v) 
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JG Js 

Js Jg 

Jg Js 

-11 g*{r))a^sAf{sYh{sr'l))d(3<^\s)dy^^\r)) 
Jg Js 

-11 g*{v)ar,{r{s)as{h{s-'r^-'^)))d(5<^\s)dy^^\r^) 
Jg Js 

^g**{M{nh){^) 

where we have used the fact that uo is S'-invariant and Su is unimodular. Finally we 
show that M preserves convolution on Vc{S,p*A) by calculating 

M{f*g)h{^)= I [ f{t)at{g{t-'s))as{h{s-'^))dP'^^\t)df3'^^\s) 
JsJs 

= [ f{t)at{g{s))ats{h{s-H-'^))dp^^^\s)dp^^^\t) 
Js 

- I f{t)at{g{s)a,{s-H-'^))dp<'^\s)dp^^'^\t) 
Js 

= M(/)M(5)M7)- 

Moving on, we show that elements of the form M{f )g are dense in Tc.{G, r*A) 
with respect to the inductive limit topology. As in Section 6.1, this argument will be 
a lengthy one. Fix e > and suppose g e Vc{G, r*A). Let K — r(supp g) and choose 
some fixed open neighborhood U of X in 5". We make the following claim. 

Claim. There is a relatively compact open neighborhood O of X in 5" such that O CU 
and for all 7 e G and s e O 

\\as{g{s-'j))-g{j)\\<e/2. (6.48) 

Proof of Claim. Suppose not. Then for every relatively compact neighborhood W C 
U oi K there exists € G and sw ^ W such that 

Wc^sM^w^w)) - gbw)\\ > e/2. (6.49) 
When we order W by reverse inclusion the sets {jw} and {sw} form nets in G and 
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S respectively. In order for (6.49) to hold we must have either s^'jw ^ suppg^ or 
'jw £ supp(7 for each W. In either case we have r{'~fw) ^ K and, since is a 
neighborhood of G W supp g C U supp^f. Furthermore, Sw E W G U for 

all W. Since U and U supp^f are compact, we can pass to a subnet, twice, relabel, 
and find s & S and 7 e G such that sw — > s and ^yw — 7- However, since sw is 
eventually in every neighborhood of K wc must have s E K C G^^\ This implies that 
^w^w Iw- However, using the continuity of the action, this contradicts (6.49). □ 

Let O be the open set from above and let / e Cc(5')+ such that supp/ C O and 
/ is one on K. Then the function 

u^c{u) := / f{s)dns) 
Js 

is continuous and nonzero on K. In particular, the function 1/c is continuous on K 
so that we may use the Tietze Extension Theorem to find c e Cc(G*^°^) which extends 
1/c off Then we can replace / by (cop)/ and assume without loss of generality 
that 

/ f{s)ns) = 1 

Js 

for all M e Next, let {a;} be an approximate identity for A. We make the following 
claim. 

Claim. There exists lo such that 

\\aiMl))c^s{g{s-'j)) - as{g{s-'j))\\ < e/2 (6.50) 
for all s e supp / and 7 e G. 

Proof of Claim. Suppose not. Then for each / there exists ji E G and s; e supp/ 
such that 

\\ai{r{ji))aM^r'^i)) - <^sM^TS))\\ > e/2. (6.51) 

However, in order for (6.51) to hold we must have s^~^7; e suppg^ for all I. But 
then ji e (supp /)~^ supp gi. Since both this set and supp / are compact we can pass 
to two subnets, relabel, and find 7 e G and s E S such that 7; — 7 and si s. 
However we now have a;sj((?(s^~^7;)) as{g{s~^'y)). Choose b E A such that 6(r(7)) = 
"s(fl'('S"W))- Then afi b and b{r{ji)) b{r{j)). Since a^, (51(5," ^7/)) b{r{j)), we 
must have 

\M9{s7'^i))-b{r{^i))\\^0. 
Putting everything together, it follows that, eventually, 

\\ai{r{^i))asi{g{s-[^-fi)) - as,{g{s;^^i))\\ <\\ai{r{^i))asMs7^^i)) - Mr{li))b{i-{li))\\ 
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+ \\aiir{-fi))b{r{-fi)) + b{r{-fi))\\ 

+ im^i)) - aMsTSm 

<2\\asM^^H)) - HrhiM + hib - b\\ 
<e/2 

and this contradicts (6.51). □ 

Now consider / ® a^o G Tc{S,p*A). First observe that supp/ (8> C U and that 
U was chosen independently of e. Next, given 7 e G if r(7) ^ K then (7(57) = for 
all s e so that in particular 

Js 

If r{'y) e K then 

\\M{f®aiM7)-gi^)\\ 

Js 

< I f{s)\\aiM^))aMs-'^)) - gi^)\\dl3^^^\s) 
Js 

< f /(«)||aUr(7))a.(^(.-S))-a,(^(.-S))IM/3'-(^)(«) 

+ / f{s)\\as{g{s-'^))-gmd(3^^''\s) 
Js 

< e/2 + e/2 = e. 

Hence \\M{f ^ai^^)g — g\\oo < e. This suffices to show that elements of the form M[f)g 
are dense in Tc{G,r*A) with respect to the inductive limit topology. 

Next, we want to show that M(/) is bounded so that it extends to a multipher 
on A >\ G. Let p be a state on ^ xi G and define an inner product on ^(.{G, r*A) via 

{f,9)p = p{{f,9)) 

where we give ^4 xi G its usual inner-product as an A x G-module. This is clearly 

sesqui-linear and is positive because states are positive. Let Tip be the Hilbcrt space 
completion of rc(G,r*^) with respect to this pre-inner product. Just as in the proof 
of Proposition 6.8, we would like to show that we can apply Theorem 3.119 when Tio 
is the image of rc(G, r*A) in Hp. Define tt on Ho by 

7r{f)g = M{f)g 
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for / e rc{S,p*A) and g e r^iG, r*A). If {g, h)p = for all h e Vc{G, r*A) then 
W)9, h), = pmU)9r * h) = p{g* * MiDh) = {g, M{nh), = 0. 

Thus, TT is well defined and it is clear that tt is a homomorphism from rc{S,p*A) 
to the algebra of operators on Tio- Next, elements of the form M{f)g are dense in 
TciG, r*A) with respect to the inductive limit topology and therefore with respect to 
the norm topology as well. It follows that elements of the form n{f)g are dense in Hp. 
Fix g,h E Tc{G, r*A). We would hke to see that / i— > {7r{f)g, h)p is continuous with 
respect to the inductive limit topology. It suffices to see that the map f ^ M{f)g is 
continuous with respect to the inductive limit topology. Suppose fi^f uniformly 
and supp fi<zK for some compact set K. Then 

mms) - M{f)g{s)\\ < I U{s)-f{s)\\\\aMs-'l))\W'^''\s) 

Js 

< f WMs) - m\\\\g\UP^^'^\s) 
Js 

<U-f\U9\Uf3'^''\K) 

Since {j3^{K)} is bounded this shows that M{fi)g M{fi)g uniformly. Furthermore 
it is easy to see that supp M{fi)g C K supp g so that M(fi)g M {f)g with respect to 
the inductive limit topology. Finally, the fact that {n{f)g,h)p = 7r(/*)/i)p follows 
immediately from the fact that {M{f)g)* * h = g* * {M{f*)h). Thus, it follows from 
Theorem 3.119 that tt extends to a representation of ^4 xi G. In particular we have 

pm{f)g,M{f)g)) = {7r{f)gMf)9), < \\m9,9)p < 11/111^11'- 

By choosing p so that p{{M{f)g, M{f)g)) = ||M(/)^||2 we conclude that \\M{f)g\\ < 
\\f\\\\g\\- Thus M{f) is bounded and is adjointable with adjoint M{f*) on a dense 
subspacc and therefore extends to a multiplier on A x G. Furthermore ||M(/)|| < ||/|| 
so that M also extends to all of A >i S. We have shown that M is a homomorphism 
on a dense subspace so it is a homomorphism everywhere. Finally, the fact that M 
is nondegenerate follows from the fact that elements of the form M(f)g are dense in 
the inductive limit topology. □ 

The point is that nondegenerate maps into multiplier algebras yield continuous 
restriction processes through the usual general nonsense. 

CoroIIciry 6.45. Suppose {A, G, a) is a separable dynamical system and that the 
stabilizer subgroupoid S is abelian and continuously varying. Then there exists a 
restriction map Rcsm : I{A x G) — >■ I{A x S) such that Resjw is continuous and is 
characterized by ResM(ker7r) = kervf o M for all representations tt of A x G. 
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Proof. We proved in Proposition 6.44 that M : Axi S ^ M{A x G) is a nondegenerate 
homomorphism. Therefore it foUows as in the latter half of [RW98, Page 61] that M 
defines the required continuous restriction map. □ 

One might be tempted into thinking that restriction and induction are dual, or 
inverse, in some sense. The next lemma shows that this is not the case. 

Lemma 6.46. Suppose {A, G, a) is a separable dynamical system and that the stabi- 
lizer subgroupoid S is abelian and continuously varying. Then given u e and an 
irreducible representation R — t:>\U of A{u) >\ Su we have 

ResMkerlndf^i? = p| ker(7 • i?). (6.52) 

Proof. We know from Proposition 6.39 that Indf^ R is equivalent to acting on 
L'^iGjSu, n, cr") via (6.45). Let Q = TV^ o M so that 

ResM ker Ind^^ R = ResM ker A^^ = ker Q. 

Given 7 e recall that we can decompose ^ ■ R as tt'^ xi W where n'^ and If^ are 
given in Proposition 6.33. Furthermore, we will leave it to the reader to keep track 
of when we are treating i? as a representation of A{u) x 5'„ or of A x S. 

Given / e A xi 5" it is straightforward to show that the collection {c( [7] )■ /?(/)} is 
a Borel field of operators on the trivial bundle Gu/S^ x Ti.. Use Proposition 3.93 to 
form the direct integral representation c{Y)])-Rda'^{Yl\). We can then compute 

for / e T^{S,p*A), g e Tc{G,r*A) and e £2(G'„/5„, Ti, a") that 

g(/)iV«((?)0([7]) = iV^(M(/)^)0([7]) 

= j t/5(,)7r(a-i(M(/)^(r7)))t/,V.^)0([r7-S])ciA^(^Hr?) 

= [ [ t/,(,)7r(a;^(/(5)a,(5(5-ir;))))[/;(^_,^)0([ri7])c?/5^^^H^)c?A'<^H^) 

^ [ [ us^,M<(m<^s{9{vmu;^,-^s-^,)H[v-'^^^^^ 

Js Jg 

= IJ^Usi,)7r{a-\f{s)aMmu;-.s-^,U;^^^^^^ 

^ f f t/5(^)7r(a;^(/(s)))t/^-i,^7r(a;i(5(r;)))t/|(,_.,)0([7;-S])dyW(r;)d/3'-W(5) 
JsJg 

7r(a5(7)7-i(/("5)))^5(7)7-i^7<5(7)-i^<5(7)^("7^(5'(^))) • • • 

■■■t^;(.-i7)'^([^"'7])^^'^'n^)^/9''^"n5) 
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= TT'^d^i) X t/'=(w)(/)iv^(^)0([7]) = c([7]) • RimN^igmb])) 




c{[r,]).R{f)da-{[r,])N^{gm^]). 



Since is nondegenerate, this imphes that Q — Jq ^([7]) • Rda'^{[^]) and that 

Qimm - (cm ■ R)imb]) (6.53) 

for all / e A X ,S and e jC^iGjSu, H). Now suppose / e A x ,5 and g(/) = 0. Let 
Qi e CciGu/ Su) be a countable set of functions which separate points and let hj be a 
countable basis for Ti. Then for each gi and hj we have 

(c([7]) • ® h,){b]) = ^.([7])(c([7]) • R){f)hj = (6.54) 

for all [7] ^ Nij where A^^ is a cr^-null set. Let = [J - Nij and observe that given 
[7] ^ N (6.54) holds for all i and j. In particular, we can pick so that 5'i([7]) 7^ 
and conclude that (c([7]) ■ R){f) = 0. Thus {c{[y]) ■ R){f) = for all [7] ^ A^. Now 
consider NSu. Since is a cr^-nuU set it follows from (6.35) that NSu is A„-null. We 
conclude that (c([7]) • R){f) — for almost every 7 e Gu- 

Next, suppose s e Su and s ■ 7? = tt'^ x C/*. We have C// = t^s-its = Ut and 
TT* = TT o q;~^. Then for each / e Cc('S'u, ^iu)) we compute 

vr^ X W{f) = [ 7r{a;\fmUtdp-{t) = [ t/>(/(5))t/,^7id/3"(t) = W.tt x t/(/)t/,. 

Hence s • R and i? are unitarily equivalent. In particular 7 • i? = £([7]) • (^(7) ■ -R) = 
c([7])-i? and the previous paragraph implies that ^■R{f) — for A„-almost all 7. Since 
G acts continuously on {A x S*)^, the map 7 1— >• 7 • R{f) is continuous. Furthermore 
supp A„ = Gu and 7 ■ i?(/) = for A„-almost every 7 G Gu so that we must have 
7 ■ -R(/) = for all 7 G Gu- Hence kcr Q C f]^^Q_^ ker(7 ■ R). The other inclusion is 
obvious since if / G ker(7 ■ R) for all j E Gu then for any (p G L'^{Gu/Su, 'H) we have 

Qimm = c([7]) • i?(/)0([7]) = 

for all [7]. Thus Q{f) = and kerQ = ker(7 ■ i?). □ 



Remark 6.47. Since Q is a representation of a Co(C^°-')-algebra it must have a decom- 
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position. We showed in the proof of Lemma 6.46 that Q decomposes as 

^ Gu I Su 

where we view L'^{Gu/ Su-'H- o"") as sections of the trivial bundle. Furthermore, mod- 
ulo some cr-finite concerns, we could use the fact that Gu/ Su is Borel isomorphic to 
G-uG G^o) to view this as a decomposition over (7^°^. 



6.3.4 The Main Result 

We now have all but one of the tools we need to prove the main result. In order to 
make proper use of our restriction map we need this useful technical lemma. 

Lemma 6.48 ([Wil07, Lemma 8.38]). Suppose A is a C*-algebra. For each closed 
set F C Prim A let I{F) be the corresponding ideal in X(y4). Then a net {I{Fj)} 
converges to I{F) in T{A) if and only if given P & F there is a subnet {/(Fj^.)} and 
Pk e Fji^ such that P^ ^ P in Prim A. 

Proof. Suppose that I{Fj) — > I{F) in T{A) and that P E F. Let ^7 be a neighbor- 
hood of P in Prim A and let J = /(Prim A \ U) be the ideal corresponding to the 
complement of U. Then I{F) 7^ J and therefore 

Oj = {Ie I{A) -.I^J} 

is a neighborhood of I{F). Thus there is a jo such that j > jo implies that I{Fj) e Oj. 
In particular, if j > jo then U H Fj ^ 0. Next, if we define 

M := {(U,j) : [/ is a neighborhood of P and C/ n Fj ^ 0}. 

then M is directed by decreasing \J and increasing j. Observe that is a 

subnet of {/(Fj)}. For each m = {U,j) e M we can pick P^ € Fj n U. Then {Pm} 
converges to P as required. 

For the converse, suppose that {I{Fj)} has the property given in the lemma and 
that I{Fj) 7^ I{F). After passing to a subnet, and relabeling, we can assume that 
there is an open set U C Prim A such that U (1 F ^ (/} and such that Fj ClU = for 
all j. But if P e P n then we can pass to a subnet, relabel, and find Pj e Fj such 
that Pj ^ P. Then Pj must eventually be in U which is a contradiction. □ 

We have now acquired everything we need to identify the spectrum of ^4 xi G. 

Theorem 6.49. Suppose {A, G, a) is a separable dynamical system and that the 
isotropy subgroupoid S is abelian and has continuously varying stabilizers. If G^^^G 
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is To then $ : (A x SY ^ x G)^ defined by = Ind^ R is open and factors to 
a homeomorphism from {A xi S)^/G onto {A xi G)^. 

Proof. It follows from Proposition 6.27 that $ is a continuous surjection and from 
Proposition 6.43 that $ factors to a bijection on {A x S)^/G. All that remains is 
to show that $ is open. We will use Proposition 1.25. Suppose — ^ "^(-R) so 
that, almost by definition, ker$(i?j) — > ker$(i?). Using Corollary 6.45 we know that 
ResM is continuous and therefore 

ResM ker = Rcsm ker Ind^ i^j ResMker<l>(i?) = Rcsm ker Indf i?. 

Let u — cr{R) and Ui — a{Ri) for all I where a : {A x S)^ — > S^^^ is the natural map. 
Using the identifications made in Remark 6.29 and Lemma 6.46 we have 

ResM ker Ind^ R 
Rbsm ker Indf Ri 

for all i. It follows from the definition of the Jacobson topology that the closed sets 
associated to Rcsm ker Ind^ R and Rcsm ker Ind^ Ri are 

F = {ker- •/?:-£ G,,}, and 
Fi^iker^-Ri-.^eG^.}, 

respectively. Since keri? e F it follows from Lemma 6.48 that, after passing to a 
subnet and relabehng, there exists Pi e Fj such that Pi — > ker R. 

Let U — {U} he a, neighborhood basis of keri?. For each U E U there exists io 
such that i >io implies that Pi e U. We let 

M := {{U,i) -.U eU,Pie U}. 

and direct M by decreasing U and increasing i. Then M is a subnet of i such that 
P(u,i) £ U for all {U, i) G M. Given ([/, i) E M since U is an open set containing Pj 
there exists ■j(u,i) ^ <^u, such that ker7([/,j) ■ Ri E U. Now, given any Uq G U, choose 
io so that Pig e U and (C/o,^o) e -/W"- If e -/W" such that (C/o,io) < {U,i) then 

ker7([7,i) ■ Ri e U G Uq. Thus 

ker 7(c/^j) • ker i?. 

However this implies that any ideal not contained in ker R is eventually not contained 
in ker7([/j) • Ri. Thus, by definition, "y{u,i) • Ri ^ R. This suffices to show that $ is 



= ll ker (7 • R), and 
= fl ker(7-i?,) 
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open. □ 

Remark 6.50. If there is a problem with Theorem 6.49 it is that (^4 xi S)^ can be 
just as mysterious as (^4 x G)^. As we will see, and have seen, there are times when 
{A X S)^ can be analyzed, but in general it is difficult. For instance, if A has Hausdorff 
spectrum (and is separable) then each fibre A{u) can be identified with the compacts 
and in this case A{u) x Su is relatively well understood [Wil07, Section 7.3] and in 
particular is isomorphic to C*{Su,u;u) where is the Mackey obstruction for a\s^- 
However, even if the stabilizers vary continuously, the collection {cUy} may be poorly 
behaved and identifying the total space topology of {A x S)^ may be difficult. On the 
bright side, A x S* is a bundle product and there are times when wc can say something 
about it. For instance, consider the scalar case. Then {A x S)^ becomes S which is 
much simpler. Or consider the case where a is "locally unitary on the stabilizers." 
Then Theorem 5.58 tells us that {A x S)^ is a principal bundle. In particular, it is 
determined up to isomorphism by a cohomology class and thus (A x G)^ has a nice 
cohomological invariant. 

The following corollary is immediate and interesting enough to be worth writing 
down. We will explore further applications of Theorem 6.49 in the next chapter. 

Corollary 6.51. Suppose {A,G,a) is a separable dynamical system, that G is a 
principal groupoid, and that G^^yC is Tq. Then {A x G)^ is isomorphic to A/G. 

Proof. Since G is principal it clearly has continuously varying abelian isotropy. In 

fact the isotropy subgroupoid is just G^^\ Furthermore, we have A x G^^"^ — A and 
the result now follows from Theorem 6.49. □ 
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In this chapter we present a number of apphcations of Theorem 6.49. Section 7.1 
contains a strengthening of the main result in the scalar case. The scalar case is 
particularly interesting because we identify the spectrum of C*{G) as a quotient of 
the much better understood S. In Section 7.2 we apply these results to transformation 
groupoids and transformation groupoid algebras. This allows us to present a couple of 
interesting examples and as well as connect these results back to the existing theory. 
Finally, in Section 7.3 we give a partial analysis of when a groupoid C*-algebra has 
Hausdorff spectrum. 

7.1 Groupoid Algebras with Abelian Isotropy 

We would like to address the concerns made in Remark 6.50 and show that, at least 
in the scalar case, we can come up with a much more concrete result. In particular, 
the topology on S is well understood so that the following corollary to Theorem 6.49 
gives us a very useful identification of the topology of C*{G)^. 

CoroIIciry 7.1. Let G be a second countable locally compact Hausdorff groupoid with 
a Haar system. Furthermore, suppose the stabilizer subgroupoid S is abelian and 
varies continuously. If G'^^-' /G is Tq then the map u h- >■ Ind^ uj is open and factors to 
a homeomorphism of S/G onto C*{G)^. 

Proof. If G is as above then we define the groupoid C*-algebra to be G*{G) = 
Go{G^^^) X G. Furthermore, G*{S)^ is exactly the dual of as described in Sec- 
tion 2.2. Under these conditions it follows immediately from Theorem 6.49 that the 
induction map is open and factors to the desired homeomorphism. □ 

We can actually use the machinery developed in Chapter 6 to do better though. 
We would like to remove the assumption that G^^^G is Tq. However, we have the 
following proposition to consider. 
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Proposition 7.2. Let G be a second countable, locally compact Hausdorff groupoid 
with a Haar system. Furthermore, suppose the stabilizer subgroupoid S is abelian and 
varies continuously. Then the following are equivalent: 

(a) GW/G isT^. 

(b) C*{G) is GCR. 

(c) C*{G) is Type I. 

Proof. Since abelian groups are GCR, the fact that (a) is equivalent to (b) follows 
from [Cla07, Theorem 1.1]. The fact that (b) and (c) are equivalent for separable 
C*-algebras is a well known result [Dix77, Theorem 9.1]. □ 

This shows that if we are to deal with the "non-To" case then we are going to have 
to work with non-Type I algebras. This means working with primitive ideals instead 
of the spectrum. Before we begin, let us consider the action of G on S. 

CoroUciry 7.3. Suppose G is a second countable, locally compact Hausdorff groupoid 
with a Haar system and that the stabilizer subgroupoid S is abelian and continuously 
varying. Then then there is a strongly continuous action of G on S given for 7 e G 
and LU E S by 

7 • a;(s) = a;(7^"'"S7). (7.1) 

Proof. Of course, the existence of such an action is shown in Corollary 6.32. Further- 
more the action is strongly continuous in this case because the structure map for S, 
namely p, is open since S is continuously varying. Finally we use Proposition 6.33 to 
see that the action is given by (7.1). □ 

Remark 7.4. Lemma 6.28 still holds even if G^^^/G is not Tq and in particular we 
will continue to make the identifications of Remark 6.29. We will regularly confuse 
Indf a; and Indf^ uj. 

Now, if G^^^G is not Tq then we cannot use Proposition 6.24 to conclude that 
Indf UJ is irreducible \i uj E S. It is the main result in [IW09] that every representa- 
tion of a second countable groupoid induced from an irreducible representation of a 
stability group is irreducible, even when the stabilizers are non-abelian. However, in 
the abelian case this result is much closer to the surface and we will give an account 
here. 

Proposition 7.5 ([PSMW96, Lemma 2.5]). Let G be a second countable locally com- 
pact Hausdorff groupoid with a Haar system and suppose the stabilizer subgroupoid S 
is abelian. Then Indf^ uj is irreducible for all uj E Su- 
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Proof. By Proposition 6.39, it suffices to show that the representation N'^ is irre- 
ducible. First, since u acts on C, A^'^ acts on L'^{Gu/Su,o'^)- Furthermore, given 
/ e Cc{Sy) we can compute that 

N^Umi])= I a;(5(7))id;'(/(r?))c^(5(r?-i7))0([r'7])c^A'-(^H^) 

JG 

= / u{5{ri-^^)5{^)-')f{rimv-H)dy^'\v) 

JG 

where 5 is as in Remark 6.38. Furthermore, as in Remark 6.40, we use the range 
map to identify Gu/ Su and G ■ -u as Borel spaces, push the measure cr" forward to a 
measure cr^ on G • u, and view N"^ as acting on L^(G • u, cr^) via 

7V-(/)0(7-«)= / a;(5(r;-i7)5(7)-^)/(r/)0(r;-S • u)dy^^\7^). 

JG 

It is straightforward to show that u!{5{'r)~^^)5{'y)~^) only depends on v — j - u and r). 
We write 9{rj, v) for the corresponding Borel function. In particular, this allows us to 
rewrite N'^ as 

N^imv) = / e{ri, v)f{rj)ct>{r' ■ v)d\^{r^). (7.2) 

JG 

Let A^" be the representation of Co(G(°)) on L'^{G ■ u,a^) defined in Lemma 6.41 
and recall that N'^if ■ g) = N''{f)N^{g) for all / e Co(G'(°)) and g e Cc{G). Now 
suppose T e A^"(Co(G(°)))" and P is a projection commuting with N'^{C*{G)). Then 
in particular 

PN-(f)N^(g)h = PN^if ■ g)h = N^{f ■ g)Ph = N^{f)PN^{g)h. 

Since A^"^ is nondegenerate, this implies that P is in the commutant of N'^{Cq{G^^^)) 
so that P commutes with T. Since CdG'^^^) separates points of G-m, the von Neumann 
algebra A^*'(Go(G'^")))" is a maximal abelian subalgebra of operators on L^(G • u, cr"). 
It follows that any projection commuting with N^{C*{G)) must be of the form A""(/) 
where / = xe is the characteristic function of some set E <Z G - u and where we have 
extended A^" to L°°{G) in the obvious fashion. It is easy to see that N^[f) still 
commutes with every N'^{g). Thus for each g e Cc{G) we have 

N-{f)N-{gMv)=f{v) [ 9{r],v)g{r])(Pir]-'- v)dX-ir]) 

JG 

= f e{ri,v)g(rj)f(rj-'-v)<l>{ri-'-v)dX^(rj)^N-(g)N-(mv) 

JG 
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for (T^-almost all v. This suffices to show that / is constant almost everywhere on 
G ■ u and that the projection N^{f) is a multiple of the identity. Therefore, the only 
projections commuting with N'^{C*{G)) are the scalars and iV^ is irreducible. □ 

Thus, even when G^^VG^ is not To, we can still induce representations from S to 
elements in the spectrum of C*{G). 

Proposition 7.6. Let G be a second countable, locally compact Hausdorff groupoid 
with a Haar system. Furthermore suppose the isotropy subgroupoid S is continuously 
varying and abelian. Then $ : 5" — > G*(G)^ defined by ^(u) — Indf a; is continuous 
and open. 

Proof. It follows from Proposition 7.5 that $ maps into C*{G)^. Furthermore, just 
as in Proposition 6.27, the continuity of $ follows from the general theory of Rieffel 
induction. All that is left to do is show $ is open. This proof is almost exactly the 
same as the openness calculation in the proof of Theorem 6.49. Suppose Inda;i — > 
Indo; in G*{G)^. Since ResM is continuous, it follows that 

li — ResM ker Indf uji ^ I — ResM ker Indf a;. 

Now, the spectrum of C*{S) is Hausdorff so that we can identify S and Prim C* (5'). 
In particular, under this identification Lemma 6.46 tells us that 

I ^ n ^ n ^ 



for all i. Hence, the closed set associated to / is C • a; and the closed set associated 
to li is G ■ Ui for all i. Since a; e G • a; it follows from Lemma 6.48 that, after passing 
to a subnet and relabeling, there exists Xi ^ G ■ oji such that Xi ^ ^■ 

Let u = p{uj), Ui = p{uji) for all i, and U he a neighborhood basis of cu. For each 
U & U there exists an zq such that i > io implies that Xi ^ U. We let 

M:^{iU,i):UeU,XieU}. 

and direct M by decreasing U and increasing i. Then M is a subnet of i such that 
Xi ^ U for all ([/, i) e M. Given {U, i) e M since U is an open set containing Xi 
there exists "y{u,i) £ G'^. such that ^{u,i) ■ cui & U. Now, given any Uq & U choose 
io so that Xio ^ ^ ^^d (C/o,io) £ M. If {U,i) e M such that (C/o,io) < then 
7(c/,i) -uJieU gUq. Thus 

This suffices to show that $ is open. □ 
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Of course, as we said before, we need to be working with primitive ideals so we 
will make the switch now. 

Corollary 7.7. Let G be a second countable, locally compact Hausdorjf groupoid 
with a Haar system. Furthermore suppose the isotropy subgroupoid S is continuously 
varying and abelian. Then : S ^ PrimC*(G) defined by ^(u;) = kerlnd^a; is 
continuous and open. 

Proof. Of course, ^ is just $ composed with the map vr i— >■ kervr. Since both maps 
are continuous and open, their composition must be also. □ 

We would like to factor ^ to a homeomorphism and to do that we will need to 
get a handle on the equivalence relation determined by 

Lemma 7.8. Let G be a second countable, locally compact Hausdorjf groupoid with a 
Haar system. Furthermore suppose the isotropy subgroupoid S is continuously varying 
and abelian. Then ^'(ci;) = \t'(x) if and only if G ■ ui ~ G ■ x- 

Proof. If ker Ind^ x = ker Ind^ lo then we must have 

Resjvf ker Indf x — R-GSm ker Indf a;. 
However, it now follows from Lemma 6.46, after identifying S and Prim C* (5'), that 

This implies that the closed sets in S associated to these ideals must be the same. 
Hence G ■ cu = G ■ x- 

For the reverse direction suppose that G ■ to — G ■ x- This implies that there exists 
7j such that x = li^ii 7i " It follows from Proposition 6.43 that Ind^ u is equivalent 
to Ind^ 7 • cij for all 7. Thus ^ is G-invariant and, since \E' is continuous, we get 
^(7j • uj) = ^(cij) ^(x)- Thus ^(x) G {^(cj)} and, by definition of the hull-kernel 
topology, \E'(ci;) C ^'(x). Reversing the roles of u and x above will yield the other 
inclusion. □ 

Technically the next definition uses induction for ideals, which we haven't actually 
introduced. All the reader needs to know is that it is characterized by the formula 
Ind^ ker tt = ker Ind^ tt. 

Definition 7.9. Let G be a second countable locally compact Hausdorff groupoid 
with a Haar system. We say that G is EH-regular if every primitive ideal is induced 
from an isotropy subgroup. That is, given P e PrimC*(G) there exists u e and 
Q e Frim C*{Su) such that P = Indf^ P. 
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Of course, we have already met a large class of groupoids which are EH-regular. 

CoroUciry 7.10. If G is a second countable locally compact HausdorjJ groupoid and 
G^^yC is To then G is EH-regular. 

Proof. Theorem 6.22 tells us that every irreducible representation is induced from 
a stabilizer, which of course implies that every primitive ideal is induced from a 
stabihzer. □ 

Of course, the whole point is to get away from the Tq case so we cite the following 
result. 

Theorem 7.11 ([IW08, Theorem 2.1]). Assume that G is a second countable, lo- 
cally compact Hausdorff groupoid with a Haar system. If G is amenable then every 
primitive ideal is induced from a stability group. In other words, G is EH-regular. 

Remark 7.12. If this theorem leaves something to be desired it is that, as we saw in 
Section 1.3, groupoid amenability is not a transparent condition. It is worth noting 
that not all principal groupoids are amenable so that in particular not all groupoids 
with abclian, continuously varying stabilizer are amenable. Thus, the amenability 
condition in Theorem 7.15 below is not superfluous. 

This theorem allows us to give a strengthening of Theorem 6.49 in the scalar case, 
however we need to, briefly, introduce a new construction. 

Definition 7.13. If X is a topological space, then the T^-ization of X is the quotient 
space := X/ ~ where ~ is the equivalence relation on X defined by a; ~ y if 

{x} = {y}. We equip {X)'^° with the quotient topology. 

We will not use the following lemma and do not provide a proof, but it sheds some 
light on the To-ization definition. 

Lemma 7.14 ([Wil07, Lemma 6.10]). If X is a topological space then {X)'^° is a Tq 
space. IfYis any Tq topological space and if f : X ^ Y is continuous then there is 
a continuous map f':{X)^°—>-Y such that f = f o q where q : X —>■ {X)'^° is the 
quotient map. 

Now we have enough technology to prove the main result of this section. 

Theorem 7.15. Suppose G is a second countable locally compact Hausdorff groupoid 
with a Haar system and that the stabilizer subgroupoid S is abelian and continuously 
varying. If G is EH-regular, and in particular if G is amenable or G^^'^/G is Tq, then 
the map : S ^ PrimC*(G') such that ^{uj) — kerlnd^o; factors to a homeomor- 
phism o/PrimC*(G) with {S/Gf°. 
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Proof. It follows from Corollary 7.7 that \1/ is continuous and open. Furthermore, 
once we identify S with PrimC*(S'), it is clear that ^ is surjective if G is EH-regular, 
which, by Theorem 7.11, occurs whenever G is amenable, or, by Corollary 7.10, when 
G^^yG is To- Finally, it is straightforward to show that G • a; = G • x in 5" if and only 
if {G • uj} — {G • x} in S/G. Thus it follows from Lemma 7.8 that the factorization 
of ^ to (S/GY° is injective and therefore a homeomorphism. □ 

Remark 7.16. If G^-^^G is Tq then G is EH-regular by Corollary 7.10, and C*{G) is 
Type I by Proposition 7.2. In particular tt i— > kerTr is a homeomorphism of G*{S)^ 
onto Prim C* (5") so that in this case Theorem 7.15 reduces to Corollary 7.1. 

As in Section 6.3 we get the following corollary. 

Corollary 7.17. If G is a second countable, locally compact, EH-regular, principal 
groupoid with a Haar system then Prim C*(G') is homeomorphic to {G^^yG)'^°. 

Proof. Since G is principal it has trivial, and hence continuously varying, abelian 
stabilizer S = and the result follows from Theorem 7.15. □ 

Remark 7.18. While requiring the stabilizer subgroupoid S to have a Haar system is 
natural from a groupoid point of view, it is a strong assumption. In particular, as will 
see in Section 7.2, it is this assumption which prevents Theorem 7.15 from completely 
generahzing [Wil07, Theorem 8.39]. However, removing this hypothesis is a serious 
challenge in that, unless S is continuously varying, C*{S) and S do not exist as we 
have defined them. 



7.2 Transformation Groupoids Redux 

The purpose of this section is threefold. First, we would like to apply Theorem 7.15 
to groupoid actions and restate the results in terms of the transformation groupoid 
algebra. Second, we would hke to show that Theorem 7.15 is a partial generalization 
of the results in [Wil07, Section 8.3]. Finally, wc will present two examples which 
show how we can use this theory. The first task is straightforward. Recall from 
Proposition 1.81 that the stabilizers and orbit space of a groupoid action appear 
naturally as the stabilizers and orbit space of the transformation groupoid. Proving 
statements about transformation groupoids often requires little more than rewording 
corresponding statements for groupoids. For instance EH-regularity is remolded into 
the following 

Definition 7.19. Let G be a second countable, locally compact Hausdorff groupoid 
with a Haar system acting continuously on a second countable, locally compact Haus- 
dorff space X. We say that {G,X) is EH-regular if every primitive ideal is induced 
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from an isotropy subgroup. That is, given P G Prim C*(G', X) then there exists 
X e X and Q e Prim (Go;) such that P = Indg^ Q. 

Observe that the stabiUzcr Gx is just the stabihzer of the transformation groupoid 
G X X at a; and Definition 7.19 is exactly the same as requiring that G x X he EH- 
regular. With this in mind the following corollary is unsurprising. 

Corollary 7.20. Suppose G is a second countable, locally compact Haus dor jf groupoid 
with a Haar system acting continuously on a second countable, locally compact Haus- 
dorjf space X. Furthermore, suppose that the stabilizer group bundle of the action 
S is abelian and varies continuously. Then there is an action of G on S defined for 
7 e G and cu & S by 

7 • u{s) — uj{'y~^s^). (7.3) 

Furthermore, if{G,X) is EH-regular, which holds if{G,X) is amenable or X/G is 
Tq, then the map ^ :S ^ PrimC'*(G,X) such that = kerlndf ''^u; factors to 
a homeomorphism of Pnm G*{G, X) with {S/G)'^°. 

Proof. Since G and X are second countable, the transformation groupoid is as well. 

Since G has a Haar system the transformation groupoid does. Furthermore the stabi- 
lizer group bundle of the action is defined to be the stabilizer subgroupoid of G x X 
and is abelian and continuously varying by assumption. As we noted above, the 
condition that {G,X) is EH-regular is equivalent to requiring that G K X is EH- 
regular. In Definition 1.101 we say that {G,X) is amenable if and only if G ix X is 
and since G and G tK X have the same action on X it is clear that X/G = Xj (G ix X). 
At this point we have everything we need to apply Theorem 7.15. The only thing 
that is not clear is what we mean by SjG. Observe that by composing p with the 
range map r : X — > G^^ we get a range map on S. Suppose uj ^ S ^ G and 
5(7) = r(p(a;)). Let x — 'p{u). Then 5(7) = r{x) so that (7, 7 • x) e G K X. Further- 
more, 5(7, ^ • x) — X — p{uj) so that we can let (7, 7 • x) act on uj. We may as well 
define 

7-w := (7,7-p(w)) -u. 

Then, given s e 5'^; we have 

(7,7-a:;) ■ u{s) = a;((7, 7 • a;)(7, 7 • x)) = a;(7~^s7) 

where we are being a little sloppy about distinguishing between s and (s, x). Thus the 
action of G on a; is given by (7.3). It is now straightforward to show that with this 
action 5" is a continuous G-space. Furthermore if a; = 7 • x then uj = (7, 7 •p(x)) • x by 
definition. Conversely, if a; = (7, x) • x then, observing that • x — p(x), we have 
a; = 7 • X- Thus G and G ix X have the same orbits in S so that S/G — S/G K X. 
The corollary now follows from Theorem 7.15. □ 



302 



7.2 Transformation Groupoids Redux 



With this wc have a convenient restatement of Theorem 7.15 which doesn't (di- 
rectly) use the transformation groupoid. We will use this result to explore some 
examples later on in this section. First, though, we would like to show that Corol- 
lary 7.20 is a partial generalization of the known results for group actions. First, the 
relevant theorems from [Wil07] have been reproduced below. 

Theorem 7.21 (Gootman-Rosenberg-Sauvageot [Wil07, Theorem 8.21]). Suppose 
that {A, G, a) is a separable group dynamical system with G amenable. Then {A, G, a) 
is EH-regular. 

Remark 7.22. In particular, once one sorts out what EH-regularity means for group 
dynamical systems, this implies that any second countable, abelian transformation 
group (G, X) is EH-regular. 

Theorem 7.23 ([Wil07, Theorem 8.39]). Let (G, X) be a locally compact transfor- 
mation group with G abelian. Then $ : X x G — > PrimC*(G) such that $(x,a;) — 
Ind^^(a;|G^); where G^ is the stabilizer at x, is continuous and open. Furthermore $ 
factors through X x G/ ~ where (x, a;) ~ (x, %) if G ■ x — G ■ y and xlHj G G-^, and 
defines a homeomorphism onto its range. If {G, X) is EH-regular, which is automatic 
if {G, X) is second countable by the GRS-theorem, then $ defines a homeomorphism 
ofXxG/^ onto FiimC*{G,X). 

Remark. Those readers who are careful about their references will notice some minor 
discrepancies. The main difference is that the result in [Wil07] is stated in terms 
of the crossed product Co{X) xi^ G. Of course, we saw in Section 4.4 that this is 
isomorphic to G*{G,X) and we will not distinguish between the two here. □ 

Before we begin our analysis in earnest let us make two remarks. 

Remark 7.24. First, let us consider the problem of separability. As we noted in Re- 
mark 3.120, groupoid crossed products and groupoid algebras are heavily dependent 
on separability hypothesis. We would not expect to be able to reproduce Theorem 
7.23 in the nonseparable case using groupoids. Second, let us consider amenability. 
As we noted in Remark 7.12, the amenability hypothesis in Theorem 7.15, and hence 
Corollary 7.20, are not specious. On the other hand, while Theorem 7.21 does have 
an amenability hypothesis this assumption will disappear in Theorem 7.23 because 
abelian groups are always amenable. 

Remark 7.25. We should also mention the most important difference between Theo- 
rem 7.23 and Corollary 7.20. Suppose a group G acts on a space X. If G is abelian 
then all of the stabilizers are abelian. However, they certainly don't have to vary 
continuously. In particular Theorem 7.23 holds for non-continuously varying stabiliz- 
ers. On the other hand, even in the transformation group case. Corollary 7.20 doesn't 
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make sense if S doesn't vary continuously. This is an unsatisfactory aspect of the 
current theory and it is an open question if /how it can be addressed. Let us finish 
by pointing out that Corollary 7.20 does have its uses. In Example 7.28 we present 
an action of a nonabelian group with continuously varying abelian stabilizers. This 
action can be studied using Corollary 7.20 but is outside the scope of Theorem 7.23. 

So, we cannot fully reproduce Theorem 7.23 with our current theory. Our goal 
will be to show that given a transformation group G such that G is abelian and has 
continuously varying stabilizers then Theorem 7.23 and Corollary 7.20 say the same 
thing. 

Proposition 7.26. Let G be a second countable, locally compact Hausdorff abelian 
group acting on a second countable, locally compact Hausdorff space X. Furthermore 
suppose that the stabilizers vary continuously in G. Then X x G/ ~ is naturally 
homeomorphic to {S/G)'^° so that Theorem 7.23 and Corollary 7.20 have the same 
conclusion. 

Proof. First, observe that if G is abelian then all of the stabihzers are abehan. Thus 
{G,X) satisfies both the requirements of Theorem 7.23 and Corollary 7.20. Further- 
more, the GRS-theorem implies that (G, X) is EH-regular so that this condition is 
satisfied for both Theorem 7.23 and Corollary 7.20. All that is left is to show that 
X X G/ ^ and {S/G)^° are naturally isomorphic so that in this case each theorem 
can be obtained from the other. 

Define p : X x G S hy p{x,uj) = uj\s,.- It is straightforward to use Proposition 
2.38 to show that p is continuous. It is a classical result [Rud62] that the dual of 
a subgroup is isomorphic to a quotient of the dual of the full group via restriction. 
Hence characters on subgroups can be extended to characters on the full group and p 
is a surjection. Define = on X x G by {x, lu) = {y, x) if and only iix — y and ^ Gf^- 
It is clear from [Rud62] that p{x, cj) — p{y, x) if and only if {x, cu) = (y, x). Thus, if we 
can show p is open, it will follow that it factors to a homeomorphism from X x G/ = 
onto S. Suppose p{xi,uji) p{x,uj). Since p{p{y,x)) = U for all iVyX) € X x G 
we clearly have Xi x. Recall from [Wil07, Lemma 2.35] that, after identifying 
G*{G,X) with Co{X) x G, there is a natural map t : C*{G) M{C*{G,X)). This 
map induces a restriction map Res© from representations of G*{G,X) to G*{G). In 
particular, as with all such restriction maps, it is a continuous process and we have 

Rescind^ ^^cu^Ig,, ^ Resc Indf a;|G,. 

Basically, what is going on is that Indg'^'^ xloy is a representation of G*{G,X) = 
Go{X) X G for all (y, x) E X x G, and as such must be the integrated form of 
some covariant representation {tt,U). The restriction map Resc gives us the unitary 
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part U. However, [Wil07, Corollary 5.6] says that this unitary part is equivalent to 
Indg^ xloy- Thus, putting it all together, plus a little more, we have 

kerlndg^, ujilc,. kerlndg^ uj\g,. (7.4) 

It follows from [Wil07, Proposition 5.14] that given {y,uj) E X x G, the closed set in 
G associated to kerlnd^^ xlcy is X^y- At this point we can use (7.4) and Lemma 
6.48 to pass to a subnet, relabel, and find cXi e uJiG^. such that cXi u. It follows 
that {ai,Xi) — >• {u!,x). Since we clearly have {ai,Xi) = {u!i,Xi) for all i this suffices to 
show that (f) is open. 



Using (f) we can transport the action of G on S* to X x G/ =. It is easy to show, 
using the fact that G is abelian, that this action is given by 

s ■ [x, uj] — [s ■ X, cu]. (7.5) 

We would like to show that ((X x G/ =)/G')^" = X x G/ ~. In other words, 
we want to see that the equivalence relation induced by the iterated quotient is 
exactly ~. Observe that, almost by definition, (x, a;) and {y,x) will be identified 
in {{X xG/ =)/G)^° if and only if G • [a;,a;] = G • [y,x]- Suppose {x,u) ~ {y,x)- 
Since G ■ y = G ■ x we must have Si such that Si ■ x ^ y. It follows from (7.5) that 
[y,cu] E G ■ [x,uj]. However, [y,Lj] = [y,x] so that we must have G ■ [x,lu] = G ■ [y,x]- 
Next, consider the opposite direction, li G ■ [x,u] = G ■ [y, x] then there exists a 
sequence G G such that 

[si-x,u;] [y,x]- 

It is straightforward to show, using the fact that p is open, that the quotient map 
X X G —>■ X X G/ = is open. Use this fact to pass to a subnet, relabel, and find 
(7i E G such that (sj ■ x,uj) = {si ■ x, (Ti) for all i and 

{si-x,ai) {y,x)- 



First, observe that this implies that G ■ x 
for all i. Since this set is closed and cxj 
{x,uj) ~ {y,x)- Hence, the equivalence 
product is exactly ~ and we have 



= G ■ y. Furthermore, we have atuJ G Gj: 
-> X we must also have xa; e G^. Thus 
relation induced by the iterated crossed 

□ 



{S/Gf° ^ {{X X G/ =)/Gf° = X x G/ ~ . 
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7.2.1 Examples 

The first example we present is of a non-abelian group action with abehan, contin- 
uously varying stabilizers. Unfortunately, it is also a transitive action. As such it 
really falls under the purview of [MRW87, Section 3]. However, it is elegant enough 
that we will include it here for reference. 

Example 7.27. Let G = R \ {0} x M be the ax + b group and let G act on X = M by 
evaluation. That is to say, we have {ax + b) ■ r = ar + b. This is a classic continuous 
group action. Now, the ax+b group is non-abelian, but it turns out that the stabilizers 
are abelian. Given r E X we have 

Sr ^ {ax + b e G : ar + b ^ r} ^ {ax + r{l - a) : a e R \ {0}}, 

and it is straightforward to show that Sr is isomorphic to the multiplicative group 
of R. Suppose — > r in X and a e R \ {0}. Then ax + ri{l — a) ^ ax + r(l — a) 
in G and this suffices to show that the stabilizers vary continuously. Next, the orbit 
space X/G is a single point since G acts transitively and is trivially Tq. Thus we 
can use Corollary 7.20 to identify PrimC*(G,X) with (S/G)^". Fix r G X and 
consider the continuous map (p : ^ S /G defined by 4>{u}) = G • uj. If a;,x G 
and {ax + b) • u = x then we must have {ax -\-b) G Sr- However, Sr is abelian and 
therefore x — (O'^ + b) • cu — cu. Thus (p is injective. Next suppose cu & Si for some 
/ G X. Then there exists {ax + b) such that {ax + b) ■ I = r. Thus {ax + b) ■ ou & Sr 
and (j){{ax -\- b) ■ u) = G ■ {{ax + b) ■ uj) = G ■ uo. Hence (f) is surjective as well. 
Now suppose G ■ uOi G ■ uo. We can pass to a subnet, relabel, and choose new 
representative so that uii — ^ u. Since the transformation groupoid G x X is second 
countable and transitive we can cite [MRW87, Theorem 2.2A,2.2B] to conclude that 
the restriction of the source map on G x X to (G x Xy is open. Since 'p{uJi) — > p{ijj) 
we can pass to another subsequence, relabel, and find {aix + bi,r) G G x X and 
{ax + b,r) G G X X such that {aiX + bi,r) — > {ax + b,r), {aiX + bi)~^ ■ r = p{uJi) for 
all i and {ax + b)^^ ■ r = p{w). Thus we have 

{aiX + bi) • uji {ax -\-b,r) ■ uj. 

But each (ajX -|- bi) ■ cUi and {ax -|- 6) • a; is in S'^ and they map to G • a;^ and G • cu, 
respectively. This suffices to show that (f)"^ is a continuous map. The upshot is that 
S/G is homeomorphic to Sr. Since Sr is already Tq, taking the To-ization doesn't do 
anything and we have the following chain of identifications 

Prim G*(G,X) ^ {S/G)^° ^ ^ R^ ^ Rx 

where R^ is the multiplicative group of R and we have used the fact that this group 
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is self dual. 

As we noted, this example is unsatisfactory since G acts transitively. What's 
more, wc actually used an important result from [MRW87] at one point so we would 
have been better off using [MRW87, Theorem 3.1] from the start. This next example 
is much better in that it requires the full power of Corollary 7.20. 

Example 7.28. Let G = S0{3,R) and X = \ {(0,0,0)}. Let G act on X by 
rotation. Once again this is a classic continuous group action. It is clear that G is 
not abelian. However, it does have abelian isotropy. Given a vector v & X it's easy 
to see that Sy is the set of rotations about the line described by v. In particular, if 
we let V be the first vector of an orthogonal basis for then it is straightforward 
to show that is the set of matrices in 5*0(3) which fix the first coordinate. This 
is isomorphic to 5*0(2) which is itself isomorphic to the circle group and is therefore 
abelian. It is a little bit more complicated to see that the stabilizers vary continuously. 
Suppose V E X and that is a rotation about v. If is rotation by 9 then the 
goal will be to show that the rotations about Vi by 9, say Si, converge to S. This is 
intuitively clear. Now, it takes some computation, but one can show that the matrix 
which rotates 9 degrees around a vector w = {x, y, z) is given by 

+ {y^ + z^) cos 9 xy{l — cos 9) — zL sin 9 xz{l — cos 9) + yL sin 9 
xy{l — cos 9) + zL sin 9 y"^ + {x^ + z'^) cos 9 yz{l — cos 9) — xL sin 9 
xz{l — cos9) — yL sin 9 yz{l — cos9) + xLsm9 z"^ + {x"^ + y"^) cos 9 

where L — ^/x^~+^y^~+~z^ . Observe that 5"^ varies continuously with respect to w 
and hence Si S. This shows that the stabilizer bundle is continuously varying. 
Next, consider X/G. With a little thought one can convince oneself that this space 
is homcomorphic to the open half-line. Thus X/G is obviously Tq. We may now 
use Corollary 7.20 to identify PrimO*(0,X) with (S/G)'^". Without, going into the 
details we will cap this example by examining (S/GY°. We already observed that 
Sy is isomorphic to T. It is not particularly difficult, considering the matrix formula 
above, to show that S is isomorphic io X xT. Thus the dual bundle S is isomorphic 
to X X Z. Next, let us consider the action of G on X x T. Suppose S G S,^ is a rotation 
by 9 around v. Given U & G a computation shows that USU* is just rotation about 
Uv by 9. Thus, the action of O on X x T is given by U ■ {v,9) = {Uv,9). Using 
this fact, it is straightforward to show that the action of G on X x Z is given by 
U • {v, z) — {Uv, z). In particular, the quotient X x Z/G is isomorphic to (0, oo) x Z. 
Since this space is clearly Tq, taking the To-ization doesn't do anything and we have 

PrimO*(G',X) ^ (0, oo) x Z. 

Remark 7.29. It would be nice to apply the results of this section to genuine groupoid 
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actions. Unfortunately the field is laking in naturally defined groupoids with inter- 
esting continuously varying isotropy. 

7.3 Groupoid Algebras with Hausdorff Spectrum 

We finish this chapter, and the thesis, with an in depth examination of which con- 
ditions imply that groupoid C*-algebras have Hausdorff spectrum. At the risk of 
spoiling the punchline, it turns out that we don't find any good conditions. In partic- 
ular, we are trying to generalize [Wil82], which states that, for abelian transformation 
groups with To-orbit space, the spectrum of C*{G,X) is Hausdorff if and only if the 
stabilizers vary continuously and the orbit space is Hausdorff. It turns out that the 
naive generalization of [Wil82] doesn't work and the situation is more complex. Of 
course, this is in many ways more interesting than if the straightforward generalization 
would have held. There is a notion that "everything which is true for transforma- 
tion groups is true for groupoids" and this provides a situation where such wishful 
thinking fails. 

For now, let us drop down a couple of "levels" and consider the problem of when 
the spectrum of C*{G) is Tq. Suppose we are working with a groupoid that has con- 
tinuously varying abelian stabilizers. If G^^^ /G is Tq then it follows from Proposition 
7.2 that C*{G) is Type I. Hence its spectrum is isomorphic to its primitive ideal 
space and must be Tq. Furthermore, if G'^'^^ /G is Tq it follows from Corollary 7.1 that 
C*(G)^ is homeomorphic to S/G. Thus we can make the interesting deduction that 
S/G is Tq whenever G^^^^G is Tq. There is actually a direct proof for this which can 
be generalized to the Ti case. 

Proposition 7.30. Let G be a second countable, locally compact Hausdorjf groupoid 
with a Haar system and continuously varying abelian stabilizers S. If G^^^G is Tq 
(resp. Ti) then S/G and S/G are Tq (resp. Ti) as well. 

Proof. First, recall that G acts on S by conjugation so that 7 ■ s = 757"^. Suppose 
we are given [s], [t] E S/G such that [s] 7^ [t]. Let p denote the factorization of p to 
S/G and set [u] = p{[s]) and [v] = p{[t]). Suppose [u] [v]. If G^^^G is Tq then 
we can find an open set O in G^^^G containing either [u] or [v] and not the other. 
Clearly p''^{0) is an open set containing either [s] or [t] and not the other. If G^^^^G 
is Ti then we can find open sets U, V such that [u] G U, [v] G V and [u] ^ V, [v] ^ U. 
Then clearly contains [s] and not [t] and p~^{U) contains [t] and not [s]. Thus, 

when [u] 7^ [v] we can separate [s] and [t] to the same degree that we can separate [u] 
and [v]. 

Next, suppose [u] = [v]. We can assume without loss of generality that s,t G Su- 
However, since [s] ^ [t], we must have s ^ t. Let q : S ^ S/G he the quotient map 
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and recall that it is open. Fix a neighborhood U oi s. If t ^ G ■ U then [t] ^ q{U) 
and q{U) separates [s] from [t]. Now suppose that t E G ■ U for all neighborhoods U 
of s. Then for each U there exists ju E G and su E U such that S[/ = 7c/ • i- If we 
direct sjj by decreasing U then it is clear that su s. This implies that 

-fu-u^ r{'yu) = P{su) ^ (7.6) 

Since G^^yG is (at least) Tq we can use Theorem 5.4 to conclude that [7] 1-^ 7 (7) is 
a homeomorphism from Gu/Su to [it]. It follows from (7.6) that [^u] — > [a\ in Gu/Su- 
However, the quotient map from Gu onto Gu/Su is open so that we can pass to a 
subnet, relabel, and choose rjj G Su such that '^u'^^u u. Hence ^u'^^u ■ t ^ u ■ t = t. 
But Su is abelian so that ru - t = t for all U. Therefore we also have ■ju'f^u -t = Ju't = 
S[/ — > s. But then s — t, which is a contradiction. It follows that we must have been 
able to separate [s] from [t] . This argument is completely symmetric so that we can 
also find an open set around [t] which does not contain [s] (even if G^^^G is only Tq). 
It now follows that S/G is To (resp. Ti) if G^^^G is Tq (resp. Ti). The argument for 
S is exactly the same and we end up with the same result. □ 

This gives us the following provocative corollary. 

Corollary 7.31. Let G be a second countable, locally compact Hausdorff groupoid 
with a Haar system and abelian continuously varying stabilizers S. Then G*{G)^ is 
To ifG^^yG IS To and G*{GY is Ti ifG^^^G is T^. 

Proof As long as is at least To we can use Corollary 7.1 to identify C*(G)^ 

with S/G. The result now follows from Proposition 7.30. □ 

If we could extend this result to the T2 (i.e. Hausdorff) case then we would have 
made great progress in identifying when the spectrum of G*{G) is Hausdorff. In par- 
ticular we would have generalized one direction of the main result in [Wil82] which 
states that, for abelian transformation groups, the transformation group algebra has 
Hausdorff spectrum if and only if X/ G is Hausdorff and the stabilizers vary continu- 
ously. Interestingly enough, it turns out that Proposition 7.30, and hence Corollary 
7.31, doesn't extend to the Hausdorff case. In order to build our counterexample we 
will have to use Green's famous example from [Gre77] . 

Example 7.32. The space X C will consist of countably many orbits, with the 
points Xq = (0, 0, 0) and Xn = (2~^", 0, 0) forn e N as a family of representatives. The 
action of R on X is described by defining maps 0„ : R — > X such that (t)n{s) — s ■ Xn- 
In particular we let 

0o(s) = (O,s,O) 
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and for n > 1 

{(2-2",s,0) s<n 

(2~^" — (s — n)2^^"~^, ncos(7r(s — n)), nsin(7r(s — n))) n < s < n + 1 

(2-2'*-i,s- l-2n,0) s>n + l. 

This is a well known example of a continuous, free group action that is not proper. It 
is straightforward to observe that the orbit space X/M is homeomorphic to the subset 
{xn}'^=Q of M^. We will also make use of the restriction of this action to an action of 
Z on the subset 

Y = {(j)n{m) : n e N,m e Z}. 

In particular, the restriction to an action of Z on X clearly yields a continuous action, 
as does a further restriction to the action of Z on the Z-invariant subset Y. 

Next, we will build an example of a groupoid G with continuously varying stabi- 
lizers such that G^'^^/G is Hausdorff and both S/G and S/G are not Hausdorff. In 
particular, since G^'^^G is definitely Tq, it will follow that G*{G)^ is not Hausdorff. 

Example 7.33. Let X be as in Example 7.32 and let G = R xi^ M be the semidirect 
product where we define (f){r){s) :— se^ . Note that 0(r) is clearly a continuous 
automorphism of M. We also have 

0(r + t){s) = se"+* = seV* - 0(r)(0(i)(s)). 

Thus is a homomorphism into the automorphism group and it follows that the 
semidirect product is a well defined, second countable, locally compact Hausdorff 
group. The group operations are given by 

(r, s)(m, f ) = (r + s + v) = {r + ue^, s + v), 

(r, s)~^ = (0(-s)(-r), -s) = {-re~% -s). 

Next, let the second factor of G act on X as in Example 7.32. In other words, 
let (r, s) • X :— s ■ X where s ■ x is defined via the 0„. It is straightforward to show 
that this is a continuous group action. It follows that the transformation groupoid 
G K X is a second countable, locally compact Hausdorff groupoid with a Haar system. 
Furthermore, the stabihzer group at x is = {{s,Q) : s E M} for all x E X. Since 
the stabilizers are constant, they must vary continuously, both in G and in G \K X. 
Furthermore 

(s, 0){t, 0) = (s + eH, 0) = (s + t, 0) 

and this clearly implies that Sx is abelian. Thus G x X has continuously varying 
abelian stabilizers. Furthermore, the action of G K X on X has the same orbits as 
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the action of G on X which in turn has the same orbits as the action of R on X. In 
particular X/G is homeomorphic to {xjj^Q which is clearly Hausdorff. 

Let S be the stabilizer subgroupoid ofGxH and = {((e-^^-^, 0), (2-^", 0, 0))}. 
Then C S and clearly s„ ^ s = ((0, 0), (0, 0, 0)). Consider 

= ((0, 2n + 1), (2-2"-\ 0, 0)) for all n. 

One can compute that 

s(7n) = (2-'^0,0), and r(7n) = (2-''^-\ 0, 0). 

In particular if we let 7„ act on s„ then we obtain 

^n-Sn = ((0, 2n + l)(e-2"-\ 0)(0, -2n - 1), {2-^^-\ 0, 0)) 
= ((l,0),(2-2'^-\0,0)). 

Therefore wc have 7n ■ Sn ~^ ^ = ((Ij 0), (0, 0, 0)). This, of course, implies that 
[sn] converges to both [s] and [t] in S/G \x X. If 7 • s = t then we would have 
r(7) = 5(7) = (0, 0, 0) so that 7 G 'S'(o,o,o)- In particular, 7 = ((/i, 0), (0, 0, 0)) for some 
/i e R. But if this is the case then it is easy to compute that t — ^ ■ s — s. This is 
a contradiction so that we must have [s] ^ [t\. Hence [s„] has two distinct limits in 
S/G K X. 

Next, we show that S/GkX is not Hausdorff. First, however, we have to compute 
the dual. Since the stabilizers are constant in G it follows that S must be a trivial 
group bundle. In particular, S is isomorphic to M x X via the map {{s, 0),x) 1— > (s, x). 
Thus we can identify S with M x X = IR x X where we recall that s G M acts 
as a character on M via s{t) = e***. There is an action oi G \k X on S given by 
7 • a;(s) = a; (7"^ • s). We can calculate that in our example 

{{s,t),x) ■ {f,{s,t)-^ ■ x){q,x) = {f,-t-x){{{s,t),xy^ ■ {q,x)) 

— (r, —t ■ x){qe~*, —t ■ x) 

It follows that 

((s,t),x) ■ {f,-t-x) = (re-*,x) 

First we observe the following from (7.7). Suppose {{s,t),x) ■ {f,x) 
we must have (s, t) G Sx and therefore t — 0. But then 

{q,x) — {{s,t),x) ■ {f,x) = {re'^,x). 
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In particular, the action of G x X is trivial when restricted to a fixed fibre in S. 
Moving on, let 7^ G G K X be as above and Un = (1, (2^^", 0, 0)) for all n. It is clear 
that ujn —>■ LU = (1, (0, 0, 0)). However, it follows from (7.7) that 

7„-a;„ = ((e-^"-r,(2-^"-S0,0)). 

Thus 7n • '.i^n X = (6, (0, 0, 0)) and [a;„] converges to both [a;] and [x] in S/G k X. 
Furthermore, since cu and x distinct elements of a single fibre, we must have 

This example shows that Proposition 7.30 does not extend to the T2 case and in 
particular we cannot use it to determine when the spectrum of a groupoid is Hausdorff 
or not. However, Example 7.33 was constructed to behave poorly, and there are large 
classes of groupoids for which Proposition 7.30 does extend. We would like to find 
an additional hypothesis which will allow us to make this extension. Consider the 
following 

Proposition 7.34. Let G be a second countable, locally compact Hausdorff groupoid 

with a Haar system and continuously varying abelian stabilizers S. Then the action of 
G on S factors to an action of the orbit groupoid R on S which is strongly continuous 
when we give R the quotient topology. Similarly the the action ofG on S factors to an 
action of R on S which is strongly continuous when we give R the quotient topology. 

Proof. Let tt : G — > i? be the canonical map. Define an action of the orbit groupoid 
on 5" by factoring the action of G through n and setting 

7r(7) • s := 7 • s. (7.8) 

whenever 5(7) = p{s). We need to show that this action is well defined. Given 
j,rj & G such that 7r(7) = 7i{r}) and 71(7) and 77(77) ^ct on s, we have 7~"'^77 e Sp(^s)- In 
particular, since Sp(^s) is abelian, we obtain 

7.5 = 7. {'y~^rj • s) — rj ■ s. 

Hence the action is well defined. It is straightforward, using the fact that 7r is a homo- 
morphism, to show that the action respects the groupoid operations. Furthermore, 
the structure map for S is open by assumption. We would like to show that this 
action is continuous when we give R the quotient topology. Suppose 7r(7j) — > 71(7) 
in Rq and Sj — s> s such that p{si) = 5(7,) for all i and p{s) = 5(7). Then, citing 
Proposition 1.53, we can pass to a subnet, relabel, and choose new representatives so 
that 7i — >• 7. However, this implies 7i ■ Sj — > 7 ■ s and we are essentially done. 
Next, define an action of i? on 5" via 

{u, v) ■ a;(s) = u!{{v, u) ■ s). 
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It is straightforward to show that this action respects the groupoid operations, and 
since S varies continuously, the structure map p is open. All we need to do is show 
that the action is continuous when we give R the quotient topology. Suppose cUj — >■ a; 
and {ui,Vi) — > {u,v) in Rq such that p{ui) = Ui and ^{ijj) — u. Next suppose Si ^ s 
such that p{si) — Vi and p{s) — v. Then, using Proposition 2.38 and the continuity 
of the action of Rq on S, we have 

Vi) ■ Si) u}{{u, v) ■ s). 

This suffices to show that {ui, Vi) ■ cui — > {u, v) ■ cu. □ 

We will see in Example 7.40 that Proposition 7.34 doesn't hold if we use the 
product topology instead of the quotient topology. It turns out that this fact is an 
obstruction to generalizing Proposition 7.30 to the Hausdorff case. Recall that we 
use Rp to denote the orbit groupoid equipped with the restriction of the product 
topology, while Rq denotes the orbit groupoid with the quotient topology. 

Proposition 7.35. Let G be a second countable, locally compact Hausdorff groupoid 
with a Haar system and continuously varying abelian stabilizers. Furthermore, sup- 
pose that the action of Rp on S is continuous. Then S/G is Hausdorff if G'^'^y G is 
Hausdorff. Similarly, if the action of Rp on S is continuous andG^^^G is Hausdorff 
then S/G is Hausdorff. 

Proof. Suppose [si] — > [s] and [sj] [t] in S/G. Let p be the factorization of p to 
S/G and set [u] = p{[s]) and [v] = p{[t]). Suppose [u] ^ [v]. Then, because G^^^G is 
Hausdorff, we can find disjoint open sets U and V which separate [u] and [v] . Hence 
p~^{U) and p~^{y) are disjoint open sets which separate [s] and [t]. However, [sj] 
must eventually be in both of these sets, which is a contradiction. It follows that 
[u] = [v]. We may as well assume that s,t e Su- Since the quotient map S ^ S/G 
is open, we can pass to a subsequence, twice, relabel, choose new representatives, 
and then find ji & G such that Sj — > s and 7i • Si — > t. Let 7r(7j) = {ui,Vi). Then 
"^^i = p{li • Sj) — >■ M and Vi — p{si) —>■ u. Hence {ui,Vi) —>■ {u,u) in Rp. Since the 
action of Rp is continuous, we have {ui,Vi) ■ Sj {u,u) -3 = 3. However, the action 
of R is just the factorization of the action of G so that {ui, Vi) ■ Si = '~fi ■ Si ^ t. Hence 
t = s and S/G is Hausdorff. The corresponding proof for S is exactly the same. □ 

We can combine this fact with our identification of the spectrum to obtain the 
following corollary. 

CoroUciry 7.36. LetG be a second countable locally compact, Hausdorff groupoid with 
a Haar system and abelian continuously varying stabilizers S. IfG^'^^G is Hausdorff 
and the action of Rp on S is continuous then C*{G) has Hausdorff' spectrum. 
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Proof. Since G'^^'>/G is definitely To we can apply Corollary 7.1. The result now 
follows from Proposition 7.35. □ 

Of course, this isn't very useful unless we can prove that there are interesting 
groupoids for which the action of Rp on S is continuous. We start our search by 
finding a number of equivalent conditions. 

Proposition 7.37. Let G he a second countable, locally compact Hausdorff groupoid 
with a Haar system and continuously varying abelian stabilizers S. Then the following 
are equivalent. 

(a) The action of Rp on S is continuous. 

(b) The action of Rp on S is continuous. 

(c) // {si} (Z S, s & S and {'ji} C G such that Sj — > s, s(7j) = p{si) and r(7j) — > 
p{s) then ■ Si ^ s. 

(d) // {uoi} C S , (jj ^ S and {71} C G such that Ui — > uj, s{'yi) = p{oJi) and 

Pi^) then ^i-oji^ UJ. 

(e) The map S G^^^ * SjG = {{u, [s]) : [p(s)] = [u]} given by s ^ ip{s), [s]) is a 
homeomorphism. 

(f) The map S G'^^-' * S/G — {{u, [uj]) : \p{uj)] — [u]} given by uj t-^ {p{^): i'^]) 
a homeomorphism. 

From a certain point of view, what the last two conditions in Proposition 7.37 are 
saying is that the topology on S and S is somehow "constant" over G orbits. 

Proof. We start by proving that (a),(c) and (e) are equivalent. First we show (a) 
implies (e). Given (a) let cf) : S ^ G*^"' * S/G be given by (p{p{s), [s]). It is clear 
that is continuous. Furthermore, if = (f)(t) then p{s) = pit) and [s\ = [t]. But 
the action of G is trivial when restricted to a single fibre of S so that s = t. Next, 
if we have {u, [s]) e G^^^ * S/G then [u] = \p{s)]. In particular, there exists 'j E G 
such that r(7) = u and s{j) = p{s). Then ^(7 • s) — {u, [7 • s]) = {u, [s]). Thus 
is onto. It is easy to see that in general (f)^^{u, [s]) — {u,p{s)) ■ s. Next, suppose 
{ui, [si]) —> {u, [s]). Pass to a subnet, relabel, choose new representatives, and assume 
Si s. Since {ui,p{si)) — * {u,p{s)) in Rp, we have {ui,p{si)) ■ Si {u,p{s)) ■ s. This 
suffices to show that the inverse map is continuous. Next, we show that (e) implies 
(c). Suppose Si — > s, s(7i) = p{si) and r(7j) — p{s). Then we must have 
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in * S/G. Since is a homeomorphism, 

4>~^{r{li)^ [si]) = {r{-fi),p{si)) ■ Si (j)'^{p{s), [s]) = s. 

However, since the action of R is the factorization of the action of G, we have 
{f^{li),p{si)) ■ Si = '-fi ■ Si and the resuh foUows. 

FinaUy, let us show that (c) imphes (a). Suppose {ui,Vi) — >• {u,v) in Rp and 
Sj — > s such that p{si) = Vi and p{s) = v. Fix ji and 7 in G such that 7r{ji) = {ui, Vi) 
for all i and 77(7) = {u, v). Since the range map on G is open, we can pass to a subnet, 
relabel, and find rji such that r{rji) — Ui and r^i — > 7j. But then s{rj~^^i) — p{si) for 
all i and 

r{v7^1i) = s{rji) 5(7) = p{s). 

It follows from part (c) that rj^^ji ■ s ^ s. Since rji ^ j we must have ji ■ s ^ j ■ s 
and that the action of Rp is continuous. 

The proof that (b), (d) and (f) are equivalent is almost exactly the same and we 
will not reproduce it here. We will end by showing that (c) and (d) are equivalent. 
Suppose (c) holds and that uji, uj and 7 arc as in the statement of (d). Then given 
Sj — > s such that p(sj) = 'r(7i) for all i and p(s) = p{u)) we have 

-ii-UJi{Si) ^Ui{'^i^ ■ Si). 

Now s{'y~^) = p{si) and ^(7^^^) = p{uJi) p{uj) = p{s) so that we may apply part (c) 
to conclude that 7"^ ■ s — s. It follows that 7^ • u!i{si) — >• a;(s). Hence 7^ • tUj — >• uj. 
Thus (c) implies (d). Now suppose (d) holds. We can replace by in the above 

argument to conclude that given Sj, s and 7 as in (c) then 7^ • ^ s in S. However, 
s I— > s is an isomorphism by Theorem 2.52 and it is easy to see that rj ■ t — {r] • t)^ so 
that (c) follows. □ 

Of course, this proposition allows us to relax the conditions of Proposition 7.35 
in the obvious way. Furthermore, now that we have all of these equivalent conditions 
it is easy for us to see that there are some fairly wide classes of groupoids for which 
the action of i?p is continuous. 

Definition 7.38. Suppose G is a locally compact Hausdorff groupoid which acts on 
a locally compact Hausdorff space X. A set ^4 in X is wandering if 

{'y eG-.-f-AnA^iJ}} 

is compact. A locally compact Hausdorff groupoid G is Cartan if every point in the 
unit space of G has a neighborhood which is wandering. 
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Proposition 7.39. Let G be a second countable, locally compact Hausdorff groupoid 
with a Haar system and continuously varying abelian stabilizers S. Then the action 
of Rp on S is continuous if any of the following are true. 

(a) G is proper. 

(b) G is transitive. 

(c) G is Cartan. 

(d) G is principal. 

(e) G is the transformation groupoid of an abelian group action. 

Proof. We know that the topology on Rq is finer than the topology on Rp. Suppose 
TT : G — > Rp is open. If O C Rq is open then 7r(7r~^(0)) = O is open in Rp. Hence 
Rp = Rq. Since the action of Rq is always continuous by Proposition 7.34, it clearly 
suffices to show that tt is open. If G is transitive then this follows from [MRW87, 
Theorem 2.2B]. Suppose G is proper and that we have '-/i & G and 7 G G such that 
7r(7i) — > 7r(7). Then in particular ^(7^) 3(7) and 7^ ■ <s(7i) — * 7 ■ r{j). Since the 
action of G on its unit space is proper, by definition, we can then pass to a subnet, 
relabel, and find rj E G so that % — * rj. It follows quickly that n{'j) = n^rj) and 
therefore 777"^ G S. Using the fact that p is open we can pass to another subnet, 
relabel, and find G 5 such that Sj = r(7j) for all i and Si — > jf)'^. But then 
'^{si'ji) = 7r(7i) for all i and Siji — > 7. It follows that tt is open. 

Moving on, suppose G is principal. Then the action of Rp on S — G^^^ is trivially 
continuous. Next, suppose G is Cartan and we have 7j G G, Sj G and s G 5* such 
that Si s, s{'~fi) = p{si) and r(7j) p{s). Let be a wandering neighborhood of 
p{s). Then s{ji) — > p{s) so that ^(7^) is eventually in W. However r(7j) — >• p{s) as 
well so that eventually r(7i) G W. But we can then pass to a subnet, relabel, and 
assume that s(7i),r(7i) G W for all i. This implies that 

7i G {7 G G : 7 • n 7^ 0} 

for all i. Since this set is compact we may pass to a subnet, relabel, and find 7 G G 
such that 7j — > 7. It follows quickly that 5(7) = r{'y) — p{s) so that 7 G Sp(^s) and 
therefore 

7i ■ Si ^ 7 ■ s = s. 

Finally, suppose G = H \x X where H is an abelian group which acts continuously 
on X. Suppose (sj, Xi) G S, (s, x) E S and {ti, yi) G G such that yi) = t^^ -yi = Xi 
for all i and yi ^ x. Observe that 

(thVi) ■ {si,Xi) = {tiSif^^ ,yi) = {si,yi). 
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Since {si,yi) — > {s,x) we are done. □ 

At this point we would like to show that given a second countable locally com- 
pact Hausdorff groupoid G with a Haar system and abelian, continuously varying 
stabilizers S such that G^^'^/G and S/G are Hausdorff then the action of Rp on S 
is continuous. This would prove that if G has abelian, continuously varying stabiliz- 
ers and G^'^yG is Hausdorff then C*{G) has Hausdorff spectrum if and only if the 
action of i?p on 5" is continuous. Unfortunately, as we demonstrate in the following 
examples, this is not true. 

Example 7.40. Let y be as in Example 7.32 and recall that Z acts on Y via the 0„ 
also defined there. Let G — Qd xi Z be the semidirect product where Qd denotes 
the rationals equipped with the discrete topology. Furthermore, we define 

</,(n)(r) =r2" (7.9) 

for all n G Z and r G Q. It is clear that 0(r) is an automorphism of Q^. Furthermore, 
it is easy to show that is a homomorphism from Z into the automorphism group of 
Qd- Thus G is a locally compact Hausdorff group which is second countable because 
it is, in fact, countable. Let the second factor of G act on y as in Example 7.32. In 
other words, let 

(r, n) • y = n • y 

where n-y is defined via the As in Example 7.33 this gives us a continuous group 
action of G on Y. Thus the transformation group G \xY is a second countable, locally 
compact Hausdorff groupoid with a Haar system. Again as in Example 7.33, we can 
see that the stabilizer subgroups are given by = {{r,0) : r E Q} and that they 
must vary continuously since they are constant. Furthermore, it is easy to see that 
they are abelian so that G \K Y has continuously varying abelian stabilizers. It will 
be important for us to observe that S is isomorphic to Qd x X via the isomorphism 

{{q,0),x) ^ {q,x). 

In fact, we will often just drop the extra zero and confuse stabilizers of G with 
stabilizers of G k F. Finally, {a;„}^Q forms a set of representatives for the orbit 
space and it is not difficult to show that Y/G is actually homeomorphic to {xn}^=Q 
and is therefore Hausdorff. Next, given {{q,n),y) E G kY and (r, x) E S we have 

{{q,n),y)-{r,x) = {r2\y). (7.10) 

We would like to show that S/G kY is Hausdorff. Suppose [si] — > [s] and [si] — > [t\. 
in S'/G IX Y. Since X/G is Hausdorff we can perform the usual trick to see that we 
must have p{[s]) — p{[t]) — [u]. In fact, we may as well assume that p{s) — p{t) — u. 
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In this case that means s = (r, u) and t — {q, u) for r,q E Q. Now, we can pass 
to subnets and hft, twice, choose new representatives, and find 7^ G G x F so that 
Si —>■ s and 7^ ■ Sj — > t. Suppose Si = {ri,Xi) and 7^ = {{Pi,ni),yi). Then it follows 
from (7.10) that % ■ Si = (ri2"%|/j). Hence ri ^ r and rj2"'' — > q. However, we gave 
Q_D the discrete topology so that, eventually, 

q = = 2"V. 

Now, if r = then we have g = so that s — t. If r 7^ we know that eventually 
Hi = n — ^og2{q/r). We may as well pass to a subnet and assume this is always true. 
But then rii ■ Xi ^ n ■ x. However, we also have Ui ■ Xi = ji ■ Xi = yi ^ x. Thus 
n-x = X. But the action of Z is free so that we must have n = 0. Thus log2(q'/r) = 
and q — r. It follows that s — t and that S/G is Hausdorff. 

We have shown that G K y is a second countable, locally compact Hausdorff 
groupoid with a Haar system and continuously varying abelian stabilizers. Further- 
more, both Y/ G and S/G \xY axe Hausdorff. However, we will show that the action 
of Rp on S is not continuous. Consider s„ = (1, (2^^", 0, 0)) for all n. Then it is 
clear that s„ ^ s = (1, (0, 0, 0)) in S. Let 7^ = ((0, 2n + 1), {2-^'"-^, 0, 0)). Then we 
compute that 

s(7„)-(2-2-,0,0), and r(7„) = (2-2"-\ 0, 0). 
Thus s(7n) =p(sn) and r(7„) p{s). However, 

7n-Sn=(2''^+\(2-'"-\0,0)) 

and this sequence doesn't converge to anything. It follows from Proposition 7.37 that 
the action of i?p on 5" is not continuous. 

This is not quite the example we are looking for. We also want to know that S/G 
is Hausdorff so that the spectrum of G*{G) is as well. This may very well be true in 
Example 7.40, but in order to compute it we would need to work with the dual of the 

discrete rationals, which is ugly indeed. Furthermore, there doesn't seem to be any 
inherent reason why S/G should be Hausdorff whenever S/G is. However, we can be 
tricky and form a "dualized" version of Example 7.40. 

Example 7.41. Let Y, Z and be as in Example 7.32. Now let H — xi^ Z be the 
semidirect product of Z by the dual of Q,d- We define 

V'(n)(a;)(g)=a;(0(-n)(g))=a;(2-"g) 
for n e Z, a; e and g G Q. Recall that, since is discrete, the topology on Q/j 
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is just the topology of pointwise convergence. If a;^ — > a; in then 

^(n)(a;,)(g) = u;,(2-"g) ^ u;(2-g) = ^(n)(a;)(g). 
Thus il){n) is a continuous function. Furthermore, -0(0) is the identity and 

+ m){uj){q) = c^(2-™2~"g) = ^(n)(^(m)(a;))(g). 

Thus '?/'(n+m) = ■0(n)o'0(m). It now follows that each ilj{n) is an automorphism of 
and that is a homomorphism. Thus the semidirect product is well defined and H is 
a locally compact Hausdorff group. Furthermore, the topology on is the smallest 
topology such that all the point evaluations ev^ are continuous. In particular, if we 
fix a countable basis {C/j} of T then the collection {ev~^(C/j)} ranging over all e Q 

and i forms a countable sub-basis for the topology. Hence Qd is second countable and 
therefore H is second countable. Just as in Example 7.40 let the second factor of H 
act on Y so that {u,n) -y = n-y. Then, as usual, given y eY the stabilizer subgroup 
is Ty = {(a;,0) E H : uj G Qd}- In particular, Ty abelian and the stabilizers are 
continuously varying. In fact, we can identify the stabilizer subgroupoid T oi H t<Y 
with Qd X Y. Thus the dual bundle is, using Pontryagin duality, T — Qd x Y. It's 
no accident that T is isomorphic to the bundle S from Example 7.40. We are going 
to show that the action of if x F on T is nearly the same as the action of G x F on 
S. Given {q, x) E T and {{u!,n),y) E H t< Y such that —n ■ y = x we have 

ii^, n),y) ■ {q,x){p,y) = {q,x){{{u,n),y)-'^ ■ {p,y)) 

= ((l,x)(il^(-n)(u;~'^pu;),x) 
^ 4>{-n){p){q) ^ p{2y) 
= (2"?,y)(p,y) 

This implies that 

((a;,n),y).(g,x) = (2>,y). (7.11) 

Observe that (7.10) implies that [(?,a;)] = [(r, |/)] m. S/G xY \l and only \ly — n- x 
and q — 2"r for some n e Z. However, (7.11) imphes the same thing about T/H >\Y. 
In particular both spaces have the same orbits so that the quotient spaces S/G xY 
and T/H kY are identical. What's more, we showed that S/G xY was Hausdorff 
in Example 7.40. 

Thus we have demonstrated that if x y is a second countable, locally compact 
Hausdorff groupoid with a Haar system and continuously varying abelian stabilizer. 
Furthermore, the orbit space Y/H is still homeomorphic to and is Hausdorff. 
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Wc also showed that T /H \kY is Hausdorff. Wc will now sec that the action of Rp on 
T is not continuous. Wc will do this by first observing that G y\Y and H y\Y both 
have unit space Y , they both act in the same way, and therefore the orbit groupoid 
R is the same in each case. Furthermore, since Rp inherits its topology from F x F, 
it follows that Rp is the same for both G xY and H xY . It now follows from (7.10) 
and (7.11) that Rp acts on S and T in the same manner. Thus, since Rp does not 
act continuously on it does not act continuously on T. Furthermore Proposition 
7.37 now implies that the action of Rp on T must not be continuous either. 

At this point we are about done since we have constructed a groupoid with con- 
tinuously varying abelian stabilizer such that G^^^G and S/G are Hausdorff, but the 
action of Rp isn't continuous. In particular, in this case the spectrum of G*{G) is 
Hausdorff. This shows that whatever condition is equivalent to assuming Hausdorff 
spectrum is weaker than requiring Rp to act continuously on the stabilizers. 

Remark 7.42. One of the implications of all of this is that, as a hypothesis for 
groupoids, continuously varying abelian stabilizers does not play the same role as 
abelian does for groups. Furthermore, it is notable that Examples 7.40 and 7.41 
are transformation group actions. So, in some sense, the notion of groupoids being 
"generalized transformation groups" holds true in that we didn't have to leave the 
transformation group setting to find counter examples. 
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